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Abstract

We describe an automata-theoretic approach for the compet-
itive analysis of online algorithms. Our approach is based on
weighted automata, which assign to each input word a cost
in R=Y.

timal offline algorithms with nondeterminism, and relating

By relating the “unbounded look ahead” of op-

the “no look ahead” of online algorithms with determinism,
we are able to solve problems about the competitive ratio of
online algorithms, and the memory they require, by reducing
them to questions about determinization and approximated
determinization of weighted automata.

1 Introduction

In formal verification, we verify that a system has a
desired property by checking whether a mathematical
model of the system satisfies a formal specification of
the property. Early work on formal verification han-
dled finite-state hardware designs. Current work al-
ready copes with infinite-state software systems, com-
plex distributed systems, and so on [2, 15], and is widely
and successfully used in the industry [9]. An important
feature of formal verification is that rather than reason-
ing only about input/output relations of terminating
systems (for example, the output is the ged of the two
numbers in the input), it enables reasoning about re-
active systems, which maintain an on-going interaction
with their environment. For example, one can check
that an operating system never reaches a deadlock, or
that every request in some communication protocol is
eventually acknowledged.

In this work we extend the scope of formal verifi-
cation to reasoning about online algorithms. An online
algorithm can be viewed as a reactive system: at each
round, the environment issues a request, and the algo-
rithm should process it. The sequence of requests is
not known in advance, and the goal of the algorithm is
to minimize the overall cost of processing all the re-
quests in the sequence. Online algorithms for many
problems have already been extensively studied for sev-
eral decades, and have aroused much interest, both from
a practical and a theoretical point of view [4].
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While the interaction described above between an
online algorithm and its environment is at the heart of
formal verification, the questions that are traditionally
answered by formal verification techniques are very
different from those that are asked in the context of
online algorithms. In formal verification, a system is
checked with respect to a given specification. On the
other hand, the most interesting question about an
online algorithm refers to its competitive ratio: the
worst-case (with respect to all input sequences) ratio
between the cost of the algorithm and the cost of
an optimal solution (one that may be given by an
offline algorithm, which knows the input sequence in
advance). While current formal verification techniques
can check qualitative properties of an online algorithm
(e.g., “whenever a request to a page is made, and this
page is not in the cache, the page is brought into the
cache”) and even answer quantitative questions about it
(e.g., “what is the maximal number of page faults within
a window of k rounds?”) [8], current techniques cannot
refer to the optimal solution, and hence, they cannot
reason about the competitive ratio. Likewise, while
synthesis algorithms and tools successfully generate
systems that satisfy a given specification [16], current
synthesis algorithms cannot, for example, synthesize (or
decide that there does not exist) online algorithms that
are as good, or competitive with some given ratio, as a
given offline algorithm.

Our approach to formally reasoning about online al-
gorithms is based on weighted finite automata (WFAs,
for short) [18, 20]. Essentially, we relate the “un-
bounded look ahead” of the optimal offline algorithm
with nondeterminizm, and relate the “no look ahead”
of online algorithms with determinism. This enables us
to reduce questions about the competitive ratio of online
algorithms to questions about determinization and ap-
prozimated determinization of WFAs. Below we further
elaborate on our approach and our results.

A WFA A induces a partial cost function from >*
to IRZY. Technically, each transition of A has a cost, the
cost of a run is the sum of the costs of the transitions
taken along the run, and the cost of a word w, denoted
cost(A,w), is the minimum cost over all accepting runs
on it (the cost is undefined if no run on the word is
accepting). Counsider an optimization problem P with
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requests in X. An algorithm for P can be viewed as a
mapping of words in X7 to a set of actions available to
the algorithm [3]. For a finite set S of configurations,
we say that an algorithm uses memory S if there is a
regular mapping of ¥* into S such that the algorithm
behaves in the same manner on identical continuations
of words that are mapped to the same configuration.

The set of online algorithms for P that use memory
S induces a WFA Ap, with alphabet ¥ and state space
S, such that the transitions of Ap correspond to actions
of the algorithms and the cost of each transition is the
cost of the corresponding action. We argue that many
optimization problems have algorithms that use finite
memory. We demonstrate this on the paging, k-server,
ski-rental, load-balancing, and A-paid exchange static
list accessing problems.

