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Abstract 1 Introduction

We consider an unweighted undirected graph witlertices, We consider an unweighted undirected graph witiertices,

m edges, and edge-connectivitly. ZTheweak edge orienta- m edges, and edge-connectivity 2Theweak edge orienta-
tion problemrequires that the edges of this graph be orientédn problenrequires that the edges of this graph be oriented
so the resulting directed graph is at lekgdge-connected.so the resulting directed graph is at leksdge-connected.
Nash-Williams proved the existence of such orientations aNdsh-Williams[13] proved the existence of such orientations
subsequently Frank [6], Gabow [7], and Nagamochi-lIbardki showing the following theorem.

[12] gave algorithmic constructions. All of these algorithms )

took time at least quadratic in. We provide the first THEOREN_'l'l' Any2|_< _edge_-con_necte(_j undirected graph G
sub-quadratic (im) algorithm for this problem. Our algo_can be oriented by giving direction to its edges such that in

rithm takesé(nk“' +m) time. This improves the previousthe resulting directed graph’Gs at least k connected.

best bounds Oé(nz.kz +m) by Gabow [7] andO(n’m) by Frank [6] gave a constructive proof of weak orientation
Nagamochi-Ibaraki [12] whek < y/n. Indeed, many real theorem based on edge splitting. Subsequently, Gabow [7]
networks havek < n. and Nagamochi-lbaraki [12] gave algorithms based on the

Our algorithm uses the fast edge splitting paradigftank's proof. Gabow’s algorithm takes tinG¥n2k2 + m)
introduced by Bhalgat et al. [2]. We seek to split out a larg@d the algorithm of Nagamochi-Ibaraki takes tid@?2m).
fraction of the vertices, recurse on the resulting graph, ajidmany real world networkk < n and that motivates the
then put back the split-off vertices. The main challenge W&owing question: can the edge orientation problem be
face is that only vertices with even degree may be split-offived in time near-linear im, possibly at the expense
an undirected graph and there may not be any such vertegfifactors polynomial ink. We address this question by
the current graph. The edge orientation algorithms of GabBW)viding such an algorithm. Our algorithm takes time
and Nagamochi-Ibarakias well as Frank’s proof are based@(qﬂé +m).
showing the existence of at least two even degree vertices (in previous approaches for a problem use edge-splitting
fact, vertices with degreekpin a Z minimally connected tg remove vertices from the graph; edges incident on these
graph. We generalize this to show that in any edge minimgtices are paired up resulting in a new graph with edge
2k edge-connected graph, there are at leg8teven degree connectivity . The problem is then solved recursively.
vertices. These vertices are then split-off. The time taken is quadratic because vertices are split-off

Our next challenge is to drop edges from the givejhe at a time. Our algorithm uses the fast edge splitting
graph so it remainskconnected and yet ha&@(n) even paradigm introduced by Bhalgat et al. [2]. We seek to split
degree vertices. We provide an algorithm that discards edggg 5 |arge fraction of the vertices, recurse on the resulting
specifically to produceQ(n) even degree vertices whilegraph, and then put back the split-off vertices. The main
maintaining connectivity Rand takes tim®(nk* +-m). Note challenge we face is that only vertices with even degree
that this algorithm does not necessarily make the graph edggy pe split-off completely in an undirected graph and there
minimally 2k edge-connected. We also briefly outline amay not be any such vertex in the current graph. The edge
O(nk® +m) time algorithm that achieves edge-minimalityrientation algorithms of Gabow and Nagamochi-lbaraki as
which improves the previous best bound@(fn -+ n®k?) by  \ell as Frank's proof are based on showing the existence of
Gabow [7]. at least two even degree vertices (in fact, vertices with degree

2K) in a minimally & edge-connected graph. Here, a graph
is said to be minimally R edge-connected if removing even
a single edge causes the global min-cut to drop belkw 2
We generalize the above fact to show that in any minimally

2k edge-connected graph, there are at lea8teven degree
*University of Pennsylvanisbhalgat@seas.upenn.edu. Work partly fi 9 Th '[g P th lit ﬁa 9
done when at Google Inc. and lISc. vertices. These vertices are then split-off.
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degree vertices. We provide an algorithm that discards edgee The nodes ofl represent a partition of the vertex set of
spedfically to produceQ(n) even degree vertices while G. The set of vertices associated with a particular node
maintaining connectivityRand takes tim&(nk*+m). Note x of G is denoted bw(x) and vertices in this set have
that this algorithm does not necessarily make the graph pairwise edge-connectivity at leadt-21.

