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Abstract

Let A be a 0/1 matrix of size m x n, and let p be the density
of A (i.e., the number of ones divided by m - n). We show
that A can be approximated in the cut norm within ¢ - mnp
by a sum of cut matrices (of rank 1), where the number
of summands is independent of the size m - n of A, pro-
vided that A satisfies a certain boundedness condition. The
decomposition can be computed in polynomial time. This
result extends the work of Frieze and Kannan (Combinator-
ica 1999) to sparse matrices. As an application, we obtain
efficient 1 — ¢ approximation algorithms for “bounded” in-
stances of MAX CSP problems.

1 Introduction and results.

For many fundamental optimization problems there are
NP-hardness of approzimation results known, showing
that not only is it NP-hard to compute the optimum
exactly, but even to approximate the optimum within a
factor bounded away from 1. For instance, in the MAX
k-SAT problem it is NP-hard to achieve an approxima-
tion ratio better than 1 — 2% [18]. Furthermore, it is
NP-hard to approximate MAX CUT within better than
16/17 =~ 0.94118 [18, 23] (which can be tightened to
~ 0.87856 under a stronger hypothesis [19]).

Frieze and Kannan [14] showed that the situation is
much better for dense problem instances. For example,
if G = (V,E) is a graph on n vertices of density
p = 2n~2|E|, then its MAX CUT can be approximated
within a factor of 1 — ¢ in time poly(exp((ep)~2) - n).
Hence, if p > ¢ for some fixed number ¢ > 0, then this
algorithm has a polynomial running time. Similarly,

if Fis a k-SAT formula with at least (52]: ") clauses
(i.e., at least a constant fraction of all possible clauses is
present), then the maximum number of simultaneously
satisfiable clauses can be approximated within 1 — ¢ in
polynomial time for any fixed € > 0.
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The key ingredient in [14] is an algorithm for ap-
proximating a dense matrix A by a sum of a bounded
number of “cut matrices”. Applied to the adjacency ma-
trix of a graph, this yields the aforementioned algorithm
for MAx Cut. Moreover, an extension of this matrix
algorithm to k-dimensional tensors yields the approx-
imation algorithms for dense instances of MaAx CSP
problems.

To explain the matrix decomposition, let us con-
sider a 0/1-matrix A of size m xn, and let 0 < p < 1 be
the density of A, i.e., the number of ones in A divided
by m - n. A cut matriz is a matrix D such that there
are sets S C [m], T C [n] and a number d such that the
entry D;; is equal to d if (¢, j) € S x T and 0 otherwise.
We denote such a matrix by D = CUT(d, S,T), and
observe that cut matrices have rank one. The cut norm
of a m x n matrix M = (My;)icim],je[n] 18

M| =

max
SC[m], TC[n

where M(S,T) =

| IM(S,T)],

> M.

(s,t)eSXT

Frieze and Kannan proved that for any A and any € > 0
there exist cut matrices Dq,..., D, such that

|A =D+ +Dy)ls < e -mn,

where s < ¢~ 2 for a constant ¢ > O.
such a decomposition can be computed in time £~
poly(mn) (or even in “constant” expected time O(e~2 -
polylog(1/¢)) by sampling). Hence, if p > ¢ for some
fixed § > 0, i.e., if A is a dense matrix, then setting &’ =
ep we can use this algorithm to find a decomposition of
A within € ||A]|; = € - mnp efficiently by a sum of at
most ce’ > = c(ep)™2? < ¢(e6)"2 cut matrices. The
crucial point here is that the number of cut matrices is
bounded independently of the size m - n of A.

The goal of the present paper is to extend this result
to sparse matrices, where the density p of A is no longer
bounded below by a fixed number. Thus, in asymptotic
terms, we are interested in p = o(1) as m,n — oc.
Clearly, in this case the bound ¢(ep)~2 on the number
of cut matrices in the decomposition guaranteed by [14]
is no longer “constant”, but grows with the size m - n
of A. Of course, we cannot expect to obtain the same

Indeed,
2 .
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results in the sparse as in the dense case for arbitrary
sparse matrices; for in the light of the aforementioned
hardness results this would imply P=NP. Hence, our
main result is that even in the sparse case a 0/1 matrix
A (or, more generally, a k-dimensional tensor) can be
approximated in the cut norm by a sum of cut matrices
with a number of summands independent of m, n,
and p, provided that A satisfies a certain boundedness
condition. This condition basically requires that A does
not feature relatively large, extraordinarily dense spots.
In addition, we shall use these decomposition results to
obtain (1 —¢)-approximation algorithms for instances of
Max CSP problems that have a suitable boundedness
property. In a sense these results mediate between the
“average” and the worst case analysis of algorithms.

In the rest of this section we state the main results.
In Section 2 we discuss related work, and Section 3
contains some preliminary remarks. Section 4 deals
with the algorithm for approximating sparse bounded
matrices, and in Section 5 we present the algorithm
for approximating bounded CSP instances. Finally,
Section 6 contains some examples of how to apply the
results from the previous section.

1.1 Approximating 0/1 matrices. Let A be a 0/1
matrix of size m x n and density p. Given C,~ > 0, we
say that A is (C,~)-bounded if for any two sets S C [m]
and T C [n] of sizes |S| > ym, |T| > yn we have

> Au<C-|S|-|T]-p.

(s,t)eSxT

(11)  A(S,T)=

In words, for any two sufficiently large sets S, T the
number A(S,T) of ones in the square S x T" must not
exceed the number |S| - |T'| - p that we would expect if
S, T were random sets by more than a factor of C.