Given a finite sequence of requests w € ¥*, each run
of Ap on w corresponds to a way of serving the requests
in w by an algorithm with memory S. The set of all runs
include all such ways, thus cost(A,w) is the cost of an
optimal offline algorithm on w that uses memory S. On
the other hand, an online algorithm has to process each
request as soon as it arrives. Hence, an online algorithm
corresponds to a deterministic automaton embodied in
Ap. Indeed, for every configuration s € S and request
o € 3, the algorithm suggests a particular way to pro-
cess o from s, inducing a single transition labeled ¢ from
s. Accordingly, there exists an online algorithm for P
that performs as well as the optimal offline algorithm
iff Ap embodies an equivalent deterministic automa-
ton, in which case we say that Ap is determinizable by
pruning. Similarly, there exists an a-competitive online
algorithm for P, for @ > 1, iff Ap embodies a deter-
ministic automaton A, that a-approximates Ap (the
automaton A% accepts the same set of words as Ap,
and cost(Ap,w) < « - cost(Ap,w) for all words w in
this set). Then, we say that Ap is a-determinizable by
pruning.

Restricting the determinization procedure to au-
tomata embodied in Ap guarantees that transitions in
the automaton still correspond to actions of an algo-
rithm for P. An online algorithm, however, may require
more memory than an offline algorithm for the same
problem. For example, in the paging problem, an of-
fline algorithm only has to remember in each round the
set of pages that are in the cache, whereas known online
algorithms that achieve the best competitive ratio are
marking algorithms, which remember, in addition, some
order on the pages in the cache, or some other informa-
tion. To address this point, we also consider a variant
of determinization by pruning that allows a refinement
of the state space of Ap before pruning it to a deter-
ministic automaton. We show that such a refinement
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indeed corresponds to an extension of the memory used
by the algorithm.

We study the problems of deciding whether a WFA
is determinizable (or a-determinizable) by pruning,
with and without refinement. The problems are, in
fact, challenging already for the unweighted case, and
we first solve them in this setting!. We show that the
problem of deciding whether a WFA is determinizable
by pruning can be solved in polynomial time. Our
algorithm makes use of the local nature of pruning —
each state should have, for each input letter o € 3,
a o-transition that “covers all other o-transitions”.
The local nature of pruning, however, cannot be used
when considering approximation, and we show that the
problem of deciding whether a WFA is a-determinizable
by pruning, for > 1, is NP-complete. It follows that
given an optimization problem P and a finite set S of
configurations, the problem of deciding whether there is
an online algorithm for P with configurations in S, that
is as good as an offline algorithm with configurations
in S, can be solved in polynomial time. On the other
hand, the problem of deciding whether there is an online
algorithm for P with configurations in S that is a-
competitive, for a fixed a > 1, with respect to an offline
algorithm with configurations in S, is NP-complete.

The complications that approximation brings with
it are carried over to the setting in which an extension of
the memory is allowed. We prove that while extending
the memory cannot help an online algorithm to perform
as well as the offline algorithm (that is, if an offline
algorithm uses memory S, and no 1-competitive online
algorithm with configurations in S exists, then there is
no l-competitive online algorithm at all), memory may
help in order to decrease a competitive ratio o > 1 (that
is, there are problems for which an offline algorithm
uses configurations in S, no online algorithm with
configurations in S is a-competitive, but there is an
online algorithm with richer configurations that is a-
competitive)?.

In Section 6, we discuss the practical aspects of
implementing our framework. In particular, we dis-
cuss symbolic approaches that cope with the large state
space that our algorithms handle, and parametric meth-
ods, which allow to reason about a system with many
identical processes by studying properties of one of the
processes.

TThe problem of determinization by pruning is of interest also
in the unweighted case. As described in [14], automata that are
determinizable by pruning can be used in the process of synthesis
and game solving.