minimally 2k edge-connected. We also briefly outline an

O(niké + m) time algorithm that achieves edge-minimality. ® Each edgee of T represents a cut of sizek2this cut
separates vertices @& associated with nodes on one

2 Preliminaries side ofe from vertices ofG associated with nodes on

This section outlines definitions and consolidates all previ- the other side.

ous results from literature that we will need. Let the inpiote thatT can be obtained from the full Gomory-Hu tree
undirected grapl& = (V,E) haven vertices andn edges. by compressing all edges with weight more than Dur
Let ¢(G) = 2k denote the global min-cut fdB, wherek is  a|gorithm uses thesekzartial Gomory-Hu trees, which can
a positive integer. We will use the following theorems frorge constructed using the following theorem from [1].
literature.

THEOREM2.5. [1] Given undirected graph G with &) >

THEOREMZ'l' [5] _ConS|der any d|r_ected graph with 2k, the2k-partial Gomory-Hu tree can be constructed in time
global min-cut cG) (if the graph is undirected then converb(nkz+ m)

it to a directed graph by directing each edge in both direc-
tions). The number of edge disjoint arborescences rootedgat

any specified vertex r equalé@). Edge Orientation Algorithm Overview

The algorithm for edge orientation appear below in Algo-
THEOREM2.2. [2] For an undirected graph G with global rithm 3.1. In essence, it splits-off a subset of vertices, re-
min-cut ¢G) and any given positive integerhc(G), h edge cursively orients the resulting graph, and then puts back the
disjoint arborescences as in Theorem 2.1 can be foundsinliit-off vertices. There are challenges in identifying vertices
time O(nh® +m). to be split-off because these need to have even degrees and

| i .
THEOREM2.3. [11] Given undirected graph G, all but uptoa so need to be independent

nxc(G) edges can be discarded in @ m) time so the
remaining graph continues to bé@) connected.

Algorithm 3.1 Algorithm overview for the edge orientation
problem.

We also use the edge splitting technique introduced byl. Prune edges via Nagamochi-Ibaraki's algorithm so
Lovasz [9],[10] (exercise 6.53). Edge splitting in a graph |E| < 2knand ¢(G) > 2k.
involves removing two edge®,b) and(b,c) and replacing 2. Prune edges sg(G) > 2k and there aré(n) even
them by a single edgéa,c). The goal of this operation is degree vertices, each with deg@k). LetW denote the
to reduce the graph size while retaining certain connectivityset of even degree vertices with deg@().
properties thus serving as an important inductive and recurfepeat
sive tool for proving connectivity properties on the graph. 3. Find a maximal independent set comprising only
When all edges incident on a vertehave been paired up vertices inW which have not yet been split-off.
and replaced by their single counterparts as above, we say 4. Split-off the above vertices while maintaining con-
that vertexv has beersplit-off. Lovasz showed that in an  nectivity X for the remaining vertices.
undirected graph with edge connectivity more than 2, anyuntil all vertices inW are split-off
even degree vertex can Isglit off maintaining the global 5. Recursively solve edge orientation on the current graph;
edge-connectivity. We will need the following constructive the boundary case is when there are only 2 vertigés
result to split-off many vertices simultaneously. in which case orient half the edges betwesrand b

) ] towardsa, the other half towardb, and orient self-loops
THEOREM2.4. [2] Suppose we are given undirected graph arbitrarily.

G with o(G) > 1, a subset W of even degree vertices in G, fo; each independent set split-off above, in reverse order
and a number K a, wherea is the minimum of the pairwise ¢ gpjitting-off do

connectivities of vertices outside W. Then vertices inW can g pyt back vertices in this independent set into the
be split-off in timeO(nk? +-m) to obtain a new graph Gwith current graph and adjust orientations.