THEOREM 1.1. There is an algorithm ApzMatriz, ab-

solute constants ¢, > 0, and a polynomial I1 such that

the following holds. Suppose that 0 < & < %, C>1. Let
% (e

If A is a (C,v)-bounded 0/1 matriz, then in time

k- II(m - n), ApzMatriz(A,C, ) outputs cut matrices

Dy,...,Dg such that s < k and

and v =1(C) =

A=D1+ +Dy)llg <ellAll5-

We emphasize that the upper bound s on the number
of cut matrices depends only on C and &, but not on
the size of A or the density p. Moreover, while for the
sake of simplicity we assume that ApxMatrixis given the
boundedness parameter C' as an input, this can easily be
avoided by performing a binary search (details omitted).
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Given the 0/1 matrix A and partitions S of [m)]
and 7 of [n], we define a matrix Asx7r as follows. If
s €S e Sandt € T € 7, then the corresponding
entry (Asx7)s:t equals |S|7YT|71A(S,T). Hence, on
each square S X T  the matrix A gx7 is constant, and the
value it takes is just the average of A over that square.

COROLLARY 1.1. There is an algorithm PartMatriz
and a polynomial I1 that satisfy the following. Suppose
that ¢,C > 0, let k,y be as in (1.2), and assume
that A is a (C,v)-bounded 0/1 matriz of size m X
n. Then in time 2% - II(m - n) PartMatriz(A,C,¢)
computes partitions S of [m] and T of [n] such that
JA — Asxr|ly < 2¢||Allg. The number of classes in
each partition is at most 2".

1.2 'Weak regular partitions of graphs. Let G =
(V,E) be a graph on n vertices, and let 0 < p < 1 be
such that |E| = n2p/2; we refer to p as the density of
G. Moreover, we assume that V = [n]. In addition, let
A = A(G) be the adjacency matrix of G. Then we say
that G is (C,~)-bounded if A has this property. Thus,
if G is (C,v)-bounded, then for any two sets S, T C V
of size at least yn we have eq(S,T) < Cv|S||T|p, where
e (S,T) is the number of S-T-edges in G.

We call a partition V of V' a weak e-regular partition
of Gif |A — Ayxy|g <e||Allg = 2¢|E|. Hence, if, for
instance, S, T C V are disjoint sets of vertices, then
the number A(S,T) of S-T-edges is within 2¢|E| of
Ay (S,T). As we shall see below, this definition is
related to the notion of regular partitions introduced
by Szemerédi.

COROLLARY 1.2. There is an algorithm WeakPart and
a polynomial 11 that satisfy the following. Suppose that
C >1,0 < e < %, let k,v > 0 be as in (1.2),
and let G = (V,E) be a (C,v)-bounded graph on n
vertices. Then WeakPart(G,C,e) computes a weak 4e-
regular partition of G in time 2%% -1l(n). This partition
has at most 22% classes.

The algorithm WeakPart basically just applies
ApxMatrix to the adjacency matrix of the input graph.

1.3 Approximating k-dimensional 0/1 tensors.
A k-dimensional tensor is a map M : R; X Ry X
-+ X R — R, where Ry,..., Ry are finite index sets.
Moreover, extending the matrix case in the obvious way
to k dimensions, we say that a tensor C : Ry X Ry X
-+ X R — R is a cut tensor if there exist sets S; C R;
fori=1,2,...,k and a real number d such that

if (i1,i2,. .. ix) € [Ii_y S

d
C(iy,ia,...
(i1, {O otherwise.

774@) -
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In this case we write C = CUT(d, Sy, ...
we define the cut norm of a tensor as

, Sk). Further,

HM”D = nga“})%(l |M(517S27"'7Sk)|7

where

M(Sl,...,Sk)Z M(Sl,...,sk).

Let A: Ry X Rox---x Ry — {0,1} be a0/1 tensor.
Set k1 = |k/2]. Then letting R = Ry X Ry X -+ X Ry,
and C = Ry, 41 X Rp,42 X -+ X Ry, we define a (2-
dimensional) matrix B = B(A) : R x C — {0,1} by
(1.3) B((i1,.. ik)) = Afig, ...

We say that A is (C,7)-bounded if B(A) has this
property.

iy )y (kg1 - - - Vik)-

THEOREM 1.2. There is an algorithm ApzTensor, a
polynomial 11 and a constant I' > 0 such that the
L 1
following is true. Suppose that C > 1 and 0 < ¢ < 3.
Let
v = exp(—T(C/e)?).

IfA: Ry X Ry X -+ X R, — {0,1} is a (C,~)-bounded
0/1 tensor, then ApzTensor(A, C,¢e) outputs cut tensors

D; = CUT(d;,S},...,S8F) (S} CRy,...,SF CRy)

fori=1,...,s with s < (DC/e)**~1) such that
A=D1+ +Dy)llg <ellAll5-

Moreover, Y ;_, d? < (Cp)?T?*. The running time is
(272" 4 (C/e)®*) - TI(|Ry x -+ x Ryl).

ApxTensor applies the algorithm ApxMatrix to the
matrix B(A). The resulting cut norm approximation
of B(A) is then used to obtain a dense tensor A such
that approximating A by cut tensors is equivalent to
approximating A (up to scaling). Finally, ApxTensor
applies an algorithms for dense tensors from [14] to A.

