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Abstract

Quadratic Assignment is a basic problem in combi-
natorial optimization, which generalizes several other
problems such as Traveling Salesman, Linear Arrange-
ment, Dense k Subgraph, and Clustering with given
sizes. The input to the Quadratic Assignment Problem
consists of two n X n symmetric non-negative matrices
W = (w;;) and D = (d;;). Given matrices W, D,
and a permutation 7 : [n] — [n], the objective func-
tion is Q(m) = Zme[n]’#j w;,j - dr(i),x(j)- In this paper,
we study the Mazimum Quadratic Assignment Problem,
where the goal is to find a permutation 7 that max-
imizes Q(7). We give an O(y/n) approximation algo-
rithm, which is the first non-trivial approximation guar-
antee for this problem. The above guarantee also holds
when the matrices W, D are asymmetric. An indication
of the hardness of Maximum Quadratic Assignment is
that it contains as a special case, the Dense k Subgraph
problem, for which the best known approximation ratio
~ n'/3 (Feige et al. [8]).

When one of the matrices W, D satisfies triangle
inequality, we obtain a 62761 ~ 3.16 approximation
algorithm. This improves over the previously best-
known approximation guarantee of 4 (Arkin et al. [4])
for this special case of Maximum Quadratic Assignment.

The performance guarantee for Maximum
Quadratic Assignment with triangle inequality can be
proved relative to an optimal solution of a natural linear
programming relaxation, that has been used earlier
in Branch-and-Bound approaches (see eg. Adams and
Johnson [1]). It can also be shown that this LP has
an integrality gap of Q(\/ﬁ) for general Maximum
Quadratic Assignment.

1 Introduction

Quadratic assignment is a basic problem in combinato-
rial optimization, which generalizes several other prob-
lems. The input to quadratic assignment consists of
two n x n symmetric non-negative matrices W = (w; ;)
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and D = (d; ;). Given matrices W, D, and a permuta-
tion 7 : [n] — [n], the quadratic assignment objective is
Q(m) = Zi,je[n],i;éj Wi j + dri),n()-

There are two variants of the Quadratic Assignment
Problem. In the Minimum Quadratic Assignment prob-
lem, the objective is to find a permutation 7 that min-
imizes Q(7). In this paper we study the Mazimum
Quadratic Assignment (Max-QAP) problem, where the
objective is to find a permutation 7 that maximizes
Q(7). An indication of the hardness of this problem
is that it contains the well-known dense k subgraph
problem as a special case. The best known approxi-
mation guarantee for dense k subgraph is ~ n'/3 (Feige
et al. [8]).

1.1 Our Results We give an O(y/nlog?n) approxi-
mation algorithm for Max-QAP, which is the first non-
trivial approximation guarantee for this problem. In
fact, this bound also holds when the matrices W and D
are asymmetric. Using standard scaling arguments, our
algorithm reduces Max-QAP to a special case (called 0-1
Max-QAP) where the matrices have only 0-1 entries; in
this case matrices W, D naturally correspond to a pair
of undirected graphs. Our main contribution here is
an O(y/n) approximation algorithm for 0-1 Max-QAP.
We note that 0-1 Max-QAP itself contains the dense k
subgraph problem as a special case. The algorithm for
0-1 Max-QAP involves taking the better of the following
two approaches: (1) The first algorithm outputs a ran-
dom permutation on appropriately chosen (equal-sized)
dense subgraphs (or submatrices) of W and D. To find
these subgraphs, we use a 2-approximation algorithm
for Vertex Cover in one graph, and an 7-approximation
algorithm for Dense k Subgraph in the other graph. (2)
The second algorithm uses local search to obtain a con-
stant factor approximation for a new problem, Common
Star Packing, which also defines a feasible solution to
Max-QAP. These results appear in Section 2

We also consider a special case of the general Max-
QAPwith triangle inequality, where one of the matrices
W, D satisfies triangle inequality. For this case, we give
a 6271 ~ 3.16 approximation algorithm, that improves
the previously best known ratio of 4 due to Arkin et al.
[4]. Our approach here is as follows. We first define
an auxiliary problem and show that it is equivalent
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(up to a factor 2) to Max-QAP with triangle inequality.
This auxiliary problem is another special case of Max-
QAP, which also generalizes the Maximum Vertex Cover
problem [2, 9]. We obtain an _%; approximation
algorithm for the auxiliary problem, by rounding a
natural LP-relaxation for it. These results appear in
Section 3.