2We note that while it is widely believed that a k-competitive
online algorithm for the paging problem needs more memory than
the optimal offline algorithm, this is not the case [11].
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1.1 Related work Our automata-theoretic ap-
proach for reasoning about online algorithms adopts and
extends ideas from work done in the formal-verification
community. An automata-theoretic approach for rea-
soning about systems and their specifications has been
suggested in [22], and has been extensively studied and
implemented since then. As discussed above, the known
approach is not suitable for reasoning about online algo-
rithms. Determinization of WFA is studied in [20], but
the technique and the applications are different from
those of determinization by pruning, which we study
here.

The online-algorithms community has studied sev-
eral abstract models for competitive analysis. The on-
going interaction that takes place in online algorithms
can be modeled, for example, by means of games in
strategic form [17] and request-answer games [3]. Other
work considers models for specific problems (e.g., [1] for
paging). The model that is closest to our automata-
theoretic approach is the one of metrical task systems
[5, 19]. The expressive power and the applications of the
various models are different, however, from our weighted
automata.

A full version of the paper can be found in the
authors’ web sites.

2 Preliminaries

2.1 Weighted automata Standard automata map
words in ¥* to either “accept” or “reject”. A weighted
automaton can be viewed as a partial function (defined
only for accepted words) from ¥* to IR=?.  Formally,
a weighted finite automaton (WFA, for short) is A =
(3,Q,A,c,Qo, F), where ¥ is a finite input alphabet,
Q is a finite set of states, A C Q x X X @ is a transition
relation, ¢ : A — IRZ° is a cost function, Qy C Q
is a set of initial states, and F' C @ is a set of final
states. A transition d = (q,a,p) € A (also written as
A(g,a,p)) can be taken when reading the input letter
a, and it causes A to move from state ¢ to state p
with cost ¢(d). The transition relation A induces a
transition function § : Q x ¥ — 2% in the expected
way. Thus, for a state ¢ € @ and a letter a € X, we
have §(¢q,a) := {p: A(g,a,p)}. A WFA A may be
nondeterministic in the sense that it may have many
initial states, and that for some ¢ € @ and a € %, it
may have A(q,a,p1) and A(q,a,ps), with p; # pa. If
|Qo| = 1 and for every state ¢ € Q and letter a € ¥ we
have |6(q,a)| < 1, then A is a deterministic weighted
finite automaton (DWFA, for short).

For a word w = wy ... w, € ¥*, arun of A on w is
a sequence r = rori ..., € QT, where rg € Qg and for
every 1 <4 <n, we have (r;_1,w;,r;) € A. The run r
is accepting if r,, € F. The word w is accepted by A if
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there is an accepting run of A on w. The (unweighted)
language of A is L(A) = {w : w is accepted by A}. For
q € @, we denote by A? the automaton A with the
single initial state q. The cost of an accepting run is
the sum of the weights of the transitions that constitute
the run®. Formally, let » = r¢7y ... 7, be an accepting
run of A on w, and let d = di...d, € A* be the
corresponding sequence of transitions. The cost of r
is cost(A,r) = >." ,¢(d;). The cost of w, denoted
cost(A,w), is the minimal cost over all accepting runs
of A on w. Thus, cost(A,w) = min{cost(A,r)

r is an accepting run of A on w}. For completeness, if
w & L(A) we set cost(A,w) = 0.

For two WFAs A; and Ay, and o > 1, we say
that A a-approzimates Ay if L(A;) = L(Az) and
for all words w € ¥*, we have cost(A;,w) < a -
cost(Az,w). When both A; l-approximates Ay and
As l-approximates A;, we say that A; and A, are
equivalent.

2.2 Online algorithms A problem associates with
each possible input I a set F(I) of feasible solutions.
In an optimization problem (of cost minimization), each
solution in F(I) has a cost in IR=?, and the goal is to
find a feasible solution that minimizes the cost.

An online algorithm for an optimization problem P
is an algorithm that gets as input a finite sequence of
requests, and has to process each request (and end up
in a feasible solution) without knowing the requests yet
to come. In contrast, an offiine algorithm for P gets the
entire sequence in advance, and its decisions as to how
to process a request may depend on the requests yet to
come.