If Rq,..., Ry are partitions of Ry, ..., Ry, then we
define a tensor AR, x..xr, : R1 X -++ X R — [0,1] as
follows: if t; € p; € R; for i =1,...,k, then we set

A(pla .- 7pk)
B ——
[Tiz [pil

COROLLARY 1.3. There s an algorithm PartTensor,
a polynomial 11 and a constant I' > 0 such that the
following is true. Suppose that C > 0 and 0 < € < %
Lety = exp(—T(C/e)?). If A : Ryx---x Ry, — {0,1} is

AR1><---><Rk (tl, - 7tk)
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a (C,v)-bounded 0/1 tensor, then PartTensor(A,C,¢)
computes partitions R1,...,Rg of Ry,..., R such that

[A = ARy xRy llo <el|Allg -

Each R; consists of at most exp((I'C'/e)?*=1) classes.
The running time is bounded by

[exp((TC/250) + (C/e)™ ] ("),

1.4 An approximation algorithm for bounded
Max CSPs. Let V. = {x1,...,2,} be a set of n
Boolean variables. A (binary) k-constraint over V is
a map ¢ : {0, 1}V<’> — {0, 1} that is not identically zero,
where Vi C V is a set of size k. For an assignment
o € {0,1}V we let ¢(0) = ¢(0(2))zev,. Further, a k-
CSP instance over V is a set F of k-constraints over V,
and we define

OPT(F) =

max
ce{0,1}V

¢(0).

pEF

We let ¥ = Wy be the set of all 22" _ 1 non-zero
maps {0,1}¥ — {0,1}. Let ¢» € W and let ¢ : {0,1}"* —
{0,1} be a k-constraint, where Vi = {xz,..., 2}
with 1 < 43 < -+ < i < n. Then we say that
¢ is of type ¢ if for any o : V; — {0,1} we have
V(o (ziy)s ..., 0(x4,)) = ¢(0). With this notion we can
represent a k-CSP instance F by a family (Aﬁ)w@p of
92" _ 1 k-tensors as follows. We let A%(i1,..., i) = 1
if there is a ¢ € F of type ¢ with Vy = {x;,,..., 24, }
and set A;ﬁ(il, ...,ik) = 0 otherwise. Further, we say
that F is (C,)-bounded if the tensors Aﬁ are (C,)-
bounded for all ¢ € V.

THEOREM 1.3. There are an algorithm ApzCSP, a con-
stant T' > 0, and a polynomial 11 such that for any
ELC>1,0<e< % there is a number ng = ng(C, e, k)
such that the following is true. Let

v = exp(~T272"22(C/e)?).

If F is a (C,v)-bounded k-CSP instance over V
{z1,...,2p} for some n > ng, then ApzCSP(F,C,¢)
outputs an assignment o : V. — {0,1} such that

> ¢(o) = (1—e)OPT(F).

peF

The running time is at most

I {exp(k2k22’c (C/e)*) In(C/e))n*| .
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2 Related work.

2.1 Approximating dense matrices and tensors.
As mentioned earlier, Frieze and Kannan [14] dealt
with dense matrices and tensors. More precisely, they
showed that for a tensor A : Ry X --- X Ry — [0,1]
and an € > 0 one can compute cut tensors Dy, ..., Dy
such that [|A —>"7 | Dy, < e|R1 X -+ x Ry| in time
O(e2(0=Fpolylog(1/¢)) with s < O(e)*F) as ¢ — 0.
Let us point out two things.

e The running time of their algorithm depends only
on ¢, and not on the size of A. To achieve this,
the algorithm just works with a bounded (by a
function of € only) size sample of the input data and
produces an implicit representation of the desired
decomposition. Further results of this type can
be found in [2, 5, 11, 12, 16]. Tf A : Ry x --- X
R; — {0,1} is a sparse 0/1 tensor with density
p=||A|lg /|R1 X -+ X Ri| = o(1) as the problem
size N = |R; X -+ X Ry| — oo, then this sampling
approach cannot yield an approximation within
eNp, because a constant sized sample of A is likely
to be just identically 0.

e The error term £|R; X - -+ X Ry| does not account
for the density of A. For example, suppose that
A is the adjacency matrix of a graph G = (V, E)
on n vertices with density p = 2n~2|E|. Then
the algorithm from [14] can be used to compute
a cut norm approximation of A to within en? for
any € > 0. Hence, we can use this approximation
to solve graph partitioning problems such as MAX
CuT within an additive error of en? (edges). This
is why [14] is limited to dense problem instances
(i.e,, p=Q(1) as n — o0).

In spite of these differences, some of the algorithms
that we consider here are very similar to those from [14].
In a sense our main contribution is to analyze these algo-
rithms on sparse matrices/graphs/tensors. For instance,
the matrix approximation algorithm for Theorem 1.1 is
almost identical to the procedure described in [14, Sec-
tion 4.1]. The only difference is that [14] employs as a
subroutine a combinatorial procedure for approximat-
ing the cut norm of a given m x n matrix within an
additive error of emn, whereas here we need to approxi-
mate the cut norm within a constant multiplicative fac-
tor. To this end, we rely on an algorithm of Alon and
Naor [4] (which is based on semidefinite programming).
Nonetheless, as we shall see in Section 4 new ideas are
necessary to analyze, e.g., the number of cut matrices
that are necessary to approximate the input matrix A
within the desired ¢ || A]|5 in the cut norm (rather than
within emn).
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2.2 Szemerédi’s regularity lemma. Theorem 1.2
and the concept of weak regular partitions is re-
lated to Szemerédi’s well-known regularity lemma [22].
While [22] only deals with “dense” graphs, Ko-
hayakawa [20] and R6dl [21] independently extended the
regularity lemma to the sparse case; for a comprehensive
account see Gerke and Steger [15]. The papers [20, 21]
show that for any € > 0 and any C > 0 there is a num-
ber v > 0 such any (C,v)-bounded graph has a regular
partition (V4,...,Vs) in the following sense.