In Section 4 we note that a natural LP relaxation
(c.f. Adams and Johnson [1]) for Max-QAP can be
shown to have an €)(/n) integrality gap. In fact, in the
special case of dense k subgraph, this LP has integrality
gap ©(y/n). Furthermore, when restricted to Max-QAP
with triangle inequality, this LP has integrality gap at

most 2% .
e—1

1.2 Related Work Quadratic assignment is an ex-
tensively studied combinatorial optimization problem.
The book by Cela [7] surveys several bounding tech-
niques, exact algorithms, and polynomially solvable spe-
cial cases. Surveys on the quadratic assignment problem
include Pardalos and Wolkowitz [16], Loilola et al. [15],
and Burkard et al. [6].

Approximation algorithms for maximum quadratic
assignment have been obtained in many special cases.
One that is most relevant to this paper is a 4-
approximation algorithm for Max-QAP when either W
or D satisfies the triangle inequality, due to Arkin et
al. [4]. Another closely related special case is the dense
k subgraph problem, where W represents an undirected
graph and D corresponds to a k-clique. The best known
approximation ratio for dense k subgraph is n¢, where
¢ < 3 is some universal constant, due to Feige et al. [8].

We now list some other special cases of Max-QAP for
which approximation algorithms have been considered.
In capacitated star packing [14, 3], D consists of a set of
vertex disjoint stars, and a 3-approximation algorithm is
given in Arkin et al. [3]. In obtaining our algorithm for
0-1 Max-QAP, we use a variant (called Common Star
Packing) of the capacitated star packing problem, for
which we provide a constant approximation algorithm.
Mazximum clustering with given sizes is the special case
of Max-QAP when D is the union of vertex disjoint
cliques: assuming that W satisfies triangle inequality,
Hassin and Rubinstein [14] gave a 2v/2-approximation
algorithm. For maximum clustering under a general W
matrix, Feo and Khellaf [10] gave an s-approximation
when each clique has size s.

For dense instances of the 0-1 Max-QAP problem,
there is a PTAS known due to Arora et al. [5]. Dense
instances are those where both underlying graphs have
Q(n?) edges. In our algorithm for Max-QAP with trian-
gle inequality, we encounter a generalization of a previ-
ously studied problem ‘Maximum Vertex Cover’. The
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Max-Vertex-Cover problem is APX-hard, and the best
known approximation ratio is % + € for some universal
constant € > 0, due to Feige and Langberg [9]. Ap-
proximation algorithms for maximum bisection prob-
lems such as Max-Cut, Dense k subgraph, Max Vertex
Cover etc. has been a very active area of research.

Unlike Max-QAP, the Minimum Quadratic Assign-
ment problem remains hard to approximate even when
one of the matrices satisfies triangle inequality. Sahni
and Gonzales [19] showed that the general case of this
problem is hard to approximate to any factor. Quer-
anne [18] showed that it is NP-hard to approximate
this problem to any polynomial factor, even when D
corresponds to a line metric. Special cases of minimum
quadratic assignment, where D is a metric and W cor-
responds to certain classes of graphs have been studied
in [11, 12, 13].

2 General Maximum Quadratic Assignment

The mazimum quadratic assignment (Max-QAP) prob-
lem is the following: given two n X n symmetric non-
negative matrices W = (w; ;) and D = (d;;), find a
permutation 7 of [n] that maximizes:

>

i,j€[n],i#]

Wi - dr (i) x(j)

We obtain an O(y/nlog®n) approximation algo-
rithm for this problem. A special case of Max-QAP
arises when the matrices W and D have only 0-1 entries,
we refer to this problem as 0-1 Max-QAP. At the loss
of an O(log? n) factor, we first reduce the general Max-
QAP to 0-1 Max-QAP: this step uses standard scaling
arguments (Lemma 2.1). Then we obtain an O(y/n) ap-
proximation algorithm for 0-1 Max-QAP (Section 2.1).

LEMMA 2.1. (REDUCTION TO 0-1 Max-QAP) An «
approximation algorithm for 0-1 Max-QAP implies
an O« - log? n) approzimation algorithm for general
Max-QAP.

Proof:  We assume that neither matrix consists of
all zeroes, otherwise the problem is trivial. By scaling
matrices W and D, we assume that the maximum
entry in both matrices is exactly 1. Let Opt denote
the optimal value of this Max-QAP instance and 7 the
permutation that achieves this; note that 1 < Opt < n?.
We now modify the matrices W and D, by setting to 0
all entries of value smaller than # This reduces the

Opt 5o the optimal value

2
of the modified instance is at least %.