Formally, if we denote by Y the set of requests,
and denote by A the set of actions that are available
to the algorithm, then an online algorithm corresponds
to a function g : ¥t — A. The processing of an
input sequence oy ...0, by ¢ is then g(o1), g(o102),
g(010203),.... In typical optimization problems, there
is a cost function action_cost : A — IR=" that associates
a cost with each action. The cost of processing an
input sequence is the sum of the costs of the actions
taken in order to process it. The performance of an
online algorithm is typically worse than that of an offline

3In general, a WFA may be defined with respect to any

semiring (K, ®, ®,0,1). The cost of a run is then the semiring
product of the weights along it, and the cost of an accepted word
is the semiring sum over all accepting runs on it. For the modeling
of online algorithms, we focus on weighted automata defined
with respect to the min-sum semiring, (IRZ°U{occ} , min, 4, oo, 0)
(sometimes called the tropical semiring), as defined above. Also,
some work assigns costs also to initial and accepting states. We
do not need such costs for the modeling of online algorithms, and
work with a definition that omits them.
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algorithm for the same problem. For analyzing the
performance of online algorithms we use competitive
analysis, which compares the two performances.

For an online algorithm ¢ and an input w € X7,
let g(w) denote the cost of processing w by g, and let
OPT(w) denote the cost of processing w by the optimal
offline algorithm. We say that an online algorithm
g is a-competitive if there exists a constant 3 such
that for all input sequences w € YT we have that
g(w) < a-OPT(w) + . The competitive ratio of g is
the smallest « for which g is a-competitive. In the rest
of the paper we restrict attention to the multiplicative
factor a and ignore 3. As we show in the full version, all
our results can be easily extended to handle the additive
factor 3.

Our analysis of online algorithms takes into account
the extra memory that the online algorithm may re-
quire in order to compete with the offline algorithm.
Formally, we have the following.

DEFINITION 2.1. For a set S of configurations, a com-
petitive ratio o > 1, and an integer r > 0, we say that
an optimization problem P has competitive ratio («,r)
with memory S, if there is an online algorithm g for P
that uses an extension of the memory S by r Boolean
variables, and g is a-competitive with respect to an op-
timal offline algorithm that uses memory S.

3 An Automata-Theoretic Approach to
Reasoning about Online Algorithms

In this section we describe an automata-theoretic ap-
proach to reasoning about online algorithms. We first
characterize optimization problems for which the ap-
proach can be applied, and argue that typical optimiza-
tion problems satisfy our characterization. We then
describe how, by modeling optimization problems by
weighted nondeterministic automata, we can reduce rea-
soning about the competitive ratio and the memory re-
quired by online algorithms, to reasoning about deter-
minization of such automata.

3.1 Finite-state online algorithms Recall that an
online algorithm corresponds to a function g : ¥+ — A
that maps sequences of requests (the history of the
interaction so far) to an action to be taken. In general,
the algorithm induces an infinite state space, as it
may be in different states after processing different
input sequences in X*. Indeed, modeling of online
algorithms by request-answer games gives rise to games
with infinitely many positions [3]. For a finite set S of
configurations, we say that g uses memory S, if there
is a regular mapping of X* into S such that g behaves
in the same manner on words that are mapped to the
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same configuration.

We model the set of online algorithms that use
memory S and solve an optimization problem P with
requests in ¥ and actions in A, by a WFA Ap =
(3,5,A,¢,50,5), such that A and ¢ describe transi-
tions between configurations and their costs, and Sy
is a set of possible initial configurations. Formally,
A(s,0,s") if the set A" C A of actions that process the
request o from configuration s by updating the config-
uration to s’ is non-empty, in which case ¢({s,a,s’)) =
minge 4s action_cost(a). Note that all the states of Ap
are accepting. Thus, Ap assigns a cost to all sequences
in ¥*.

Many optimization problems have online algorithms
that require finite memory, or have finite memory
variants that are obtained by imposing natural bounds.
We give a few examples below. In the full version, we
describe in addition the WFA corresponding to the load-
balancing problem.

