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Abstract

We give a polynomial-time algorithm to find a shortest
contractible cycle (i.e. a closed walk without repeated
vertices) in a graph embedded in a surface. This answers
a question posed by Hutchinson. In contrast, we show
that finding a shortest contractible cycle through a given
vertex is NP-hard. We also show that finding a shortest
separating cycle in an embedded graph is NP-hard. This
answers a question posed by Mohar and Thomassen.

1 Introduction

Let G be a graph embedded in a surface 3. Closed walks
in G correspond to closed curves in %, and hence we may
ask for shortest closed walks with certain topological
properties, such as for example being non-contractible.
For the rest of this paper the term cycle will be used
for a closed walk without repeated vertices. We need to
clarify this because 'cycle’ has been used for different
concepts in (combinatorial) surfaces [5, 3] and in graph
theory [19].

Thomassen [22] (c.f. Mohar and Thomassen [19,
Section 4.3]) introduced the concept of 8-path condition,
which can be phrased as follows: a family of cycles
C satisfies the 3-path condition if the cycles not in C
generate a subspace of the cycle space that is disjoint
from C. When C satisfies the 3-path condition, then we
can find the shortest cycle in C in polynomial time using
the so-called fundamental cycle method. As particular
cases, one obtains polynomial-time algorithms to find a
shortest non-contractible cycle and a shortest (surface)
non-separating cycle in an embedded graph.

The family of contractible cycles does not satisfy
the 3-path condition. This naturally leads to the
following problem, attributed to Hutchinson in [23]
(c.f. [19, Problem 4.3.3.(a)]): is there a polynomial-
time algorithm that finds a shortest contractible cycle?
Note that the shortest contractible closed walk may
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Figure 1: A graph embedded in an annulus. A shortest
contractible cycle is strictly longer than a shortest
contractible closed walk.

use some vertices twice, and hence perhaps it is not
a cycle; Figure 1 shows an example in the annulus.
The impossibility of visiting the same vertex twice is
not a topological concept and gives to the problem a
combinatorial flavour.

We show that a shortest contractible cycle in an
embedded graph can be found in O(E?logE) time,
where E is the number of edges in the graph. In
contrast, we show that it is NP-hard to find the shortest
contractible cycle through a given vertex. In the context
of graphs on surfaces, it is the first problem for which
we cannot find efficiently the shortest object through a
given vertex but we can find the shortest object overall.
This may have been the main obstacle for tackling the
problem. A slight modification of the NP-hardness
reduction also shows that it is NP-hard to find a shortest
separating cycle. This answers a question by Mohar and
Thomassen [19, Problem 4.3.3.(b)].

Our approach consists of using surgery, a standard
technique to deal with topological surfaces that consists
of cutting the surface along suitable curves. However,
surgery introduces copies of vertices, and hence one has
to be careful not to use in the resulting surface copies
arising from the same vertex. This naturally leads to
a closely related problem, which we call shortest cycle
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with forbidden pairs: given a graph G and a family
F C (V(QG)) of forbidden pairs of vertices, the task is
to find a shortest cycle that does not contain any pair
of vertices from F. This problem is closely related to
the shortest path with forbidden pairs, which is NP-
hard [12, 16]. Our main contribution is showing that
the shortest cycle with forbidden pairs can be solved
in polynomial time when G is a plane graph (a planar
graph together with an embedding) and all the vertices
in F are cofacial. In some sense, the result is tight: the
problem becomes NP-hard for plane graphs when all the
vertices in F can be covered by two faces, instead of just
one.

Related work. The abstract and the introduction
of the paper by Ren and Deng [20] claims to settle the
problem of finding a contractible cycle in polynomial
time. However, that paper only considers the prob-
lem for so-called LEW embeddings, which is a very re-
stricted class of embeddings in which the shortest non-
contractible cycle is longer than any facial walk. Closely
related is the work by Cabello et al. [3], where the prob-
lem of finding a shortest contractible closed walk that
encloses an unspecified face is reduced to the problem
of finding a minimum cut in an edge-weighted planar
graph. This results in a near-linear time algorithm for
finding the shortest contractible closed walk.