e We have |V; —n/s| <1 for all i.

e All but es? pairs (V;, V;) satisfy the following. For
any two sets S C V;, T C V; of size |S| > ¢|V,
|T| > €|V;| we have

|S x T

2.4 _
24 A

BG(SvT)_ eG(‘/iv‘/j) SEeG(‘/’U‘/j)'

The number s of classes is bounded by 7 ((C/¢)?), i.e.,
it is independent of n. This is the key fact that makes
Szemerédi’s lemma so useful in extremal combinatorics.
Here 7 is the rather fast growing tower function defined
by 7(0) = 1 and 7(j) = 270D for j > 1. Hence,
from an algorithmic perspective the bound 7 ((C/¢)?)
is somewhat disappointing. However, it is essentially
best possible, as there is an infinite family of graphs for
which the number of classes in the smallest e-regular
Szemerédi partition is 7(C/e) [17]. Moreover, the
number v required in the boundedness condition is as
tiny as 7((C/e)?)~L.

While [20, 21, 22] focus on proving that a regular
partition exists, [1, 3] deal with algorithmic versions of
the regularity lemma. In the dense case (i.e., |E| =
Q(n?)) there is a purely combinatorial algorithm [3] with
running time 7 (¢72) - poly(n). Moreover, an algorithm
for the sparse case was presented in [1]; the running time
is 7((C/¢e)?) - poly(n) for (C,v)-bounded graphs, and
the algorithm is based on the semidefinite programming
algorithm for approximating the cut norm from [4].

Corollary 1.2 relates to [1] as follows. While the
“strong” regularity condition (2.4) takes into account
the “microscopic” edge distribution within (almost)
each pair (V;,V;), the “weak” regularity concept from
Corollary 1.2 just provides a “macroscopic” approxima-
tion w.r.t. the cut norm. This approximation is suffi-
ciently strong for algorithmic applications such as MAX
CuT. In effect, the algorithm is more efficient. Indeed,
instead of scaling as a tower function 7((C/e)?), the
running time of the algorithm WeakPart from Corol-
lary 1.2 grows like exp(O(C/¢)?) in terms of C,e. Fur-
thermore, as Theorem 1.1 shows, one can approximate a
(C,v)-bounded adjacency matrix by a sum of O(C/¢)?
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cut matrices (if the actual partition of the vertex set is
not needed), thus even avoiding the exponential depen-
dence on C/e. Similarly, the parameter v required in
the boundedness condition is just v = exp(—0(C/¢)?),
rather than v = 1/7((C/¢)?) as in [1]. Consequently,
Corollary 1.2 applies to a larger class of graphs. A fur-
ther novel aspect here is that we extend our results to
k-dimensional tensors (or k-uniform hypergraphs). This
point is not addressed in [1].

As far as the techniques (both for the algorithms
and for the proofs) are concerned, our algorithm
ApxMatrix and the algorithm from [1] follow a some-
what similar general strategy: starting from a trivial
partition, the algorithm uses the cut norm approxima-
tion from [4] to find a “witness of irregularity”, refines
the partition, and iterates. To analyze this procedure,
some function of the present approximation is used to
measure the algorithm’s “progress”. However, the de-
tails of how this strategy is implemented differ consid-
erably. The algorithms aim to compute rather different
objects. Hence, the present algorithm maintains a real
“error matrix” A, and the “witness of irregularity” is
a set of rows/columns of A; where the maximum for
the cut norm is attained. The function to measure the
progress is (essentially) the Frobenius norm of A;. By
contrast, in [1] the algorithm maintains a (huge) par-
tition of the vertices, the witness of irregularity is a
(huge) family of subsets of the partition classes, and
the progress function is the measured by the “index” of
the partition as introduced by Szemerédi [22].

3 Preliminaries and Notation.

An important ingredient to the algorithm ApxMatrix
for Theorem 1.1 is the the following algorithmic version
of Grothendieck’s inequality from Alon and Naor [4].

THEOREM 3.1. There are a polynomial time algorithm
and a number ay > 0 that have the following property.
Given a m x n matriz M, the algorithm outputs sets
S C [m] and T C [n] such that |M(S,T)| > ap [|[M]|5-

Alon and Naor present a randomized algorithm with
agp > 0.56, and a deterministic one with ag > 0.03.
If M is a real m x n matrix, then we let |M|p =

\/ iy >oj—y M, signify the Frobenius norm of M.

Moreover, if G is a graph, then we denote the vertex
set of G by V(@) and the edge set by E(G). For sets
S, T C V(G) we let eq(S,T) signify the number of S-
T-edges of G, and eq(S) signifies the number of edges
spanned by S.

Suppose that X is a set and that P, P, are parti-
tions of X. We say that P; is coarser than P if each
class of P5 is contained in a class of P;. If S is an arbi-
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trary set of subsets of X, then there is a unique partition
P of X such that each set in X is a union of classes of
P, and P is coarser than any other partition that has
this property. This partition P has at most 25! classes.

4 Approximating 0/1 matrices.

Let C >1and 0 < € < % Moreover, let oy be the

constant from Theorem 3.1 and set
B 513C?

KR =

- EQ
’ 7 - 210&07

Throughout this section we assume that A is a (C,~)
bounded 0/1 matrix of size m X n.