Now partition the entries of matrix W into g =
[1g(2n?)] groups so that all entries in the k-th group
lie in the range [55, 57—]. Let Aj denote the n x n

optimal value by at most % <
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0-1 matrix that has 1s at all positions corresponding
to group k entries and Os everywhere else. Then we
have $W < 7, 5 Ar < W. By performing an
identical operation on D, we can obtain 0-1 matrices
{Bi}{_, such that 1D < 37 | 5By < D. For the
optimal permutation 7, we can express the objective
value corresponding to 7 as Zivje[nm# Wi g+ dr(i)m(5)

<1 % Qj;AmJ»(éj;&w@mmﬂ
=1

L,j€[n],i#j k=1

g 9
1 . . .
Y [ T ) B0
k=11=1 i,j€[n] i
The left-hand-side above is at least %, which
implies that there is some pair of values k,l € {1,--- , g}
such that:
1 - Lo Opt
Y] Z Ai(i, ) - Bu(m (i), 7(j)) = 592

i,5€[n],i#]

Thus if we could approximate 0-1 Max-QAP within

an « factor, applying this algorithm to the pair (A, B;)
gives a permutation o where:

Opt 1

8g2a — 2kl

Z Ak(laj) BZ(U(Z),J(]))

i,j€nli#j

< 3 wig) - doi), o)

i,5€[n],i#]

The algorithm for Max-QAP would run the a-
approximation for 0-1 Max-QAP on all pairs (A, B;)
(for 1 < k,1 < g) and return the best permutation
found. From the above, it follows that this is an
O« log? n) approximation for general Max-QAP. [ |

2.1 Algorithm for 0-1 Max-QAP In this section, we
focus on 0-1 Max-QAP and obtain an O(y/n) approxima-
tion algorithm. In this case, the problem can be stated
in terms of two n-vertex undirected simple graphs G
and H, where the goal is to find a one-to-one mapping
of vertices of G to those of H such that the number of
common edges is maximized. For an undirected graph
G', we let E(G') denote its set of edges. For graph
G’ on vertex-set [n] and permutation 7 : [n] — [n],
let w(G’) denote the graph on vertices [n] with edge-
set B(r(G")) = {(3,) | i1 € [n],(x2(0),71(j)) €
E(G")}. For two undirected graphs G; and Gz both
defined on vertex set [n], G1 N G5 denotes the graph on
vertices [n] with E(G1NG2) = E(G1)NE(G2). In graph
terms, the 0-1 Max-QAP problem is as follows: given
undirected graphs G and H each defined on vertex-set
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[n], find a permutation 7 : [n] — [n] that maximizes
|E(r(G) N H)|.

Let 7* denote the optimal permutation and
O = ©*(G) N H the optimal graph, with Opt = |E(O)|
edges. It is clear that both |E(G)| > Opt and
|E(H)| > Opt. Suppose that k is the number of
non-isolated vertices (i.e. vertices having degree at
least 1) in the optimal graph O. The final algorithm is

the better of two algorithms that we describe next.

Algorithm 1 (Star packing). Before we present
the algorithm, we need some definitions. A star in
graph G’ is a subset of edges S C F(G’) that are all
incident to some common vertex (called the center).
The size of a star is the number of edges in it. A
star packing in an undirected graph is a collection of
vertex-disjoint (non-empty) stars. The size vector of a
star packing is a tuple (c1,-- - ,¢p) where p denotes the
number of stars and ci,---,c, denote the sizes of all
stars in this packing. Given two undirected graphs G
and H, a common star packing consists of star packings
S in G and 7 in H such that S and 7 have identical
size-vectors. The value of a common star packing given
by a pair (S,7) of star packings is >.°_, ¢; where
(c1,--+ ,¢p) denotes the common size vector of S and
7. In Section 2.2, we give a 5-approximation algorithm
for computing a maximum value common star packing.

The first algorithm involves computing an approx-
imate maximum value common star packing in G and
H, using the algorithm in Section 2.2. Observe that
any common star packing in graphs G and H of value
v naturally corresponds to a solution to 0-1 Max-QAP
on G, H with v edges: map corresponding stars in the
common star packing to each other.

CrAam 1. The solution computed by Algorithm 1 has
Q(k) edges.

Proof: Consider the optimal graph O and let F' denote
any spanning forest in O. Since there are k non-isolated
vertices in O, forest F' has at least k/2 edges. For each
tree T' in forest F', pick an arbitrary root vertex r and
assign a level to each edge e € T, which equals the
number of edges on the path from e to r in tree T.
Observe that we have two star packings: S, consisting
of all edges in even levels of trees in F', and S, consisting
of all edges in odd levels. It is easy to verify that S, and
S, are indeed star packings, and that one of them has at
least half the edges in F'. Thus we have a star packing
in O with at least % edges. Finally note that any star
packing in O corresponds to a common star packing in G
and H. Thus running a 5-approximation algorithm for
maximum value common star packing gives a solution
with at least 2—]“0 edges. [ |
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Graph H and its subgraph B

Figure 1: The subgraphs used in random mapping.