c(G) >h. end for

The 2k-partial Gomory-Hu Tree. Given an undirected
graphG with ¢(G) > 2k, the X-partial Gomory-Hu tre@ of Time Complexity. Stepl takesO(n+ m) time by Theorem
Gis defined as a tree satisfying the following two propertie®:3. Step 2 is our key contribution and is described in
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Theorem 3.1 below. An existential proof of this theorem After running step 6, we run into the following problems
appears in Sections 4 and the constructive proof appearsoim the arborescences. First, a particular vebtexX could
5. appear many times in the same arborescence, and second,
not all arborescences need have an occurren¥e dhe first
THEOREM3.1. Given an undirected graph G with@[ > problem can be solved by a transformation which combines
2k and number of edges(6k), a subset of Q1) edges can be multiple occurrences df in an arborescence; this is done by
identified iné(nk“') time; removal of these edges maintaingking subtrees hanging off these multiple occurrences and
the property that (G) > 2k but leaves the graph witB(n) hanging them off one chosen occurrence. This leaves at most
even degree vertices, each with degré&)O one non-leaf occurrence & in each arborescence. Leaf
occurrences can be moved across arborescences betcause
For Step 3, by Turan’s theoreM/ has an independentis an independent set. With these transformations, we can
set of sizeQ(n/k); further, such an independent set can ehsure at most one occurrencetoper arborescence. It
found using a simple greedy algorithm in tind&n). The remains to consider the case when there are still arborescenes
repeat loop thus iterateé3(klogn) times, and Step 3 takeswithout an occurrence df. To handle this, note that has
O(nk) time over all these iterations. By Theorem 2.4, Stefegree at leastk2in the undirected graph just before it was
4 takesO(nk?) time per iteration, givingd(nk®) time over split-off; after splitting-off at leask edges were created, each
all iterations. Step 5 performs recursion on a graph thadrryingb as a hidden vertex. These edges are now oriented
has only a constant fraction of the vertices of the originahd Step 6 creates at le&dlirected edges incident into and
graph, and therefore the depth of recursio®{fgn). Step going out ofb from these edges. If all of these are used in
6 performs only the following operation: given a directethhe arborescences thbrmust occur in every arborescence.
edge(u, v) with one hidden split-off vertek (since we split- Otherwise, the unused edges directed mt@n be hung off
off an independent set at a time, there cannot be more tlaarieaves in whichever arborescences they are missing in.
one hidden split-off vertex inside an edge), we replace this
edge with two directed edgés,b) and(b,v); clearly this 4 A Key Property
takes timeO(nk) over all iterations of the for loop. Theyp this section, we show a key lemma which will contribute
overall time complexity is thu®(nk*), with Step 2 being to the proof of Theorem 3.1.
the time bottleneck.

Correctness. The correctness of the algorithm comes frorﬁHEORE.MA"l' Any edge minimal undlrgcted graph with
the following lemma. global min-cut2k has r/3 even degree vertices.

. . ._Proof. Consider the partiallkkGomory-Hu treeT of G and
tti“;m:stlk The resulting directed graph has global minc e the following properties:

e Each resulting node im is associated with one or more

Proof. Consider the recursion in Step 5; the input to this vertices ofG and each vertex db maps to exacﬂy one
step is an undirected graph with global min-cut at le&st 2  nodeinT.

Inductively, assume that orientation on this undirected graph

produces a directed gragh with min-cut at leask (in the e Each edge ifT is crossed by exactlykedges ofG.

boundary situation with two vertices, there must be at least

2k edges between the two vertices and orienting half of them”

in each direction clearly achieves this). It now suffices to

show that when we put back an independent&at Step

_f|5_, thﬁ resﬂti!tlng d'reCt‘;’: graé)h continues t?_lt‘ﬁve m'”;‘:;t < If | > 2 vertices ofG are associated with the same node
o show this, we use the arborescences of Theorem 2.1. So , ; i

) . ' g x in T, then each of these vertices has degree at least

inductively assume that there exist two sets of arborescences, o, 1 in G, By properties 2 and 3, it follows thathas

S1andS, inH. S comprise edge disjoint arborescences  jegree at least 1in T. It also follows that a degree 1

directed away from root anfi, comprisesk edge disjoint or 2 node inT must have exactly one associated vertex
arborescences directed into the root. We now need to put fom .

back vertices inX and show howS; and S, can each be

modified to obtain new arborescence setsHocontaining By property 4, degree 1 and 2 nodesTlirhave exactly
vertices fromX as well. Note that this needs to be only aone associated vertex frofd each. It readily follows that
existential proof so time complexity is unimportant. We wilertices ofG associated with leaves ih have even degree
show howS; can be modified, the modifications required fdn G, in fact degree exactlyl? That vertices ofs associated
S are identical. with a degree 2 nodein T have even degree as well can be

No edge ofG connects vertices within the same node in
T by edge minimality ofG; so every edge i crosses
one or more of the edges of
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shown as follows: exactlykedges in G must cross each of
the 2 edges incident axin T and edges o6 which cross
both edges inl do not contribute to the degree »fin G.

As a corollary, the number of even degree verticeSis at
least the number of degree 1 and 2 nodeg.iffo complete

the proof, we need to show that the number of degree 1 and
2 nodesir is at leasn/2.