— Y =2%.
£

ALGORITHM 4.1. ApxMatrix(A,C,¢)
Input: A 0/1 matrix A of size m X n, numbers C, e > 0.
Output: A sequence of cut matrices.

1. Set Ag = A.

2. For 7=0,1,2,...,k do
3. Compute two sets Sjy1,Tj41 of sizes |Sjy1] >
m/2,|Tj1| = n/2 such that |A;(Sjt1, Tjt1)| 2
ao || A5 /4.
4. If|A;(Sj+1,Tj+1)| < agemnp/4 and j > 1, then
output the cut matrices Dy, ...,D; and halt.
5. Else, compute
disr = A;(Siv1,Tjt1)
1Sj+1l|Tjeal
set Djy1 = CUT(dj+17Sj+17Tj+1), and let

Aji1=A; —Djp.

6. Output “failure”.

In order to approximate the given 0/1 matrix A by
a sum D + --- 4+ D; of cut matrices, ApxMatrix pro-
ceeds as follows. After j iterations, A; = A — 25:1 D;
is the “error term” that results from approximating A
by >>7_, D;. Thus, the goal is to eventually achieve an
error term A; that has a small cut norm. Therefore,
Step 3 computes sets Sjy1,Tj41 of rows and columns
such that |A;(Sj+1,Tj+1)| is a good approximation of
the cut norm of A;. If the term |A;(Sj+1,Tj+1)| (and
hence the cut norm of A;) is small, then Step 4 termi-
nates and outputs the cut matrices Dy,...,D;. Oth-
erwise, Sj4+1,Tj4+1 witness a set of rows/columns on
which >7_, D; does not provide a good enough ap-
proximation. Therefore, Step 5 adds a further “patch”
Dj1, which is a cut matrix whose value on S;11 x
T;+1 is just the average d;11 of A; over that square
(note that d;11 may be negative). This ensures that
A;11(Sj41,Tj11) = 0, and thus takes care of the dis-
crepancy witnessed by Sjy1,Tjq1.

If the algorithm outputs cut matrices Dy, ..
then clearly

HA — D1+ + Dj)HD = ”AJ'HD <emnp=c¢ HA”D )

‘aDj7
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because of the halting condition in Step 4. Hence, in
order to establish Theorem 1.1, we need to prove that

(a) Step 3 of ApxMatrix can be implemented by a
polynomial time algorithm,

(b) the halting condition in Step 4 is satisfied for some
1<j<k.

PROPOSITION 4.1. In Step 3 the sets Sji1,Tj+1 can be
computed in time poly(mn).

Proof To obtain S;41,Tj+1, we use the polynomial
time algorithm from Theorem 3.1, which yields sets
S7.1 TL such that [A;(S),,. Tr)] > ao A, I
|S%, 1] > n/2 then we take S; 11 = 5%, . If [S7, ] <n/2
then since

A(R,Tj, 1) = A(S} 1, Tj 1) + AR\ S}y, Tj41)

we get
max{|A(R, Tj, )|, AR\ Sj1, Tj)l} = ao [|Acllg /2.

We can therefore take either R or R\ S}, as our set
S;+1 and note it is at least n/2 in size. We perform the
same operation to get Tji+1, losing (at most) another
factor 2 in the approximation. O

With respect to (b), we will study the Frobenius
norm of A;. Namely, it is not difficult to show that
1A 12 < [/ AJ2(1-j-a322p/4). Since trivially ||A, | » >
0, this implies that the total number of iterations is at
most 4/(c2e?p). Hence, if p is bounded from below
by a constant, then this argument shows that the total
number of iterations is bounded by a number that does
not depend on n, m. In fact, this is the basic argument
used to establish the matrix decomposition theorem
in [14, Section 4.1].

But in the present work we do not assume that p
remains bounded away from 0. In effect, the aforemen-
tioned argument does not apply. As it turns out, the
problem is that the above argument just uses the trivial
lower bound ||A;[|% > 0. By contrast, the basic idea
here is to use the boundedness condition to establish
|Ar|?(1 — C?p) as a lower bound. Indeed, if we could
show that [|A;||% > ||Ar|?(1 — C?p) for all j, then the
bound [[A;]% < [Al2(1 ~ j - a3ep/4) would imply
that the number of iterations is at most 4C?/(age?),
and thus independent of m,n, p.

However, we can’t quite use the boundedness con-
dition to prove that ||A;||% > ||Afp|*(1 — C?p). The
reason is that the boundedness condition only applies
to “sufficiently large” sets, i.e., sets of size at least yn.
Therefore, to show that ApxMatrix stops after at most
k iterations, we will consider slightly different sequences
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of matrices D’;, A’;, to which the boundedness condition
applies. The matrices D, A’ will be “close” to D, A;
in cut norm, and to bound the number of iterations we
are going to investigate the Frobenius norm of A;.

We construct the matrices D, A’ as follows. Let
us assume (for contradiction) that ApzMatriz outputs
“failure”, i.e., the number of iterations performed by
Steps 2-5 is k. Then during these k iterations the algo-
rithm constructed sets Sy, ..., S, of rows and 71, ..., T}
of columns. Let S be the coarsest partition of the set
[m] of row indices such that each S; is a union of classes
of §. Similarly, let 7 be the coarsest partition of the
columns set [n] such that every 7T; is a union of classes of
T. Clearly, both § and 7 have at most 2° classes. The
reason why the boundedness condition does not imply
directly that ||A||% > [[Ar||*(1 — C?p) is that some

classes of S and 7 may have size less than ym or yn.
Therefore, we let

SeS:|S|<ym

RO = S, OO -

U r

TeT:|T|<yn

comprise the “small” classes of the partitions S,7.
Setting 7' = 2%, we have

(4.5) |Ro| <+4'm, |Co| <~+'n.