3.1.1 Paging [21] In the paging problem we have
a two-level memory hierarchy: A slow memory that
contains n different pages, and a cache that contains
at most k different pages (typically, k& << n). Pages
that are in the cache can be accessed at zero cost. If a
request is made to access a page that is not in the cache,
the page should be brought into the cache, at a cost of
1, and if the cache is full, some other page should first
be evicted from the cache. The paging problem is, given
a sequence of requested pages, to decide which page to
evict whenever an eviction is needed. The goal is to
minimize the total cost.

A paging problem P with parameters n and k
induces a WFA Ap = (X,5,A,¢,5,5), where X =
{1,...,n} is the set of possible requests (page indices),
S ={C C {1,....,n} : |C] < k} is a set of finite
configurations, each describing the set of pages currently
in the cache, A and ¢ describe how (and at which cost)
requests are served, and Sy = {0}, indicating that the
cache is initially empty. Thus, A(C,i,C") iff one of the
following holds: (1) ¢ € C, in which case ¢! = C and
c({C,i,C")) =0,(2)i ¢ C, |C| < k,and C' = CU{i}, in
which case ¢((C,i,C")) =1, or (3) i & C, |C| = k, and
there is j € C such that C" = (C'\ {j}) U {i}, in which
case ¢((C,i,C")) = 1. Note that by the definition of S,
a configuration stores only the set of pages currently in
the cache, and there are no provisions for storing any
extra information such as time-stamps, etc. A different
automaton for the problem could have defined S in a
way that allows the storage of such extra information.
We will elaborate on this point in the sequel.
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3.1.2 The k-server problem [19] The paging prob-
lem can be viewed as a special case of the k-server prob-
lem. There, we have k servers in a metric space M =
(V,d), where V is a set of points and d : V x V — IR=°
is a distance function. The input to the problem is a
sequence of points, each point should be served by mov-
ing a server to it (if no server is there), and the goal is
to minimize the sum of distances that the servers move.
A k-server problem P with parameters k and M =
(V,d), for a finite set V, induces a WFA Ap =
(V,VE A c,{s0}, V*), where each state corresponds to
a configuration of the servers (for simplicity, we allow
several servers to cover the same point), A and ¢
describe how (and at which cost) servers may move,
and sg is an initial configuration defined by the problem.
Thus, A(s,v, s") iff one of the following holds: (1) there
is 1 < j < k such that v = s(j) and s’ = s, in which case
c({s,v,8")) =0, 0r (2) s(j) v foralll <j <k, thereis
1 < j <k such that v = s'(j) and for all [ # j, we have
s'(1) = s(1), in which case c¢((s,v,s")) = d(s(j),s'(5)).*

3.1.3 The ski-rental problem In the ski-rental
problem someone goes on a ski vacation whose length
is not known in advance. Each morning he has to de-
cide between renting skis ($1 per day) and buying skis
(3y). The goal is to minimize the expense. Here, mak-
ing the problem finite-state requires the introduction of
a finite bound M on the length of the vacation. Note
that since M may be bigger than y, the challenge of an
algorithm that knows M and does not know the length
of the vacation in advance is similar to the challenge of
an algorithm that does not know M. Indeed, studies of
the problem usually refer to its finite-leasing version, in
which the bound M is part of the input [4]. A ski-rental
problem P with parameters y and M induces a WFA
Ap = <{a’}a{0a-'~aM + 1},A,C,{O},{O7...,M + 1}>,
where A(s,a,s) iff (1) 0 < s < M and ' = s+ 1,
in which case ¢({s,a,s')) =1, (2) 0 < s < M and
s = M + 1, in which case ¢((s,a,s’)) = y, or (3)
s =" = M + 1, in which case ¢({s,a,s’)) = 0. Note
that the alphabet of Ap is a singleton letter, as we only
care whether the vacation ends (the input word ends
t0o0) or not (the next letter is read).

3.1.4 A-paid exchange static list accessing [4]
In this problem we have a static (fixed) linked list of n
items. Each request is for an element of the list to be
accessed. A request to access the i-th element in the list

TNote that both in the paging problem and here, we restrict
attention to lazy algorithms, which minimize the change of
configurations so that only the current request is served. By [19],
for every non-lazy algorithm, there exists a lazy one that performs
at least as well.
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necessitates the traversal of ¢ links, which costs i. After
servicing a request, the list may be rearranged in the
hope of better servicing future requests. Rearranging
the list can be done by a series of exchanges of two
consecutive items. Each exchange costs A > 1.