It turns out that the shortest non-contractible and
the shortest non-separating closed walks in an embed-
ded graph are actually cycles, and hence the distinc-
tion between cycle and closed walk becomes irrelevant.
Thomassen [22] provided the first polynomial-time al-
gorithm to find a shortest non-contractible and a short-
est non-separating cycle, running in roughly cubic time.
Much work has been done in these problems since
then [1, 2, 4, 10, 17]; the current best running time is
O(min{E, g3} Elog E) for graphs with E edges embed-
ded in surfaces of genus g. Chambers et al. [5] consid-
ered the problem of finding a shortest splitting closed
walk, that is, a non-contractible but separating closed
walk that can be infinitesimally perturbed into a simple
(injective) curve.

Other shortest ‘objects’ in an embedded graph have
also been considered. Erickson and Har-Peled [10] con-
sidered the problem of finding a shortest subgraph with
the property that cutting along it leaves a topological
disk. Erickson and Whittlesey [11] studied shortest ho-
motopy or homology generators. Colin de Verdiere and
Lazarus have studied shortest system of loops [7] and
pants decompositions [8]. Colin de Verdiere and Erick-
son [6] have studied the problem of finding the shortest
walk (closed or not) homotopic to a given one.

Organization of the paper. In Section 2 we
present some concepts used through the paper. In
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Section 3 we provide a polynomial-time algorithm to
solve the problem of finding a shortest cycle with
forbidden pairs when all the vertices in the forbidden
pairs are cofacial. In Section 4 we provide a polynomial-
time algorithm to find a shortest contractible cycle in
an embedded graph. In Section 5 we show NP-hardness
of several related problems.

2 Background

Our presentation will be using terminology mostly used
for graphs embedded in surfaces [19]. An alternative
option would be using the terminology of combinatorial
surfaces [6].

Topology. We assume that the reader is familiar
with topology of surfaces; see any of the books [14, 18,
21]. Any surface ¥ considered in the paper is compact,
may have boundary, and may be non-orientable. The
term closed curve is used for continuous mappings
from S' to ¥; the term arc is used for paths whose
endpoints are on the boundary of ¥. Through the
paper, homotopy of paths and arcs is considered with
fixed endpoints, while homotopy of closed curves is
considered free homotopy. A closed curve « is non-
separating if cutting the surface along (the image of) «
gives rise to a unique connected component; the concept
is related to Zs-homology. A contractible closed curve
is a separating curve. Two curves «, [ cross c¢ times
if: (i) there exist infinitesimal continuous perturbations
of a,f that cross transversally ¢ times; and (ii) any
infinitesimal continuous perturbations of «, 3 have at
least ¢ points in common.

Embeddings. We assume that the reader is famil-
iar with graphs embedded in surfaces without bound-
aries. We only consider cellular embeddings, where the
removal of the image of the graph leaves a set of topo-
logical disks. For graphs embedded in surfaces with
boundary, we will only consider embeddings where each
boundary component is contained in (the image of) the
edge set. Alternatively, we may see these embeddings as
those obtained from an embedding in a surface without
boundary after removing the interior of certain faces.
Formally, removing the interior of two faces adjacent to
the same edge or removing the interior of a face whose
facial walk is not a cycle does not give rise to a surface.
However, this is a technicality that does not bring prob-
lems. An embedded graph consists of an abstract graph,
a surface, and a combinatorial embedding of the graph
in the surface. A plane graph is a graph embedded in
the sphere or in a topological disk. We assume that
the embedding is represented in a suitable way, like for
example the one discussed by Eppstein [9].

Walks and surgery. A walk in a graph G is a
sequence of vertices where two consecutive vertices are
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connected by an edge in G. As mentioned before, the
term cycle refers to a closed walk without repeated
vertices. For embedded graphs, we will use the term
arc for a walk whose end vertices are on the boundary
of the surface. For a walk « through vertices z,y, we
use «afz,y] to denote the subwalk of a between z,y; if
there are multiple appearances of z,y along « it will be
clear from the context which ones are used. Homotopy
of closed walks and cycles is the same as homotopy of
closed curves. Homotopy of walks and arcs is the same
as homotopy of paths.