To see this, note that by property 4, the total number
of vertices associated with internal nodesTinis at most
the number of edges ifi, which is|T| — 1 where|T]| is the
number of vertices if. Or in other wordsp— |L| <|T|—1
where|L| is the number of leaves ifi, so|T|+ |L| > n+1.
Since |T| < |L| + (|L| = 1) + |D|, where |D| denotes the
number of degree 2 vertices, we haye|3- |D| —1>n+1,
so|L|+|D| > |L|+|D|/3> n/3+2/3, as required.

2k parial Gomory-Hu tree of5

Corollary 4.1 now provides an existential proof of The- Relevant graph G’ for node
orem 3.1; the constructive proof will appear in Section 5. Note : Each of R edges incident og have
other end point ag;j, j # i or a vertex inx
CQROLLARY 4.1. Given an undirected grap_h_ with g_lobal Drop edgesSsuch that both endpoints
min-cut at leas2k and number of edges(6k), it is possible of edges irSare inv(x) and
to remove edges so that the global min-cut continues to be at G’ is 2k connected after removal &
least2k and there areQ(n) even degree vertices, each with

degree QK).
= a . )
Proof. By Theorem 4.1, removal of appropriate edges will K A@/
result inn/3 even degree vertices while maintaning global w @ k
min-cut at least R Since the total number of edgesd$nk), @ 2k

a constant fraction of these even degree vertices must have
Updated & partial Gomory-Hu tree o6(V,E — S).

degreeO(k).
5 Algorithm Overview for Theorem 3.1 x has been split intay, X2, X3
This section describes the framework of our algorithm for

showing Theorem 3.1. Recall that we are given an undirectagure 1: The Relevant Graph for a node in tHepartial

graph with global min-cut at leaskzand number of edgesGomory-Hutree and an overview of the algorithm for finding
O(nk) and we wish to identify a a subset 6fn) edges in even degree vertices

O(nk*) time such that removal of these edges maintains the
property that global min-cutis at leadtBut leaves the graph
with ©(n) even degree vertices, each with degr@e).

Before explaining the algorithm, we introduceaconceptof[ﬁ ther verti ; laghite The number of verti
relevant grapkfor a node in the R-partial Gomory-Hu tree. € other vertices are ca & The number of vertices

in G’ is [v(x)| + dr(x) and the number of edges is at most
The Relevant Graph for nodex in the 2k-partial Gomory-  (dg(v(X)) +dr (X) * 2k) /2, wheredry (X) is the degree of node
Hu Tree. Lety; ...y, denote the neighbours gin Gomory- xin T anddg(v(x)) is the sum of the degrees@of vertices

Hu treeT and letST(y;) denote the subtree df rooted at in v(x). The relevant graph can be determined in linear time,
yi. We extend the definition of () to subtrees by definingi.e., in timeO((|v(X)| + dr (X)) + da(V(X)) + dt (X) * 2K).
V(ST(yi)) asUyesTy)V(y). We create a new grap@ by Step 1 takes timé(nkz) using Theorem 2.5. Step 3 is
combining some vertices db as follows: vertices ofG the critical step; we show how to perform this step in Section
presentinv(x) are retained as such @& while vertices ofG  7; the time taken by this step for one iteration of the repeat
presentin each(ST(y;)) are compressed together to yiéldloop will be 6(nk3). Step 4 is straighforward. We describe
new vertices. Self-loops incident on théseertices are then how Step 5 can be performed below in Section 6; it will
discarded. We call this grapgBl therelevant graptfor node follow from Lemma 6.4 below that the time complexity of
x in T. Thel vertices obtained by compressing vertices this step for one iteration of the repeat I00|cﬁ$1k2). The
V(ST(y1))...v(ST(y;)) respectively are calledlack while total time complexity now depends upon the time complexity
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Algorithm 5.1 Algorithm Overview for Theorem 3.1. A V-A
0. Initialize Rto the set of even degree verticesGn a:
1. Construct the R partial Gomory-Hu tred for G. e
repeat B 5 b

for eachnodxinTdo g AN
2. ObtainG', the relevant graph for as described in :
Section 2. ‘C
3. Identify a set of edgeS with both endpoints in ;
v(x) with the additional property tha®' stays X
edge-connected even after the removal of edgé&s in Figure 2: Submodularity
4. Remove edges i% from G, and add vertices
spanned bysto R.

end for
5. UpdateT to reflect the removal of edges above.  OVer all nodex will yield the final updated tree. Recall that
until |R >n/4 Ssatisfies the property thatG') > 2k even after removing

edges irS. We need the following lemmas before describing
the update process.

of Step 2 and the number of iterations of the repeat loap.