While attempts to model the problem with metric
task systems fail [4], it is not hard to see that P with
parameters n and A induces a WFA Ap = (2,5, S x
¥ x S,¢,50,5), where ¥ = {1,...,n} and S is the set
of all n! permutations of {1,...,n}, representing all the
possible arrangements of the elements in the list. The
cost of a transition (s,i,s’) is j + Ak, where j is the
position of 7 in the permutation s, and k is the minimal
number of exchanges needed to transform the list from
the ordering s to the ordering s’.

We note that while the size of Ap is bounded
by |S|? - |¥|, its computation may be complex, as
demonstrated by the list accessing example. Note,
however, that the source of the complexity is the
fact that we compressed all the internal steps of the
algorithm into one transition. Instead, one can enrich
the alphabet of Ap and encode each request as a
sequence of letters, thus allowing Ap to process each
request by a series of internal steps, and avoiding such
compressions.

3.2 Relating online algorithms and deter-
minization by pruning In this section we reduce
problems concerning online algorithms to questions
about weighted automata. We first need some defi-
nitions. For two WFAs A = (3,Q,A,¢,Qo, F) and
A =(2,Q,A",c,Qp, F), we say that A embodies A’ if
Qb € Qp, A’ C A, and ¢’ agrees with ¢ on A’. Thus, A’
can be obtained from A by decreasing its nondetermin-
ism. Fora WFA A= (3,Q, A, ¢, Qo, F) and an integer
r > 0, the r-refinement of A is the WFA A,. obtained by
refining the state space of A by r Boolean variables. For-
mally, A, = (2,Q x 2L} AL ¢, Qo x 2117 F x
2{Lm}) " wwhere each state (g, f) € Q x 2{5"} main-
tains, in addition to the state ¢ of A, also a subset
f of {1,...,r}, corresponding to a truth assignment
for the new variables. The transition relation A, and
the cost function ¢, are the expected extensions of A
and ¢. That is, for every f,f € 2tL-7} we have
that A, ({q, f),a,{¢, ")) iff A(g,a,q’), in which case
& ({{g, 1,0, @', ))) = e({g,a,q")). Thus, each state
of A has 2" isomorphic copies in A,.

DEFINITION 3.1. Consider a WFA A, an approrima-
tion factor a > 1, and an integer r > 0. We say that
A is (a,r)-determinizable by pruning ((«,r)-DBP, for
short) if the r-refinement of A embodies a DWFA that
a-approzimates A.
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Note that when o = 1, the embodied DWFA is
equivalent to A. Also, when r = 0, no refinement takes
place, and the embodied automaton has the same state
space as A. When A is (1,0)-DBP, we say that A is
DBP.

Let P be an optimization problem, and let Ap =
(3,5,A,¢,50,5) be a WFA for its algorithms that use
memory S. Given a finite sequence of requests w € ¥*,
each run of Ap on w corresponds to a way of serving
the requests in w by an algorithm with configurations
in S. The set of all runs include all such algorithms,
thus the cost of w in Ap is the cost of w in an optimal
offline algorithm that uses memory S. Indeed, the
semantics of WFA over the tropical semiring, in which
the cost of a word is the minimum cost of some run
on it, guarantees that the cost would be calculated
according to the best guess. On the other hand, an
online algorithm has to process each request as soon as
it arrives, without knowing the requests yet to arrive.
Accordingly, an online algorithm that uses memory S
corresponds to a DWFA embodied in Ap. Indeed,
for every configuration s € S of the problem and
request o € ¥, the algorithm suggests a particular way
to process o from s, inducing a particular transition
(s,0,8') € A. Moreover, a refinement of Ap maintains
the correspondence between its transitions and the
actions of the algorithms (note that this correspondence
is lost if we consider unrestricted determinization of
Ap). Hence, a DWFA embodied in a refinement of Ap
corresponds to an online algorithm with an extended
memory. Formally, we have the following.