Further, let A = A’ be the matrix obtained from A
by replacing all rows in Ry and all columns in Cy by
0. In addition, define inductively sets S; = S; \ Rp and

TJ/ = Tj \TO and

' A5 (Sj1 Tii1)

o 1S5l Tl

;‘-',-1 = CUT(S]/'-‘,-D _](+17d_/j+1)5
’ — A'_-D.

Jj+1 J Jj+1-

Let &’ be the coarsest partition of [m] \ Ry such that
each S;- is a union of classes of S’, and define a partition
T of [n] \ Cp analogously w.r.t. the sets 77. Then the
construction of the sets S%, T} readily implies:

Fact 4.1. All classes of S’ (resp. T') have size at least
ym (resp. yn).

Consequently, we can use the boundedness condition to
infer the following

LEMMA 4.1. For all 1 < j < Kk we have
2
A7 > [|A][7 (1 —2C°p).

Proof Let M = Zgzl D’;. Then for any two
sets S € §’, T € 7' the matrix M is constant on the
square S x T', because every D} is a cut matrix on the
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square S} x T, and S%, T} are unions of classes of &',

T'. Thus, letting mgxr signify the value that M takes
on S x T, we obtain

IA" =M%

= 2>

SeS'\ TeT' (v,w)eSXT

Forany S € 8, T € T' the sum 3, ) 557 (A’ (v, w) —

mgx7)? is minimized iff

1A 117

(A (v,w) —mgx7)>

msxr =mg,r = A'(S,T)/(IS|-|T]).
Therefore,
> (AW, w) - msxr)®
(v,w)eSXT
> Y (M) - mig)?
(v,w)eSXT
= Z A (v,w)* = 2A/(S, T)m% 1
(v,w)eSXT
+ms%r|S| - |T|
= > A@ww)’ —mEelS|-|T].
(v,w)eSXT

Since A’ is (C,~) bounded and because |S| > ym,
|T'| > yn by Lemma 4.1, we get m%, r < Cp. Hence,

(4.6) [ASE > [|A][F = (Cp)*mn.
Finally, using the fact that A and A’ are 0,1 matrices,

we have

Al — A% ZZ — AL
= A(Ro,[n]) + A([m] 5) — A(Rq, Co)
< A(Ro, [n]) + A([m], Co)
(4.5)

< 20+'mnp < mnp/2,
mnp

whence [|A’||% > ||A|%/2 = =2, Thus, the assertion
follows from (4.6). 0

To show that our assumption that ApxMatrix per-
forms at least k iterations yields a contradiction, we
need the following upper bound on [|A[|%. Tts proof em-
ploys similar arguments as presented in [14, Section 4.1].

LEMMA 4.2. For all 1 < j < Kk we have
2 .
JAS|IE < A"z (1= 7 - age?p/256).

Combining Lemmas 4.1 and 4.2 and setting j = &,
we conclude 2C? > k - a3e? /256, which contradicts our
choice of k (cf. (1.2)). This completes the proof of
Theorem 1.1.
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5 Approximating Max CSP problems.

Throughout this section we keep the notation from
Section 1.4. Given 0 < & < %, C > 1, we set
v = exp(=I'(C/e)?), where I' is the constant from
Theorem 1.2. Moreover, we assume that F is a
(C,7)-bounded k-CSP instance on n variables V =
{x1,...,2,}, where n > ng for some sufficiently large
number ng = no(C, e, k). Let m = |F| be the number

of constraints.

ALGORITHM 5.1. ApxCSP(F,C,¢)

Input: A k-CSP instance F over V =
numbers C, e > 0.

Output: An assignment 6 : V — {0,1}.

{z1,..., 20},

1. Set up the tensors Ai for all ¢ € .
Let @ = £272" 262,
Call ApxTensor(AY%, C, a) for each ¢ € ¥ to obtain
tensors
ZDw where DY =

CUT(dY, S, ..., 85%).

Let P be the coarsest partition of V' such that each
set Sf,’l is a union of classes of P (1 < i < s,
1<h<k ¢ew).

2. Let § = C~'D ks 1272 ~1~4 ng ) = [on].
Compute an optimal solution (7% (1), 7 (0), Zp) to
the following optimization problem.

oPT" = Y Y dunt
el i=1ye{o,1}k
k
x I min(yn)
h=1

st 0< 7)< [ISh]/v]

0<zp<|P| for all P € P,

where 1 <i < s,1 < h <k, € WV andthe numbers
7 (1) are constrained to be integers.
Output an assignment 6 : V — {0,1} such that

167 (1) N P| — 2p| < 1 for all P € P.

The first step of ApxCSP relies on the procedure
ApxTensor from Theorem 1.2. Since we assume that
all the tensors A% are (C,~)-bounded, we can apply
ApxTensor to each of them to obtain an approximation
BY consisting of a bounded number of cut tensors
Dj’. The basic idea is to approximate the Max CSP

Copyright © by SIAM.
Unauthorized reproduction of this article is prohibited.



problem, i.e., the optimization problem

OPT = max Y ¢(o)
oce{0,1}V soF
= moafvz Z AV (21,000, 21)
oe{0,1} YEW (21,...,21)EVF
x(o(21),-- -, 0(2))
by the optimization problem
OPT = BY(z1,...
G'EI?OEE(}V Z Z (217 7Zk)
PYEV (21,...,25)EVF

xP(o(z1),...,0(zk)).