Let G be an embedded graph and let a we a walk in
G. We use the notation Gda to denote the embedded
graph obtained after cutting the surface that receives
the embedding along the edges of c. This can be seen
as unglueing the two faces adjacent to an edge e for each
edge e in . We denote by Gd(ay, . .., ax) the embedded
graph obtained inductively as (Gd(a1, ..., ar_1)) dag.

Lengths. We assume that a graph G has positive
edge-weights. The length || of a walk « is defined as the
sum of the weights of the edges along «, counted with
multiplicity. The distance dg(u,v) between vertices
u,v is defined as the minimum length over all walks
connecting u to v. A walk is tight if it is shortest in its
homotopy class. The following result will be used in our
algorithms.

LEMMA 1. Let G be an embedded graph with E edges.

(a) A shortest non-separating cycle in G can be found
in O(E?log E) time.

(b) If the surface where G is embedded has bound-
ary, we can find in O(ElogE) time a family of
tight walks oy ..., ax such that G&(aq,. .., ax) is
a plane graph with O(E) edges.

Proof. Ttem (a) is from [10]. Item (b) follows from
Lemmas 4 and 5 of [3]; see Theorem 5 of [3].

Shortest cycle with forbidden pairs. Let G
be a graph, not necessarily embedded. A family of
forbidden pairs is a collection F C (V(QG)), where
(’;‘) C 24 denotes the collection of subsets of A with
two elements. A walk in G is in compliance with F
when u or v are not in the walk for each {u,v} € F.
When G is a plane graph, the family F is cofacial if all
the vertices appearing in F are cofacial.

3 Shortest cycle with cofacial forbidden pairs

In this section we consider the problem of finding a
shortest cycle in a plane graph G with forbidden pairs
F, when the vertices in F are cofacial. We will assume
that G is 2-connected, as otherwise we can decompose
the graph into maximal 2-connected subgraphs (usually
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called blocks) in linear time, and treat each block
separately. In a 2-connected plane graph all facial walks
are cycles.

Let fy be the face adjacent to all vertices in F, and
let Cy be the facial cycle defining fy. We may assume
that G is embedded in a disk such that Cy defines the
boundary of the disk. Let E(Cy) and V(Cp) denote the
edges and vertices of Cjy, respectively.

We next describe a recursive algorithm. The base
case is when G = (j is a cycle, where we have two
options: if F is empty, then Cj is the shortest cycle;
if F is nonempty, then G does not contain any cycle
in compliance with F. For the general case, we would
like to cut along a tight arc connecting vertices of Cy,
and obtain two smaller problems. However, it may be
that all such tight arcs are contained in Cj, and hence
no such cutting is possible. We fix this considering the
graph H = G — E(C)), as follows. First note that some
pair of distinct vertices of V(Cp) are connected through
a path in H because G is 2-connected. Take the distance
dg(u,v) in H for each pair of vertices u,v € V(Cy),
u # v, and let ug,vg be a pair minimizing it; that is

(up,vp) = ar, 1 (u,v).

g min d
(u,0)€(V(Co))?, urtv
Let my be a shortest path in H between ug and vg. Note
that 7o is disjoint from E(Cy) by the definition of H.

We have the following observation.

LEMMA 2. If Cy is not a shortest cycle in G in compli-
ance with F, then there exists a shortest cycle in G in
compliance with F that does not cross m.

Proof. Note that 7 is not a shortest path in G, but in
H, and therefore the result does not follow immediately.
Through the proof we will assume that all cycles have
the same orientation, which is clockwise in our figures.

Let Q be the class of cycles of G in compliance
with F that are shortest. Each cycle of Q@ bounds a
topological disk. Let Cghort be a cycle from @ that
bounds a disk Diskgnort Whose closure does not contain
any other cycle from Q. We will show that 7 is disjoint
from the interior of Diskgnort, and therefore Cgpory does
not cross mg.