Algorithm 2 (Modified random). The second
algorithm involves computing a random mapping be-
tween appropriate dense subgraphs of G and H. Recall
that the optimal graph O has n—Fk isolated vertices. Let
Vi1, Vo C [n] respectively denote the set of G-vertices and
H-vertices that are mapped to the isolated vertices in O.
For an undirected graph G’ on vertex-set [n] and subset
U C [n], G'[U] denotes the subgraph of G’ induced on U.
Observe that either E(G[V;]) = 0 or E(H[V3]) = 0: oth-
erwise, modifying permutation 7* on vertices V; would
give a solution with more than Opt edges. Suppose that
E(G[V1]) = 0 (the case E(H[V2]) = () is identical), then
graph G has a vertex cover of size k (namely [n] \ V7).
In this case, we run a 2-approximation algorithm for
vertex-cover on G that computes a set C’ C [n] of 2k
vertices that covers all edges (c.f. Vazirani [20]). Aug-
ment the set C’ by adding to it k highest degree vertices
from [n] \ C’ to obtain a set C having 3k vertices.

CLAaM 2. |E(G[C])| > Opt.

Proof: Since C’ is a vertex cover for G, edges of O can
be partitioned into: (1) F; € E(O) edges induced on
C’, and (2) E; C E(O) edges between C’ and [n] \ C".
By definition, £y C E(G[C']) € E(G[C]). Since all
edges of O are induced on k vertices, |Es| is at most
the number of edges incident to the k highest degree
vertices in [n] \ C’ (each of which has its other end-
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point in C’). Thus the number of edges between C’
and C'\ C' is at least |E»| and |E(G[C'])| > |E1|, which
implies |E(G[C])| > |E1| + | E2| = Opt. [ ]

Next we apply an O(%)-approximation algorithm
(c.f. Feige et al. [8]) to compute a 3k-vertex subgraph
in H having the maximum number of edges. Let this
solution be induced on vertex set B. Note that H
contains a k-vertex subgraph with at least Opt edges
(corresponding to O), so H[B] contains at least Q(£) -
Opt edges. Figure 1 depicts the dense subgraphs in G
and H. Algorithm 2 finally returns a uniformly random
mapping from C to B (other vertices are mapped
arbitrarily). Observe that the expected number of
common edges in such a random mapping is at least:

1 1
G EGIODI - [BHIB)] = i
= Q(i) - Opt”

k

since G[C] has Q(Opt) edges and H[B] has Q(£) - Opt
edges.

Finally we output the better of the solutions
from Algorithms 1 and 2. The number of edges
in this solution is at least max{Q(k), Q(;%)Opt*} >

\/Qk - L opt?) = Q(ﬁ) - Opt. We note that the
second algorithm can be easily derandomized using con-
ditional expectation, to give the following.

THEOREM 2.1. There is an O(y/n) approzimation for
0-1 Max-QAP. Hence there is an O(y/nlog®n) approi-
mation algorithm for Max-QAP.

Remarks. A possible simplification to our algorithm
could be just to output the better of maximum common
star packing and a uniformly random permutation.
However this algorithm achieves only an approximation
ratio Q(n?/3) as shown by an example where both
graphs G and H are cliques on n?/3 vertices. We note
that this simpler algorithm can in fact be shown to
achieve a @(n2/ 3) approximation guarantee. Hence in
our algorithm, it is important to find appropriate dense
subgraphs before applying a random permutation. A
tight example for our algorithm is when G and H are
identical /n regular graphs: both Algorithms 1 and
2 return solutions of value O(n), whereas the optimal
value is = ny/n.

2.2 Maximum Value Common Star Packing In
this section, we consider the maximum value common
star packing problem: given two undirected n-vertex
graphs G, H and a number 1 < p < n, compute a
maximum value common star packing in G and H
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that consists of exactly p stars. We present a 5-
approximation algorithm for this problem. A related
problem is capacitated star packing [3], where given a
single weighted complete graph and a fixed size vector
5 = (s1,---,Sp), the goal is to compute a maximum
weight star packing having size vector 5. Arkin et al. [3]
gave a 3-approximation algorithm for capacitated star
packing. Our algorithm for common star packing is
based on local-search and is similar to the algorithm
in [3].

In Algorithm 1 for 0-1 Max-QAP, we require the
maximum value common star packing when the number
of stars p is not fixed: for this purpose we run the
algorithm for fixed p (described below) over all values
of 1 < p < n, and pick the best common star packing.