The following lemma shows that any assignment o
that approximates OPT’ well also provides a good
approximation for OPT.

LEMMA 5.1. Let o € {0 l}V be such that

G7) > ) B z)) > OPT —

Ppev zeVk

Then ) yer $(0) >

It is worth pointing out that OPT’ and OPT”
can be solved in “polynomial” time. This is because
the tensors BY consist of only a bounded (w.r.t. n)
number of cut tensors. More precisely, the partition P
constructed in Step 1 of the algorithm has the following
property: if S1,..., Sk € P, then all the tensors BY, ¢ €
U, are constant on the rectangle Sy x- - - x Si. Therefore,
as far as OPT' is concerned, the individual variables in
each set S € P are completely indistinguishable. More
precisely, consider an assignment o : V' — {0, 1} and let

2 k=lem.

(1 - &) OPT(F).

(5.8) Zp = {veP:o(w) =1},

(59  TiW) = Yz
PeP:PCSY,

(5.10)  T3(0) = |ShI-TH(1)

foreach Pe P, 1 <i<s, 1<h<k andy € V.
In words, ’Zj,f(y) is the number of variables in S;/,’l that

attain the value y under o (y = 0,1). Let us further
define

for y € VF.

(1),

> Y BY=)(0(2)
YeW zeVk
= 22 Z

Yev i=1 ze]._[h

o(y) = o(yk))

d%(a(z))

- XY Y v

pev =1 ye{0,1}*

k
h=1
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Hence, to solve OPT’ optimally, we could just try all
possible tuples (Zp)pep such that 0 < Zp < |P| is an
integer. Since the number of such tuples is at most n!”!
and the number |P| of classes is independent of n, this
yields a polynomial time algorithm for any fixed ¢, k, C.

To speed things up, we use an idea developed in [14]
for dense MAX CSP problems; this will eventually lead
to the problem OPT” detailed in Step 2 of ApxCSP.
Instead of optimizing over all possible (Zp)pep, we
could just enumerate all tuples (7, (1)), with 0 <
Tf,f(l) < |SZ§L| The issue is that not all such tuples
correspond to an assignment o : V — {0,1} as in (5.8)
and (5.9). Hence, for each tuple (’Zﬁ:(l))i,h’lp we will
have to check feasibility, i.e., if there is a tuple (Zp)p
such that (5.9) holds. Since we are just aiming to solve
OPT’ approximately, we can drop the requirement that
all Zp must be integral. Thus, checking (5.9) turns into
a linear programming problem. In effect, we can reduce
the running time from exp(|P|-Inn) to exp(sk22k Inn).
(Remember that in general |P| is exponential in sk22".)

Finally, to remove the Inn factor, we chop each
set SZZ;L into chunks of size v = [dn], where 6 > 0 is
bounded by a function of C,e,k only. Hence, instead
of optimizing over the number 0 < ’]7/:(1) < \S;/;l| of
variables to be set to 1 in each Sﬁl, we optimize over the
number 0 < T;ﬁ;(l) = |T.V(1)/v] < |Sh /v] of chunks
set to 1. This is sufficient because we just need to solve
OPT’ within an additive e27%~1m (cf. (5.7)). Of course,
for each T;ﬁ;(l) the number of possible values is at most
14671, ie., independent of n. To check feasibility, we
then have to verify that there are 0 < Zp <1(PeP)
such that 7 (1)v < 3 pp, pesy 2P < (7] V(1) + 1w for
all 7, h, ¢, which is again an LP problem This leaves us
with the optimization problem OPT” quoted in Step 2
of ApxCSP. After finding an optimal solution to OPT”,
the algorithm sets up the assignment ¢ that mirrors the
resulting zp values. Bounding the errors incurred in
the course of passing from OPT to OPT” carefully, we
obtain the following estimate.

PROPOSITION 5.1. The assignment & satisfies (5.7).

Thus, to complete the proof of Theorem 1.3, we
just need to bound the running time of ApxCSP. The
argument is based on the bound on the number of classes
in the partition P from Theorem 1.2 (details omitted).

6 Examples.

6.1 Max Cut. To illustrate the use of ApxCSP, we
present an example of bounded problem instances of
Max CuT. This shows how the present techniques pro-
vide a unified approach to problems that were previ-
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ously studied by individually tailored methods, in par-
ticular in the average case analyses of algorithms.

Let 0 < p = p(n) < 1 be a sequence of edge
probabilities, and let G, be a random graph on n
vertices V = {1,...,n} obtained by including each of
the (g) possible edges with probability p independently.
We say that G, has some property & with high
probability (“whp”) if the probability that £ holds tends
to 1 as n — oo. For any graph G we let Z(G) denote
the set of all subgraphs H of G such that |E(H)| >
0.01|E(G)|. Furthermore, for a fixed ¢ > 0 we say that
an algorithm A approzimates MAX CUT within 1 — ¢
on Gy p-bounded graphs if the following two conditions
are satisfied:

1. For any input graph G the algorithm A either
outputs a cut that is within a 1 — ¢ factor of the
maximum cut, or just outputs “fail”. In the first
case we say that the algorithm succeeds, in the
second case it fails.

2. If G = Gy, is a random graph, then with high
probability A succeeds for all graphs in Z(G).

Thus, the algorithm never outputs a solution that is
off by more than 1 — ¢, and for almost all outcomes
G = G,y it succeeds on all subgraphs G, C G that
contain at least 1% of the edges of G. One can think of
G being constructed by a malicious adversary, starting
from the random graph G.