Let us assume, for the sake of contradiction, that mg
is not disjoint from the interior of Diskgpors. Consider a
maximal subpath mg[z, y] with endpoints z,y in Csport
that is contained in the interior of Diskgport, except for
its endpoints. Let @1 be the closed walk obtained by
concatenating mo[z,y] with Cenort[y, 2] and let Q2 be
the closed walk obtained by concatenating mo[y, ] with
Cshort [, y]. Note that Q1, Q2 are cycles, and they are
in compliance with F because my does not contain edges
from Cy. Moreover, Q1,2 are contained in Diskgpors-
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We will show that @1 or (2 is no longer than Cgport,
leading to a contradiction with the choice of Cgpors. We
distinguish cases depending on the overlap of Cgpors and
Cy. Note that Cghort # Co by hypothesis, so we have
the following three scenarios.

(i) If Csport and Cp do not have any common edge, then
Csnort 18 a shortest cycle in H. See Figure 2, left.
In this case |mg[x, y]| < |Csnort[2, y]| because mg is
a shortest path in H. Therefore

|Q1| |7T0[(E, y” + |Cshort[y7x]|
~ |Cshort [$7y]| + |Cshort [y; J)H

= |Cshort | ’

A

and @1 is no longer than Cgport-

(ii) If Canort and Cp agree in a single maximal subpath
Cshort[vlvul] of Cshort; then V1, U1 € V(CO) and
Cshort[u1,v1] is contained in H. We have three
subcases:

e x,y are vertices along Ceport[ui,v1]. See
Figure 2, center. Renaming the vertices
x,y if necessary, we may assume that the
ordering of vertices along Cgport[u1,v1] is
u1,T,Yy,v1, possibly with u; = = or y = .
Since Cgport[t1,v1] is contained in H, also
Cshort[,y] i1s contained in H. We then have
|mo[z, Y]] < |Csnort|z,y]| because mg is a short-
est path in H, and therefore ()1 is no longer
than Csport-

e x,y are vertices along Ceport[v1,u1]. See
Figure 2, right. In this case {z,y} = {uo,vo}.
Renaming the vertices z,y if necessary, we
may assume that the ordering of vertices is
such that Cgport[t1,v1] C Cenort [T, y]. By the
choice of ug, vy we have

|70 [wo, vo]| < |Cshort[t1, v1]]

= |Cshort [l‘, y] |7

[mol, y]|

A

and therefore )7 is no longer than Cgport-

e z,y are not both along Cgport[u1,v1] or both
along Cgsport[v1,u1]. See Figure 3, left and
center. In this case, {z,y} N {ui,n} =
(). Renaming the vertices ug, vy if necessary,
we may assume that vy is along the path
Csnort[1, u1]). Renaming the vertices z,y if
necessary, we may assume that z is along the
path Cshore[u1,v1], and hence y = vg. When
uy # ug (Figure 3, left), the concatenation of
Cshort |1, ] and mo[z, up)] is in H and connects
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two different vertices of V/(Cp). Therefore

|moluo, #]| + |mo[w, vo]| = |mo[uo, vol]

S |Cshort[u1;x]| + |7T0[£L',’LLO]|,
and hence

|7'('0[.237 ’UO]| < |Cshort [U'lv $]|

|CSh°rt [y7 J?] |

molz, yll =

IN

This implies that Q5 is no longer than Cgpors.
When u; = ug (Figure 3, center), then vy #
ug, and the same argument used with the con-
catenation of mo[vg, ] and Cgport[2, v1] shows
that |mo[z, y]| < [Csnort|, y]|, and hence @ is
no longer than Cgpory

(iii) If Csnort and Cp agree in at least two (disjoint)
maximal subpaths of Cgnort, then there exist ver-
tices wi,v1,uz,v2 € V(Cp) such that the paths
Cshort[ulavl]; Cshort[u2vv2] are diSjOiIlt from CO;
except at its endpoints. See Figure 3, right. Since
the paths Csnort[t1, V1], Csnort [U2, v2] are contained
in H, the choice of ug, vy implies

|Cshort[u17v1]| > |7T[’LLO,’U0]|

and

|Cshort [U27 U2]| 2 |7T[U0, UO]"

Since the paths Cagport[tu1,v1], Cshort[uz,v2] are
disjoint, except possibly at its endpoints, we have

|Cshort| |Cshort [uh Ul” + |Cshort [UQ; U2]|

2 - |mug, vol,

(A\VARY

and hence

|Cshort [(E, y” + |Cshort [ya QC” = |Cshort|
> 2 |r[ug, voll.