The algorithm for common star packing always
maintains a common star packing given by a pair of star
packings S = {S1,---,S}in Gand 7 = {Ty,--- ,T,}
in H, where S; and T; have the same size (for all
1 <4 < p). For a common star packing (S,7) as
above, we denote by E(S) = UY_ E(S;) (vesp. E(T) =
UP_E(T;)) the set of edges in S (resp. 7). Observe
that the value of this common star packing is |E(S)| =
|E(T)|. We define a bijection o : E(S) — E(7) that
maps each edge in E(S;) to some edge in E(T;) (for
every 1 <i < p). Given common star packing (S,7), a
local move is specified by a tuple (i, z;, y;, ¢;) where:

e Index 1 <7 < p specifies a pair of stars S; € S and
T,eT.

e r; € G and y; € H denote new centers of the stars.
e 0 < ¢} < n denotes the new size of the stars.

Let v = |E(S)| = |E(T)| denote the value of the
common star packing. Applying move (i, z;,y;,¢;) to
(S,T) involves the following modifications (below, two
edges are called independent if they are not incident to
a common vertex).

1. Remove edges E(S;) from E(S) and E(T;) =
o(E(S;)) from E(T).

2. Let X; C E(S) denote the edges of E(S) incident
to vertex z;. Remove X; from E(S) and o(X;) from
E(T).

3. Let Y; C E(T) denote the edges of E(7) incident
to vertex y;. Remove Y; from E(T) and o~ }(Y;)
from E(S).

4. Let A; denote a set of ¢; edges incident to vertex
x; in G such that each edge in A; is independent of
all edges in E(S). If there does not exist such an
A;, the local move fails.
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5. Let B; denote a set of ¢; edges incident to vertex
y; in H such that each edge in B; is independent
of all edges in E(7). If there does not exist such a
B;, the local move fails.

6. Add A; to E(S) and B; to E(T), and augment
bijection o so that o(A;) = B;.

In steps 1-3, we only remove corresponding pairs of
edges (under bijection ¢) from E(S) and E(7). This
ensures that after these modifications (S,7) remains a
common star packing. Furthermore, the value of (S, 7)
after step 3 is v — |S;| — | X;| — |Y;]. If the local move
does not fail, then we obtain sets A; and B; in steps 4-
5. Note that A; (resp. B;) corresponds to a ¢} size star
centered at z; (resp. y;) in graph G (resp. H). By its
definition, star A; (resp. B;) can be added to S (resp.
7T) to obtain a star packing. Since |4;| = |B;| = ¢},
after step 6 (S,7) is a common star packing of value
v+, — || — | Xi| — |Yi|. Finally the local move is said
to be improving iff it does not fail and the increase in
value ¢, — |S;| — | X;| — |Yi| > 0.

The algorithm is initialized with § and 7 being
zero-value star packings in graphs G and H respectively.
Then it performs any sequence of improving local moves,
until no further improvement is possible. The value
of the solution increases by at least one in each step,
and the maximum value of a common star packing is
n (number of vertices). So the number of iterations
is at most n. The number of local moves at any step
is at most n*, and each local move (steps 1-6) can be
easily performed in polynomial time. Thus the entire
algorithm runs in polynomial time.

We now argue that any locally optimal solution is
a b-approximate solution. Let & = {S1,---,S,} in G
and 7 = {T1,--- ,T,} in H denote the common star
packing at a local optimum, where |S;| = |T;| = ¢
for all 1 <4 < p. Similarly let S* = {S7,---,5;}
in G and 7% = {Tf,--- ,T;} in H denote the optimal
common star packing, where |Sf| = |T/| = ¢ for all
1 < i < p. Define touch(S}) to be the number of
edges in S that have a vertex in common with star
Sy, and touch(T}) the number of edges in 7 having
a vertex in common with star T;". Since S, §*, 7, and
T* are star packings, Y ©_, touch(S}) < 2%%_ | ¢; and

b touch(TF) <237 ¢

CLAM 3. For any 1 < ¢ < p, ¢
touch(T;) <O0.

— ¢; — touch(S}) —

Proof: Fix a1l <1 < p. Suppose for a contradiction
that ¢ —¢; —touch(S}) —touch(T;*) > 0. Let ; € G be
the center of star S} and y; € H the center of star

TF. Let «; (resp. (3;) denote the number of edges
in § (resp. 7T) incident to x; (resp. ;). Define
Copyright © by SIAM.
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¢; = ¢f —touch(S}) —touch(T}) + c; + ;. Consider the
local move (%, x;,y;, ;). Observe that when this move
is applied to (S,7T), we have |X;| = o; and |Y;| = f; in
steps 2-3. Since touch(S}) is the number of edges of S
incident to star S} and «; is the number of edges in §
incident to z;, there are at least |S)| — (touch(S}) — ;)
edges of star S} that are independent of E(S) in step 4.
Since ¢, < ¢f 4+ a; — touch(S}), step 4 succeeds. By an
identical argument, it follows that step 4 also succeeds.
Finally, the increase in value by this local move is:

¢ —ci—|Xi| —|Yi| = ¢f —¢; —touch(S;) —touch(T}) > 0

But this contradicts the fact that (S,7) is a local
optimum. Thus we have the claim. [ ]

Adding the p expressions given by Claim 3, we have:

P p P P
Zc;.“ — Z ¢ — Ztouch(S;‘) = Ztouch(Ti*) <0
i=1 ; i=1 ;:1 =1
= Z ci =5 Z ¢; <0
i=1 i=1

since P, touch(SF), P  touch(T}) < 2> ¢
Hence any local optimum is a 5-approximation and we
obtain the following theorem.

THEOREM 2.2. There is a 5-approzimation algorithm
for mazimum value common star packing.

2.3 Asymmetric Maximum Quadratic Assign-
ment We note that our algorithm for the general Max-
QAP problem extends readily to the case when the ma-
trices W, D are asymmetric. The reduction to 0-1 Max-
QAP (Lemma 2.1) clearly holds in the asymmetric case
as well. Hence it suffices to consider the directed ver-
sion of 0-1 Max-QAP, where given two n-vertex directed
graphs G and H, the goal is to find a permutation of
one graph that maximizes the number of common edges.
Observe that we can not ignore the directions on edges:
if graph G is a star with all edges directed to its center
and H is a star with all edges directed from its cen-
ter, then the optimal value is 1 (whereas ignoring di-
rections gives an optimal value n — 1). Following the
notation in Section 2.1, if k denotes the number of non-
isolated vertices in the optimal (directed) graph O, then
Claim 1 implies that O contains a star-packing (in the
undirected sense) of size at least k/4. It follows that
there is either an In-star packing (where edges of each
star are directed to its center) or an Out-star packing
(where edges of each star are directed away from its
center) having size k/8. The Common Star Packing
algorithm of Section 2.2 easily extends to give a con-
stant factor approximation for computing a maximum
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value common In-star (resp. Out-star) packing in two
directed graphs. So Algorithm 1 is guaranteed to find a
solution of value Q(k).

In Algorithm 2, we consider both graphs as being
undirected. Then exactly as before, we obtain two 3k
vertex subgraphs such that one of them has (1)Opt
edges and the other Q(%)Opt edges. Finally observe
that a uniformly random mapping of two r-vertex di-
rected graphs having m; and my edges results in =572
common directed edges in expectation. So Algorithm 2
outputs a solution of value Q(%)Optz. Thus we obtain
the following.

COROLLARY 2.1. There is an O(y/nlog® n) approzima-
tion algorithm for asymmetric Max-QAP.

3 Maximum Quadratic Assignment Problem
with Triangle Inequality

In this section we treat the special case of the Maximum
Quadratic Assignment Problem where the elements of
matrix D satisfy the triangle inequality, i.e. d;; +d;r >
dir, for all 4,5,k € [n].

Let G and H be the complete undirected graphs
with edge weights defined by matrices W and D,
respectively. Let M be the matching in graph H
obtained by the straightforward greedy algorithm: pick
the heaviest edge in graph H and delete all incident
edges, in the remaining graph choose the heaviest edge
and so on. We will call such a matching M greedy. Note
that |[M| = |n/2| since H is a complete graph. Each
edge e of graph H is incident with either one or two
edges of matching M. For any edge e € H, let m(e) be
the edge in M with the largest weight that is incident
to e. By the construction of the greedy matching M,
we have dp, (o) > de.

We consider the following modification of the given
Max-QAP instance, which we call the auxiliary problem.
Find a permutation 7 of [n] that maximizes:

>

,5€[n],i#]

(3.1) Wi j - Am(n(i),m(j))>

i.e. the weight of each edge (i, 7) in graph G is multiplied
by the weight of edge m(w (i), 7(j)) in graph H (which is
incident to the edge (7 (¢),7(j)) in H). Let Opt™ be the
value of the optimal solution to the Max-QAP instance,
and let Aux” be the optimal value of the auxiliary
problem (3.1). We first prove a simple lemma based
on triangle inequality.

LEMMA 3.1. Aux® > Opt™ > Aux*/2

Proof: Since d,, () > d. for all edges e € H, we obtain
the first inequality Aux™ > Opt™.
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Consider now an optimal solution (permutation) o
for the auxiliary problem (3.1), that maps vertices of G
to those of H. Let ¢’ denote the random permutation
where we swap assignments along each edge of matching
M with probability 1/2. More precisely, consider an
edge (u,v) € M such that i and j are the two vertices
of graph G mapped to the endpoints of this, i.e. u =
o(i) and v = o(j). We set /(i) = u, o'(j) = v
with probability 1/2, and ¢'(i) = v, ¢'(j) = u with
probability 1/2. This process is repeated independently
for all edges of the greedy matching M.