We claim the following lemma, whose proof will appear iA‘EMMA 6_'1' In an undirected graph. k/,E), consider a

Section 7; it follows that the total number of iterations Oq;utA of size z and another cut B of size less than z. Suppose

the repeat loop i©(klogn) and that the total time taken igone of ANBAN(Y —B),(V-ANB,(V-AN(V-B)

therefored(nk4), as required. is empty. Then at I(_east one of’_)tB,Am (V-B),(V-AN
B,(V—-A)N(V —B)is acut of size less than z.

LEmMMA 5.1. Each iteration of the repeat loop increases

IT|+|R| by Q(n/k) (where|T| is the number of nodes inProof. Suppose each of the cuts1B, An(V —B), (V —A)N

T). And if|T| > n/4 and |R| < n/4, the next iteration B,(V —A)N(V —B)is of size atleast. Then from Figure 2,

of the repeat loop causes eithéR| to becomeQ(n) or 2(a+b+c+d+e+f)>4z Since theAis of sizezandBis

alternatively, the number of even degree vertices becorfEgize less tham from Figure 2a-+b+c+d+2(e+ ) <2z
Q(n). which implies(e+ f) < 0, a contradiction. Hence the proof.

Finally, we need to show how to obtai®(n) even- LEMMA 6.2. In an undirected graph kV, E), consider cuts
degree vertices. If Lemma 5.1 terminates w@n) even A and B of size z. Suppose none of B AN (V —B),(V —
degree vertices then we are done. Otherwise we show thah B, (V —A)N (V — B) is empty, and further, suppose H is
by removing only a subset and not all of the edges that ga¢dge-connected. Then each of B, AN (V —B),(V —A)N
actually removed in the above algorithm, one can ensl#dV —A) N (V —B) is of size z.

O(n) even-degree vertices. To do this, restrict the graph to

edges removed by the algorithm and find a spanning forB&0f- Suppose at least one of the clas1B,AN(V —

in this graph; this forest hag(n) vertices with non-zero B):(Y —A)NB,(V —A)N (V —B) has size more thaa
degree (becaus® = Q(n)). In this spanning forest, find Then sinceH is z connected, it follows from Figure 2.that
an independent sétof Q(n) vertices with non-zero degree?(@+ b+ c+d+e-+ f) > 4z Since theA andB are of size
(such an independent set exists by Turan’s theorem). Boft+ P+ C+d+2(e+ f) =2z which implies(e+ f) <0,
each vertex irl remove up to 1 edge so its degree becom@gontradiction. Hence the proof.

even. This results i®(n) even degree vertices. Since th
total number of edges in the input grapta&k), it follows
that a constant fraction of these will have deg@¥&). This
proves Theorem 3.1.

Two things remain. First the description of Step 5 fqsroof. First, suppose(G) < 2k after removal of edges in
updating the R-partial tree, and second, the description & The corresponding cu must splitv(x) because edge
Step 3 for identifyings along with the proof of Lemma 5.1. i, s have both endpoints im(x) andc(G) > 2k before the

_ _ removal ofS. C must split at least one of thg(ST(yi))'s as
6 Updating the 2k-partial Gomory-Hu Tree T well, because(G') > 2k even after removal 06. Among
Given a nodex in T and a subse§ of edges inG with all the cuts of size less thark2select a cu€ which splits
both endpoints irv(x), we show howT can be updated tothe fewest number of (ST(yi))’s (black vertices). Let one
reflect the removal of edges 8 from G. Repeating this of thev(ST(y;))’s split byC bev(ST(y;)). Now, by Lemma

Eemma 6.3. After edges in S are removed from GGG >
2k; further, for all nodes y£ x of T, the pairwise connectivity
between vertices in(y) continues to be lea®k + 1.
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6.1, at least one of (ST(yj)) NC, (V(G) — v(ST(y;)))NC, cuts of size R which splitv(x), and which exist inG but

v(ST(yj))N(V(G)—C), (V(G) —v(ST(yj)))N(V(G)—C) notinG, select a cu€ which splits the fewest(ST(y;)),

should be a cut of size less thak Df thesey(ST(y;))NC 1 <i < Let it split v(ST(y;)). SinceG is 2k connected

andv(ST(y;)) N (V(G) — C) cannot have size less thak,2 andC and v(ST(y;)) are cuts of size & by Lemma 6.2,

because any cut of size less tha&sBRould splitv(x) as well. the cut(V(G) — v(ST(y;))) NC is of size X, splits v(x),

Also, (V(G) — v(ST(y;)))nC and (V(G) — v(ST(y;))) N and violates the minimality in the definition 6f Hence the