This means that max{|Csnort[Z, Y]], | Csnort [y, ]|} >
|7[uo, vo]| > |7[z,y]], and Q1 or Q2 is no longer
than Csport.

THEOREM 1. Given a plane graph G with n vertices
and a family F of forbidden pairs whose vertices are
all adjacent to one face of G, we can find a shortest
cycle in compliance with F in O(n? +nF) time.

Proof. Like before, we assume that G is 2-connected,
that Cy is the facial cycle of G containing all vertices in
F, and that G is embedded in a disk whose boundary
is defined by Cy. Consider the following recursive
algorithm:
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U =Y

Figure 2: Left: an example for case (i) of Lemma 2. Center: an example for the first item in case (ii) of Lemma 2.
Right: an example for the second item in case (ii) of Lemma 2.

Yo=Y Vo =Y

uy V1 4

uq Up = Uy

Uo

Figure 3: Left and center: examples for the third item in case (i) of Lemma 2. Right: an example for case (iii)

of Lemma 2.

(i) If G is a cycle and F is empty, we return the cycle
G.

(ii) If G is a cycle and F is nonempty, we return that
no cycle is in compliance with F.

(iii) If G is not a cycle, we construct H = G — E(Cp),

find a shortest path my between vertices

(ug,vo) = arg min dy (u,v),

(u,0)€(V(Co))?, uzv

and cut G along 7y to obtain two 2-connected
plane graphs, denoted G1, G2. We regard G1, G2 as
embedded in topological disks. We also construct
two families of forbidden sets Fp, Fo from F in the
natural way: F; contains each forbidden pair of
F whose two vertices (or copies of them) are in
G;. If {up,vo} € F, then {ug,vo} goes to both
Fi1,Fa. All other forbidden pairs of F go only to
Fy or to Fo. For i = 1,2, we recursively find a
shortest cycle C; in G; in compliance with F;, or
find out that no cycle of G; is in compliance with
Fi. If F is empty, we return the shortest among
Co, C1,Cs, or the subset of them that is defined. If
F is nonempty and for i = 1,2 no cycle of G; is in
compliance with F;, we then return that no cycle of
G is in compliance with F. Otherwise, we return
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the shortest cycle among Cq,Cs, or the subset of
them that is defined.

Correctness of the algorithm is shown by induction
on |E(H)|. If |[E(H)| = 0, then G is a cycle, and cor-
rectness follows from cases (i) and (ii) of the algorithm.
If |[E(H)| > 1, then G is not a cycle, and G; and Gs
are also 2-connected plane graphs. For i = 1,2, let H;
be the subgraph of G; containing the edges not in the
boundary of the disk holding the embedding of G;. It
clearly holds |E(H;)| < |E(H)|, and by the induction
hypothesis the algorithm correctly finds a shortest cy-
cle C; in G; that is in compliance with F;, and hence
with F, or tells that no such cycle exists. If Cy is a
shortest cycle in compliance with F, then the algorithm
returns Cp, and hence the algorithm is correct. Oth-
erwise, Cp is not a shortest cycle in compliance with
F, and because of Lemma 2, the shortest cycle between
C1, Cs is the shortest cycle in compliance with F.

Let us now bound the time complexity of the
algorithm. Finding the path 7y can be done in linear
time, as follows. Firstly, construct the graph H =
G — E(Cy) and add an extra vertex vpe, with edges of
length zero to all vertices V/(Cp). Let H' be the resulting
planar graph. Secondly, construct in H' a shortest path
tree T, from the source vpey in linear time [15]. Note
that a shortest path in H consists of a subpath of T,
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an edge from E(H) \ E(Tsp), and another subpath of
Tsp. Therefore, we can take ug, vy as the ancestors in
V(Cy) of the vertices in the edge

ar min

d new d s Unew .
uUeE(H)\E(TSp){ Ty (W, Vnew) + dr,,, (U, Vnew) + |uv]}

Finally, we compute the shortest path my in H between
uo and vy in linear time.