We now prove that the expected value of the original
Max-QAP instance on the random permutation ¢’ is at
least Aux™/2 that would imply the second inequality of
the lemma. Consider an edge (i,7) in graph G, and
let 0(i) = u and o(j) = v. If (u,v) € M, then the
expectation of the term corresponding to (7,j) in the
objective function of Max-QAP on permutation ¢’ is
exactly w;jdy . If (u,v) € M and both u and v are
incident to some edge from M, then let @ and © be the
other endpoints of edges from M incident to u and v,
ie. (u,u) € M and (v,0) € M. In this case, by triangle
inequality the expectation of the objective function term
corresponding to (i,7) on permutation ¢’ is exactly:

du ﬂ7d v
Wi (dyw + dus + dao +dag)/4 > wijw

= Wij * d(o(i),0(5)) /2

Analogously, if vertex uw or v (say v) is the single
vertex of H that is not incident to any edge of the greedy
matching M and (u,4) € M, then the expectation of
the objective function term corresponding to (4,j) on
permutation o’ is:

Wi (duw + daw) /2 > Wwij - dya/2 = Wij - di(oi),00))/2-

Summing up the contribution to the Max-QAP
objective over all edges (i,j) € G, the expected value
of permutation ¢’ is at least A“TX* which implies Opt* >
Aux* /2. [

3.1 Algorithm for the auxiliary problem In the
rest of the section, we will show how to construct
a (1 — %) approximation algorithm for the auxiliary
problem.  We consider the following more general
problem. The input is an undirected edge-weighted
graph G = (V, E,w) with nonnegative edge weights
we > 0 for e € F and nonnegative numbers {A;} .
The goal is to find a permutation 7 of vertices of graph
G that maximizes objective:
Ap>

> o>

(1,7)€EE p=min{7m;,m;}

(3.2)
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We first reduce the auxiliary problem (3.1) to one
of the above form (3.2). The weighted graph G is
the complete graph on vertex set V = [n] with edge-
weights W. Let | = |[n/2| and Dy > Dy > -+ >
D; be the edge-weights of greedy matching M. We
set Agy = Dy — Dgyq for all 1 < ¢ < [ (here
Djy1 = 0), and all other As are set to 0. We
also renumber vertices in graph H, in the auxiliary
problem (3.1), so that the edges in the greedy matching
M are chosen in the order (1,2), (3,4),---, (21—1,2I).
This instance of problem (3.2) is clearly equivalent to
the auxiliary problem (3.1), since there is a one-to-one
correspondence of solutions to the two problems. Note
that as defined, objective (3.1) ranges over all ordered-
pairs i, j, and objective (3.2) ranges over all unordered-
pairs (i,7): but since W, D are symmetric this only
causes a uniform scaling in the objective-values.

Problem (3.2) generalizes the Maximum Vertex
Cover problem where, given an edge-weighted undi-
rected graph and a number k, the goal is to find &
vertices that cover the maximum weight of edges. The
maximum vertex cover problem is APX-hard [17] and
the best known approximation ratio is ~ 2 [9]. We
present a (1 — %) approximation algorithm for prob-
lem (3.2) using a natural LP relaxation. In the follow-
ing, z-variables are assignment variables mapping ver-
tices to positions, and each variable z;;, denotes whether
either of vertices i,j € V is mapped to some position in
{1,---, s} (where z € [n]).

< x
max Wij Aszijs,
(i,5)€EE s=1
x x
(33) Zijs < Tt + Tjt, \V/(Z,j) GE, VSIL...,n
t=1 t=1
(3.4) Zﬁ'j(sgl, V(i,7) € E, Vs=1,...,n
(3.5) Tit = 1, Vti=1,...,n
i€V
x
(36) it — 1, VZ c V
t=1
(37) x4t > 0, VieV,Vi=1,...,n
(3.8) 2is>0, V(G,j)€E, Vs=1,....n

Our algorithm is quite a natural randomized round-
ing of the optimal solution (z*,z*) of the above linear
program. For each position ¢t = 1,...,n we treat con-
straint (3.5) as a density function and choose a vertex
1 € V at random according to this distribution, to as-
sign to position t. After that each position t =1,...,n
has one chosen vertex. If a vertex is chosen by many
positions then we assign it to the earliest one. The ver-
tices not chosen by any position in the previous step of
the algorithm are assigned to arbitrary empty positions.
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We now derive the expected performance guarantee
of the algorithm. For each edge (i,j) € F we estimate
its contribution to the objective function:

>
w;j Ag - Pr(i or j is assigned a position < s)
s=1 !
> . .
(3.9) = w;; Ao 11— (1—xzy—ah)
s=1 t=1
(3.10) >wi; Ay 1—e =@t
s=1
1 . * *
(311) > Wi As 1—— - IIllIl{ (337;1& + Z’jt), 1}
s=1 € t=1
1 X .
s=1

Inequality (3.10) follows from the fact that 1 4+ = < e”
for all z € R, and inequality (3.11) from 1 — e * >
(1 —2)z for 0 < z < 1. Therefore, the total expected
objective function value of the rounded solution is
at least 1 — % times the optimal value of the linear
programming relaxation. Combined with Lemma 3.1,

we have the following.

THEOREM 3.1. There is a 62_61 approrimation algo-

rithm for Max-QAP with triangle inequality.

Derandomization. The above randomized rounding
algorithm can be derandomized using conditional ex-
pectations since we have an exact expression for the ex-
pected objective value (3.9). Similarly, the algorithm in
Lemma 3.1, that obtains a solution to Max-QAP from
one for problem (3.1) can be derandomized. Hence we
obtain a deterministic algorithm in Theorem 3.1.

4 Some Remarks on an LP Relaxation for
Maximum Quadratic Assignment

Consider the following integer program for Max-QAP.
We have assignment variables x;, between vertices of
the two graphs, and variables ¥; , ; ; denote whether
“. maps to p and j maps to ¢”. The LP relaxation
LP is obtained by dropping the integrality condition on
variables, and appears in Figure 2.

General Max-QAP. The dense k subgraph problem is
the special case of Max-QAP when matrix D is the inci-
dence matrix of a k-clique (i.e. dpg =111 <p,q <k,
and d,, = 0 otherwise), and W is the incidence matrix
of the input graph. We note that in the case of dense k
subgraph, this LP can be shown to have an integrality
gap of O(y/n): LP is at least as good as the standard
LP for dense k subgraph, which has integrality gap ~ 7
(due to Goemans); in addition £P cannot have value
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> >
max Wij dpq * Yi,p.j.a5

1,5 €[n],i#j p,q€[n],p#£q
X

Tip =1, Vi<p<n
=1

CCi,p:L Vlgign
p=1

Yi,p,i,a = Lj,q>

<
Il
—

Yi,p,j.a = Tj,qs

]
Il
-

Yi,p,j,a = Li,p,

<.
Il
i

Yi,p,j,a = Li,p;

V1<p,jg<n

V1i<ijg<n

vV1<ip,qg<n

V1i<ijp<n

g=1
mi,p207 V1§'L7P§n
Yi,p.j.q Z 07 V1 S i7p7j7 q S n.

Figure 2: The LP relaxation LP for Max-QAP.

larger than min{k?,m} (where m is number of edges
in the input graph), so its integrality gap is at most k.
The following example shows that this is nearly tight.
Consider k = /n, and a random k-regular graph (see
Wormald [21] for such models) corresponding to W.
With high probability, the optimal value of the integer
program can be bounded by O(klogn). However, the

LP solution when all x;, = 1 can be shown to have

objective value Q(k?). This gives an Q(h\){jn
bound on the integrality gap of LP.

) lower

Triangle inequality Max-QAP. We also observe that
for Max-QAP with triangle inequality, our approxima-
tion algorithm (Section 3) implies the same integrality
gap for the above LP relaxation. Given an optimal so-
lution (z,y) to LP for Max-QAP, we induce a solution
(%, z) for the LP relaxation for problem (3.2), where
Ty = xy for all it € [n] and z;;, = 22:1(22:1 Yipjq +
D g—si1 Yigip) for all 1 <i < j <mn, s € [n]. One can
easily check that z;j5 <1 and 2z < > 7, (T + Tj1):

S n n S n n
Zgs = DD Yiwiat D D Yiaip < DY Yiia = 1,

p=1gqg=1 qg=s+1p=1 p=1qg=1

S n S n
Zigs = D Yipia ¥ D D Yiaiw

p=1qg=1 p=1qg=s+1
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S S n
< Z Zip + Z Z Yiqjp
p=1

p=1qg=1
s
= Z(xip + jp)
p=1

So (Z, z) is indeed feasible. As for the first inequality
in Lemma 3.1, we can argue that the LP-objective (in
problem (3.2)) of (Z,z) is at least the LP-objective
of (z,y) in LP. Then the LP-rounding algorithm
for problem (3.2) together with the second part of
Lemma 3.1 implies that the integrality gap of the above
LP for Max-QAP is at most %, when one of the
matrices satisfies triangle inequality.
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