(V(G) —C) split fewerv(ST(y;i))'s thanC hence cannot be contradiction.

cuts of size less thark2by the definition ofC. Hence, after Second, we show that each edgelinrepresents ak2

edges irSare removed fron®, ¢(G) > 2k. cutinG. This is clearly true for edges whose corresponding
Second, suppose a new @ut splitsv(y) for some node cuts do not split anw(ST(yi)), 1 <i <, by virtue of

y # x. Since both endpoints of an edgeSrare inv(x) the construction orG'. It remains to consider edges which do

above cut must also split(x). LetC be such a cut. Now, split somev(ST(yi)); the corresponding cut is presentTin

by Lemma 6.2, cuCNv(ST(y)) is of size X. SinceC as well and since edges Bihave both endpoints im(x),

splitsv(y), cutCNv(ST(y)) separates two vertices ofy) these cuts continue to have side 2

whose connectivity before removirwas X+ 1. This is

a contradiction since both endpoints of an edg&are in 7 Identifying edges for removal

v(X). Given a nodex in T and G’ the relevant graph fox, this
. : ) )

LEMMA 6.4. The2k-partial Gomory-Hu tree T can be uP'zzfig?yri]nsr][ﬁvev?ongvv\\/lir:O I?gngzez subsBtof edges inG

dated to reflect deletion of a specified edge set S compris- 9 _ g prop ' _

ing edges with both endpoints in(x) in time O((|v(x)|+ ¢ Both endpoints of edges Bshould be inv(x).

dr (x))k? 4+ dg(v(X)) + dr (X) * k), where & (x) is the degree

of node xin T and@(v(x)) is the sum of the degrees in G of o ) )
vertices inv(x). We also prove Lemma 5.1 in this section. The algorithm for

identifying Sis given below in Algorithm 7.1.

Proof. We describe the update algorithm. By Lemma 6.3, all Note that in Step 1, removal of a single edge will
nodesy # x can be retained as such and only nadeeeds ensure R edge-connectedness ofx) because vertices in
to be split further to identify the newk2- 1 edge-connectedv(x) are at least 2+ 1 edge-connected to begin with. So
components, as follows. In the description bel@xjenotes consider Steps 2 through 8. Recall that the relevant graph
the graph in which edges Bhave been removed. has|v(X)| + dr(x) vertices and(dg(V(X)) + dt () * 2k)/2

We now construct thekpartial Gomory-Hu tree o/, edges (see Section 2). Step 1 takes @0@v (x)|+dr (X)) +
the relevant graph for node using Theorem 2.5. The dg(V(X)) + dr(X) *x 2k). Step 2 takes timeO((|v(X)| +
black vertices irG’ will correspond to leaf nodes in this newdr (x))k? + dg(v(x)) +dr(x) * 2k) by Theorem 2.4. Step
tree; we then put back the subtre®¥(y;) associated with 3 takes timeO((|v(x)| + dr (x))k® + dg(V(X)) + dr (X) * 2K)
each such leaf to get the final updateegittial Gomory-Hu by Theorem 2.2. Step 4, 5, 6 tak¥(|v(x)| + dr(x)) * 2K)
treeT’. The time complexity of this procedure follows frontime. We will show Step 7 take®((|v(x)| + dr (x))k? +
Theorem 2.5. de(v(x)) + dr(x) = 2k) time. Step 8 is straightforward.

To show correctness, it suffices to show that: The total time taken amounts 1©O((|v(x)| + dr (x))k® +
dc(v(x)) + dr(x) * k) and is dominated by Step 3. Over all
verticesx of T, this time adds up t&(nk®), as required. And
vertices inShave both endpoints in(x) as required because
only valid edges, i.e., those without any black endpoints, are
candidates for addition t8.

First, for each nodey in T’, we show that vertices We have the following lemma which will be needed in
in v(y) are pairwise at leastk2- 1 edge-connected . proving Lemma 5.1 later.
Let X;...% be the nodes i’ obtained by splitting node
x in T. All other nodesy in T/, y # x, 1<i <r, have
corresponding nodes ih andv(y) satisfies the R+ 1 edge-
connectivity requirement by Lemma 6.3. For nodes . x;,
v(x) satisfies this requirement i®' by construction. We
need to show that this holds true 8ras well. Suppose for a
contradiction that there exists & 2ut separating vertices in
v(x) in G, but notinG'. Then this cut must necessarily spliProof. Note that the repeat loop iterates only as long as
one or more of the setgST(y;)), 1 <i <I. Among all such |R| < n/4. Since|T| < n/4, the number of invalid edges in

e c(G') > 2k even after the removal of edges$n

e For each nodg in T’, vertices inv(y) are pairwise at
least X+ 1 edge-connected i@.

e Each edge i’ represents akcut in G.