Consider a rooted tree where each node corresponds
to a subproblem considered through the recursive al-
gorithm; the root corresponds to the original problem.
The two children of a node contain disjoint subsets of
the faces from G. This tree has at most one leaf-node
per face of G, and therefore a total of O(n) subproblems
are considered. In each subproblem we spend O(n) time
to find the path my and O(F + n) time to check if the
boundary cycle Cjy is in compliance with F. The run-
ning time follows.

In our forthcoming application, the forbidden pairs
F have some additional structure. A partition V =
{V1,Va,---} of V(G) defines the set of forbidden pairs
FOV) = Uy.ey (‘g) Here we assume that (‘g) =10
whenever V; has one element. Let us say that a partition

V is cofacial when F (V) is cofacial.

COROLLARY 1. Given a plane graph G with n vertices
and a cofacial partition V of V(G), we can find a
shortest cycle in compliance with F(V) in O(n?) time.

Proof. Given the partition V of V(G), we can check in
O(n) time if a cycle is in compliance with F (V) or not.
Hence, in each of the O(n) subproblems of the recursive

algorithm of Theorem 1 we spend O(n) time, instead of
O(n + F'). The result follows.

4 Shortest cycle in embedded graphs

Let G be a graph embedded in a surface, possibly with
boundary, and let F be a family of forbidden pairs. Here
we state the basic tool; see [3, Lemma 3] for a similar
statement. The key observation is to consider the case
when the vertices appearing in F are on the boundary
of the surface.

LEMMA 3. Let a be a tight arc or closed walk in G.
If all the wvertices of F are on the boundary of the
surface then there exists a shortest contractible cycle in
compliance with F that does not cross .

Proof. Let Q be the class of shortest contractible cycles
of G in compliance with F. Each cycle of @ bounds a
topological disk. Let Cgports be a cycle from @@ bounding
a disk Disksnort whose closure does not contain any
other cycle from Q. We will show that « is disjoint
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from the interior of Diskgnort, and therefore Cgpory does
not cross a.

Assume for the sake of contradiction, that « enters
the interior of Diskgpors. Consider a maximal subpath
alx,y] with the property that afz, y]\{z, y} is contained
in the interior of Diskgnors. Note that the endpoints
x,y are vertices of Cgpors. It must be & # y, as
otherwise a[z, y] would be contractible because it would
be contained in a topological disk. Similarly, afz,y]
cannot have any repeated vertices, because the subpath
between two repeated vertices would be contractible.
It results that the closed walk C’, defined as the
concatenation of afz,y| and Csport[y, 2] has no repeated
vertices, and hence is a cycle.

Note that the interior of Disksnort cannot contain
any vertex appearing in F because Diskgpory does
not contain any boundary component. Therefore, the
cycle €7 is also in compliance with F because the
‘new’ subpath afz,y] \ {z,y} does not contain vertices
appearing in F. Moreover, the paths afz,y] and
Csnort |y, 2] are homotopic because alz,y] is inside the
disk Disksnort, and hence C’ is also contractible. Using
that |afz,y]| < |Csnort|y, ]| because a is tight, we
see also that in fact C’ is no longer than Cgpore. We
conclude that ¢/ € Q. Moreover, C' is contained in
the closure of Diskghort by construction. Therefore the
properties of C’ contradict the choice of Cgport.

THEOREM 2. Given a graph G with E edges embedded
n a surface, possibly with boundary, we can find in
O(E?log E) time a shortest contractible cycle in G.