THEOREM 6.1. Suppose that np > co(e) for a number
co(e) that only depends on € > 0. The polynomial time
algorithm ApzCSP from Theorem 1.3 approrimates MAX
Curt within 1 — e on Gy, p-bounded graphs.

Proof Max Cur fits into the general CSP frame-
work discussed in Section 1.4 as follows. The set of vari-
ables is the vertex set of the input graph G, = (V, E.).
Moreover, each edge e = {v, w} € E, yields the (binary)
constraint

cetoay = { ) o £t

otherwise.

Thus, the objective function value of the resulting CSP
F is just the number of crossing edges of a maximum
cut of G..

Let ¢ > 0, and let v be as in Theorem 1.3 with
C = 360. We claim that if np > co(e) for a sufficiently
large co(e) > 0, then whp G = G,,, has the property
that for any G, € Z(G) the CSP instance F is (360, v)-
bounded. By the construction of F, it is sufficient to
show that the adjacency matrix A = A(G,) is (180,~)-
bounded. To see this, consider any two sets S,T C V
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of sizes |S|,|T| > yn. Then
A(S,T) < 2eq,(S,T) < 2eq(S,T).

Since G = G(n,p) is a random graph, we have
E(2e¢(S,T)) < 2|S x T|p. Moreover, as eq(S,T) is
binomially distributed, Chernoff bounds entail that
P[2eq(S,T) > 3|S x Tlp] < exp(—0.01]S x T'|p)

< exp(—0.01-~v*n?p)

< exp(—0.0192%¢co(e) - n).

Hence, if cq(e) is sufficiently large, then A(S,T) <
3|S x T'|p with probability at least 1 — exp(—2n). Since
there are at most 2" ways to choose S, T, the union
bound entails that whp for all pairs of sets S, T of size
at least yn we have

(6.11) A(S,T) < 3|S x Tlp.

Finally, let ¢ be the density of A. Since the number
of edges of G(n,p) is ((H;g))”) whp (by Chernoff
bounds), and since G, € Z(G), we have 0.009p < ¢
whp. Hence, (6.11) entails that A(S,T) < 180|S x T'g
for all S, T of size at least yn whp, i.e., A is (180,7)-
bounded. |

Theorem 6.1 readily yields a result on the “planted
model” for MAX CuT. In this model a random graph
G = Gpp,q is generated by partitioning the vertex
set V. = {1,...,n} randomly into two parts Vi, Va,
inserting each possible V;-Vs-edge with probability p,
and each possible edge inside Vi, Vo with probability
q < p independently. Improving upon prior work by
Boppana [6], Coja-Oghlan [7] showed that a MAax CuT
of Gppq can be computed in polynomial time whp,
provided that n(p — q) > (/npln(np) for a certain
constant ¢ > 0 (actually [6, 7] are stated in terms of
MIN BISECTION, but things carry over to MAX CuUT
easily). Since the random graph G,, , 4 can be obtained
by first choosing G, p, then choosing a random partition
(V1,Va), and finally removing random edges inside of
V1, V4, Theorem 6.1 encompasses this model. In fact,
Theorem 6.1 comprises various generalizations of the
“planted cut” model (e.g., instead of planting a single
cut, we could plant an arbitrary number of cuts, etc.).

6.2 MAX Ek-SAT. Let V = {x1,...,2,} be a set
of n propositional variables, and let Fy(n,p) signify
a k-SAT formula obtained by including each of the
(2n)* possible k-clauses with probability 0 < p < 1
independently (hence, we think of each clause as an
order k-tuple of literals). Let m = (2n)*p denote the
expected number of clauses. We say that Fj(n,p) has
some property £ with high probability if the probability
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that £ holds tends to one as n — oo. Moreover, for any
E-SAT formula F we let Z(F) denote the set of all sub-
formulas F, of F that contain at least 0.01m clauses.
Furthermore, for a fixed € > 0 we say that an algorithm
A approzimates MAX k-SAT within 1 — e on Fy(n,p)-
bounded formulas if the following two conditions are
satisfied:

1. For any input F' the algorithm A either outputs
an assignment such that the number of satisfied
clauses is within a 1 — ¢ factor of the optimum for
MAX k-SAT or just outputs “fail”.

2. If F = Fi(n,p), then whp A succeeds on all
formulas in Z(F).

Similar arguments as in Section 6.1 show the following.

THEOREM 6.2. Suppose that k > 2 is fized and that
co(e)n!®2l < m = o(n¥) for a number co(e) that only
depends on €. The polynomial time algorithm ApzCSP
from Theorem 1.8 approximates MAX k-SAT within
1 —¢ on Fy(n,p)-bounded formulas.

In particular, Theorem 6.2 applies to the plainly
random formula Fy(n,p), in which case the algorithm
yields a lower and an upper bound on the number of
simultaneously satisfiable clauses. If & > 3, then for
m > co(e)nl*/?1 the optimal assignment of Fy(n,p)
satisfies a 1 — 27% 4 o(1) fraction of the clauses whp.
Hence, whp the polynomial time algorithm ApxSAT
yields a proof that there is no assignment satisfying
more than a 1 — 27% + ¢ fraction of all clauses. The
problem of deriving such a proof in polynomial time is
known as the “strong refutation problem” for random
E-SAT [9], and a number of authors have tailored
algorithms specifically for this problem [8, 10, 13]. For
even values of k, Theorem 6.1 matches the best known
result [8]. However, for k = 3 the strong refutation
problem can be solved under the weaker assumption
m > n%/?1n°n by other techniques [8].
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