LEmMMA 7.1. Consider one iteration of the repeat loop in
Algorithm 5.1 and all invocations of Algorithm 7.1 in this
iteration (each iteration runs on a different node x of T).
Also supposéT| < n/4. Then, summed over all the above
invocations, |§ = Q(n/k) and edges in SspanQ(n/k)
vertices which do not belong to R.
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Algorithm 7.1 Idertifying Sfor nodex of T. connected (i.e., splitting blacks cannot increase connectiv-
0. SetSto ¢. ity). And cuts which have all whites on one side are unaf-
if |T| > n/4then fected by removal of5, because edges & contain only

1. Add any one edge which has both endpoints whitéhite vertices. The lemma follows.

and which has both endpoints i(x) to S, if such an . i
edge exists. The algorithm first removes edges $ from G’ and

else then obtains the cactus of ak2 1 cuts inG'. Since X—1

2. Split-off black vertices irG' retaining X+ 1 edge- is odq, the cactus is a tree [4_1]. Next it_runs two passes.
connectivity on the whites to obtal®’. Denote edges The first pass processes edgda & in arbitrary order. If
which are a result of splitting-off as invalid; valid edge§ crosses edges in the cactus then the cactus is modified
have no hidden black vertices and are present in b& compressing all such edges, otherweses marked as

G" andG'. redundant. All cactus edges are reset by uncompressing next.
3. Construct R+ 1 Edmonds’ arbrescences on th&N€ second pass processes edgés S in reverse first-
directed version of3” obtained by directing edges inPaSS order. Again, ié crosses edges in the cactus then the
both directions. cactus is modified by compressing all such edges, otherwise
4. Identify the arborescendg which has the maximum € is marked as redundantS comprises all edges marked
number of valid directed edges incident on verticé§dundant. _ _

outsideR; let S; denote the set of these edges. The time required to find al(2k — 12)'CUt5 and ar-

5. Identify the arborescende which has the maximum 2nge these in a cactus@g(|v (x)| +dr (x) )k +dg(v(x)) +
number of reverse edges for valid directed edgei in dr (X) * 2k) [1].. The time taken in the first and second passes
6. Consider the set of all valid undirected edgesfh for compressing cactus edges can be kept dowd(togn)
incident on vertices outsidR with both forward and Per edge using centroid path decomposition, which amounts
reverse versions iA; UAy; let S, denote this set. to O(dg(v(x)) + dr (x) k). We show correctness next.

7. Run a certification procedure to declare each edgei_i
S as redundant or essential.

8. Add redundant edges froBi to S

end if Proof. Since G’ is 2k edge-connected, every edge in the
cactus is crossed by some edgeSn It suffices to show

G’ over all invocations in an iteration is at mast/2. Over that every edge n _the cactus is cros;ed by some edge in
— Sas well. This is true by construction because an edge

_aII invocations, t_he total r_1um_ber of edges in arborejscemlzs Tnarked redundant and addedSmnly if all the cactus
incident on vertices outsidR is at least 8(2k+ 1)/8; of

these there must be at least(3k)/8— nk/2 > nk/4 valid edges it crosses are crossed by other edges not yet marked

edges. Of thenk/4 valid edges, @®(1/k?) fraction gets redundantat thatinstant.
added td5, in Steps 4, 5, and 6. The lemma follows.

EMMA 7.3. The global min-cut in Gwith edges in S
removed is at leag2k.

It remain to prove Lemma 5.1.

Step 7: The Certification Procedure. Consider the graph| .\.v\\ 7 4 Each edge in $- S can be associated with a
G’ with edges in%; removed. If the min-cut inG' is at unigue cactus edge, i.e., with a unique cut of gken G
least X, then we declare all o, as redundant. Otherwise with edges is S removed)

we have the following lemma, which is the basis for OLSI‘ '

certification algorithm described below. Proof. Atthe end of the first pass, each edg&in- Scrosses

a cactus edge which no previous edg&in- S(i.e., in first

pass order) crosses. At the end of the second pass, each edge
in S, — Scrosses a cactus edge which no edge which follows