Proof. We first give an algorithm, then discuss its cor-
rectness, and finally derive its running time. We com-
pute a shortest non-separating cycle « in G, and con-
struct the embedded graph G’ = G4«. Note that G’ has
at least one boundary component. We then construct
the embedded graph G” = G'&(a1, a2, ..., ax), where
a1, ..., qp is the tight system of arcs from Lemma 1(b).
Note that G” is a plane graph. We then group the ver-
tices in the boundary of G” as follows: for each vertex
v € V(G), let W, be the vertices in G” that arose as
copies of the original vertex v. Therefore, the groups
Wy, v € V(G), form a partition of V(G"). Note that
the only groups in W,, v € V(G), with cardinality
larger than one have vertices in the boundary of G”
because copies of vertices are only introduced along the
boundary. Therefore, 7' = F{W, | v € V(G)}) =
UveV(G) (Vg”) is a cofacial family of forbidden pairs,
and we can find the shortest cycle Cgport in G in com-
pliance with F” using Corollary 1. Finally, we return
Cshort- This finishes the description of the algorithm.
We next show the correctness of the algorithm. The
embedded graph G” is obtained iteratively from G by
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cutting along a tight walk, until the plane graph G” is
obtained. Let Hy, Hy, Ho,..., H;, where Hy = G and
H, = G”, be the sequence of embedded graphs con-
structed through the algorithm, where H; 1 is obtained
from H; by cutting along one tight walk. For any em-
bedded graph H;, let F; be the family of forbidden pairs
given by pairs {u,v} € (V(f"')) where u,v are copies of
the same vertex in the original graph G. Note that by
construction all the vertices in F; are in the boundary
of H;. A shortest contractible cycle in compliance with
Fit1 in H,;41 is a shortest contractible cycle in compli-
ance with F; in H; because of Lemma 3. By induction,
this means that a shortest contractible cycle in compli-
ance with F; in H; is a shortest contractible cycle in
Hy = G. In particular, the cycle Cgpory, which is the
shortest contractible cycle in compliance with F; = F”
in H; = G”, is a shortest contractible cycle in G.

We next show that the running time of the
algorithm is O(E?logE). Finding the shortest
non-separating cycle! takes O(E?logE) because of
Lemma 1(a). Finding the arcs aq,...,ax used to cut
G’ takes O(nlogn) because we apply Lemma 1(b) to
G’, which has O(F) edges. We hence obtain a plane
graph G” with O(E) edges. Finally, finding the short-
est cycle in G” in compliance with F” is can be done in
O(E?) time because of Corollary 1.

5 Hardness of related problems

Our NP-hardness results hold for unweighted graphs,
so we will restrict our discussion in this section to
unweighted graphs. All reductions are from the problem
INDEPENDENTSET, which is NP-hard [13]: Given a
graph H, find a largest independent set in H.

Consider an input graph H for INDEPENDENTSET,
which we assume for simplicity that has V(H) =
{1,2,...,n}. Our reductions use an auxiliary graph
Gy embedded in the sphere, that depends on H. The
construction of Gy starts with an empty graph, and
proceeds as follows:

1. For each vertex v € V(H) with neighbours u; <
o+ < Ugeg(v), create a path P, with deg(v) + 1 new
vertices, denoted v, v(u1), v(uz2), ..., v(Ugeg(v)), and
with edges between v and v(u;) and between v(u;)
and v(u;41) fori =1,...,deg(v) — 1. Add the path
Pv to GH

2. For each vertex v € V(H), make a path @, with
deg(v) + 2 vertices, whose second vertex is denoted
v’. Add the path @, to Gg.

TFor orientable surfaces, we could use the tight closed walk
of [3], which can be found faster. However, this would reduce the

final running time only to O(E?2).
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3. For each vertex v € V(H), add new vertices s,,t,
to Gy, add edges from s, to the first vertex in P,
and the first vertex in @, and add edges from ¢, to
the other ends of P, and @,. This defines a cycle
for each vertex v € V(H); see Figure 4 left.

4. Add a new vertex s to Gy, add the edges ss1, sty,
and add the edges ¢;s,41 for i = 1...,n — 1; see
Figure 4 right. This finishes the construction of
Gy.

This finishes the description of the vertices and edges in
Gpg. The embedding of G in the sphere is fixed to be
the one shown in Figure 4, right. In this embedding, the
paths adjacent to s; are ordered as s;t;—1, s;Q;, s; P; and
the paths adjacent to t; are ordered as t; P;, t;Q;,t;5:+1,
where we use s = tg = Sp41.

Consider the family Fg,, of forbidden pairs given
by

Fan = {{u(v),v(w)} |ww e E(H)}.

This family Fg,, of forbidden pairs has the following
property: a cycle in Gy is in compliance with F if
and only if does not use both P, and P, for any
ww € E(H). Let Qg, be the set of cycles from
G that are in compliance with Fg,, and are of the
form ss1 R1t189Roto - - - s, Ryt S, where each R, is either
P, or @Q,. The connection between H and Gp is
summarized in the following observation.

LEMMA 4. The graph H has an independent set of size
k if and only if the shortest cycle in Qa,, has length at
most 1 +4n+2- |E(H)| — k.

THEOREM 3. The following two problems are NP-hard
for unweighted graphs:

(a) Given a plane graph G, a family of forbidden pairs
F, which may be cofacial, and a vertex s of G, find
a shortest cycle in compliance with F that passes
through s.

(b) Given a plane graph and a family of forbidden pairs
F that can be covered by 2 or more faces, find a
shortest cycle in compliance with F.

Proof. To show the NP-hardness of problem (a), con-
sider the plane graph G, the family F¢,, of forbidden
pairs, and take s € V(Gpy) as the given vertex. The
graph Gy is constructed such that any cycle through
s is of the form ssyRit183Rats - - - s, Rptns, where each
R, is either P, or @,. Hence, the family of cycles Qa,,
is precisely the family of cycles in G g through s that are
in compliance with FH. Finding the shortest cycle in
Q¢g, would also solve the problem INDEPENDENTSET

Copyright © by SIAM.
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Figure 4: Reduction in Theorem 3.

because of Lemma 4. This shows that problem (a) is
NP-hard.

To show the NP-hardness of problem (b), one con-
siders the plane graph Gg, and the family F of forbid-
den pairs F' = Fo, U{{1,1'},{2,2'},...,{n,n'}}. It is
easy to see that the family of cycles in G in compliance
with F’ is precisely Qg,,, and the NP-hardness follows
by Lemma 4.

For studying contractible and separating cycles, the
following observation will be useful.

LEMMA 5. Let G be a graph embedded in a surface %
and let a be a closed curve in X through a vertex v of
G. If a does not touch any other edge or vertex of G
besides v, a separating cycle in G cannot cross o.

THEOREM 4. The following problem is NP-hard for
unweighted graphs: given a graph embedded in a surface
and a vertex s € V(G), find a shortest contractible cycle
through s.

Proof. Consider the graph G embedded in the sphere,
as defined above. Let fy be the face bounded by the
cycle ss1Pit1saPoto -+ 8, Patns. We convert Gy into
a graph embedded in an orientable surface of genus
|E(H)|, as follows. For each vertex v(u) of V(Gg) take
a small simple curve o, passing through the vertex
v(u) and that is otherwise contained in the interior of fj.
Moreover, the curves a,,) should be pairwise disjoint
for all v(u) € V(Gg). Let ¥ be the surface obtained
by removing the interior of the two disks bounded by
Qy(u)s Qu(v), for all uv € E(H). Then, for each edge
uv € E(H) we glue the two boundaries defined by cv,(y,)
and o, (y), in such a way that the vertices w(v),v(u)
are identified and the resulting surface is orientable;
see Figure 5. This finishes the transformation of Gp.
Let G’y be the resulting embedded graph, which is
embedded in a certain surface ¥'. Since we add |E(H)|
‘independent handles’, the surface ¥’ has genus |E(H)|
and no boundary.

First, note that a separating cycle in G’ cannot
CTOSS Quy(y) = Quy(y) because of Lemma 5 applied to the
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curve o, () in the surface ¥’. Since cutting the surface
¥ along the curves ay, (), for all uwv € E(H), give rise to

¥, it follows that a cycle in G’y that is separating must
be a cycle in Gy that is in compliance with F,,. As a
particular case, any contractible cycle in G; must be a
cycle in Gy that is in compliance with Fg,,. Note also
that any cycle in Gy becomes a contractible cycle in G
because fj is the only face affected by the topological
surgery.

It follows that finding a shortest contractible cycle
in G’y through s is equivalent to finding a shortest cycle
in Gp through s that is in compliance with Fg,. As
seen in the proof of Theorem 3(a), this is equivalent
to finding a shortest cycles in Qg,,, which in turn is
equivalent to solving the problem INDEPENDENTSET in
the graph H because of Lemma 4.

A similar proof where one also identifies each pair
of vertices u, v’ of Gg gives the following result.

THEOREM 5. The following problem is NP-hard for
unweighted graphs: given a graph G embedded in a
surface, find a shortest surface-separating cycle.
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