Proof. At least X — 1 of the arborescences constructed fé&ter (i.e., in first pass order) crosses. The lemma follows.
G” in Step 3 are untouched I8y, i.e., neither forward nor re-

verse versions of edges $ appear in these arborescenceBroof of Lemma 5.1. First, we show that each iteration of
It follows that G” is 2k — 1 edge-connected even after rethe repeat loop increaséE| + |R| by Q(n/k) (where|T| is
moval of edges ir5,. To show the corresponding result fothe number of vertices i). This is done as followsS; has
G/, assume for a contradiction th@t with edges inS; re- sizeQ(n/k) and span€2(n/k) vertices outsid® by Lemma
moved has global min-cut less thak-21, and consider such7.1. By Lemma 7.4, each edge$— Sis associated with a
a X — 2 or smaller cut. This cut cannot split the whites, othmique new RcutinG, i.e., a X cut created by the removal
erwise G” with edges inS removed would not bel>— 1 of edges irS. Each such Rcut cause$T| to increment by 1

LEMMA 7.2. The global min-cut in Gwith edges in &
removed is at leas?k — 1.
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when itis updated. I8spars Q(n/k) vertices outsid® then
the lemma follows. Otherwis®, — S span€2(n/k) vertices
and thereforéS, — § = Q(n/k). The lemma follows. (2]
Second, we need to show thafTff > n/4 andR| < n/4,
the next iteration of the repeat loop causes eitReto be-
comeQ(n) or alternatively, the number of even degree ver-
tices become&(n). This is done as follows. Consider the ]
next iteration of the repeat loop and take all invocations 0[?
Algorithm 7.1 in this iteration. Each invocation removes
an arbitrary valid edge, if available, from the correspondingy)
problem instance. If there afe(n) invocations correspond-
ing to degree 1 or 2 nodes ih which have available valid
edges then the lemma follows. Otherwise, thereCHire) in-
vocations corresponding to degree 1 or 2 nodes imhich
have no available valid edges; each of these invocations can
be shown to have just one white vertex (if there are 2
white vertices, each must have degree at lelst Pbecause [5]
pairwise edge-connectivity for white vertices ik21, and
there must be(2k+ 1) edges connecting these whites to the
up to 2 available blacks, which is not possible since blac
have degreeld; these white vertices must therefore have
even degree. The lemma follows.

8 Achieving Edge Minimality [7]
The above algorithm can modified to achieve edge minimal-
ity in O(nk® 4 m) time by changing steps 4, 5 and 6 in Algo-
rithm 7.1 to selecB without regard to incidence on vertices (8]
in R. Each iteration of the repeat loop in Algorithm 5.1 then
causes ®(1/k?) fraction of the valid edges to be either de-[9]
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clared as redundant or certified as necessary (as for edges in 1974.

Lemma 7.4). The number of iterations of the repeat loop thg0]
increases I&D(k2 logn) from O(klogn) and the total time in-
creases t®(nk® +m). [11]

9 Conclusion and Open problems

In this paper, we show that in an edge minimally &®n-
nected unweighted graph, there are at leg& even de-
gree vertices. We also give first sub-quadratimimalgo-
rithm for weak orientation problem. Our algorithm runs ifi.3]
time O(m+nk*) and improves previous beS{m-+n2k2) by
Gabow [7]. We also give an edge minimalization algorithm
which runs in time©(m+ nk®) and improves previous bes{14]
O(m-+n2%k?) by Gabow [7]. This is the first algorithm for
edge minimalization which does not check all edges one by
one. One of the open questions is whether randomization can
be used to find a large set of simultaneously droppable edges
with large vertex span.

(12]

References

[1] A. Bhalgat, R. Hariharan, T. Kavitha, D. Panigrathn

O(mn) Gomory-Hu tree construction algorithm for un-
weighted graphs, Proceedings of the thirty-ninth annual ACM

272

L. Lovasz,Combinatorial Problems and Exercises, 2nd Ed.,
North-Holland, New York, 1993.

Hiroshi Nagamochi and Toshihide Ibaral4,linear-time al-
gorithm for finding a sparse k-cormected spanning subgraph
of a k-connected graphlgorithmica, 7, 1992, pp. 583596.
Hiroshi Nagamochi and Toshihide IbarakiDeterministic
é(mn) Time edge splitting in undirected graphs, Proc. of the
Twenty-Eighth Annual ACM Symposium on Theory of Com-
puting, Philadelphia, pp. 64-73, 1996.

C. St. J. A. Nash-William€)n orientations, connectivity and
odd vertex pairings in finite graph€£anadian .J. Math., 12,
1960, pp. 555-567.

W. Mader, A reduction method for edge connectivity in
graphs, Ann. Discrete Math., 9, 1978, pp. 145-164.

Copyright © by SIAM.
Unauthorized reproduction of this article is prohibited.