THEOREM 3.1. Consider an optimization problem P
and a set S of configurations. Let Ap be a WFA with
state space S that models online algorithms for P that
use memory S. For all a > 1 and r > 0, the problem
P has competitive ratio (a, ) with memory S iff Ap is
(o, 1)-DBP.

4 Determinization and Approximated
Determinization by Pruning

In this section we study the problem of determinization
by pruning. We show that deciding whether a given
WFA is DBP (the DBP problem, for short) can be
done in polynomial time. On the other hand, deciding
whether a given WFA is («,0)-DBP, for o > 1 (the
approzimated DBP problem, for short) is NP-complete.
In both cases, when the answer is positive, returning a
witness DWFA requires no extra cost.

4.1 Deciding determinization by pruning The
polynomial-time algorithm for the DBP problem is
our most challenging technical result. For clarity, we
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first describe a polynomial-time algorithm for deciding
whether a given NFA (that is, a WFA with no costs) is
DBP (that is, embodies an equivalent DFA).

THEOREM 4.1. The DBP problem for NFA can be
solved in polynomial time.

Proof. Consider an NFA A = (X,Q,A,Qo, F). We
inductively define a sequence Hy, Hi,... C @ X @ of
relations as follows.

Hy=(FxF)U({(Q\F)xQ), and for i > 0:
H; = Hi1N{{g,q') :
v' € 6(¢',a) such that for all v € 6(q, a)

we have H; 1(v,v")}.

for all a € ¥ there exists

Intuitively, H;(q,q’) means that there is a DFA A’
embodied in A such that all the words of length at
most i accepted from ¢ in A are also accepted from
q¢ in A’. Since Hy D H; 2 Hy D ..., the sequence
of relations eventually reaches a fixed-point, which we
denote by H. For two states ¢ and ¢’, we say that
q covers q if H(q,q'). The relation H induces an
NFA A" = (%,Q, A" Q¥ F) embodied in A, where
g0 € QF iff g0 € Qo and qg covers all the states in
Qo, and for every ¢,v € @ and a € X, we have that
AH(q,a,v) iff A(g,a,v) and v covers all the states in
§(q,a). Note that the set Q¥ may be empty, and that
for some ¢ and a it may be that 6(q,a) = 0 even
though 6(q,a) # 0. In the full version we show that
Q¥ # 0 iff A is DBP. Since the calculation of H can be
done in polynomial time, we are done.

Note that, like the algorithm for DFA minimization,
our algorithm calculates a fixed-point over pairs of
states. The fixed-point here, however, is different and
more complicated, as it involves a universal requirement
nested inside an existential requirement. We found the
result to be quite surprising. Indeed, in the full version
we show that a slightly different decision problem, in
which the embodied automaton is deterministic modulo
initial nondeterminism (that is, |0(g,a)] < 1 for all
g € Q and a € X, yet Qo may not be a singleton)
is NP-complete.

We now move to the DBP problem for WFA. Like
the algorithm in the unweighted case, the polynomial
algorithm we present below is based on a fixed-point
calculation, that for each pair (g, ¢') of states of A, com-
pares the behavior of embodied deterministic automata
with initial state ¢’ to the behavior of the nondeter-
ministic automaton A?, over words of increasing length.
The setting here, however, is much more difficult. First,
the characterization associated with each pair is not
Boolean: it is not enough to remember whether one
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can deterministically accept from ¢’ the same words as
from q¢ — the characterization has to further refine this
information and refer to the possibly different costs in-
volved. Second, while in the unweighted setting it is
clear that the calculation would reach a fixed-point in a
polynomial number of steps, in the weighted setting it
may well be that as the length of the words considered
increases, so does the cost difference, and it is not clear
how to force the calculation to reach a fixed point.

THEOREM 4.2. The DBP problem for WFA can be
solved in polynomial time.

Proof. We first need some notations. For every r €
IR we have —oc0 < r < oo, and we allow expres-
sions of the form oo £ r, —oco £ 7, c© + oo, and
(=o0) + (—o0), with the usual meaning. For every
i >0, let 5% = {we¥X*:|w| <i}. Let A and
A’ be two WFAs over the same alphabet ¥. Given
a subset S C Y*, we define the cost difference be-
tween A and A’ over S to be costdiff (A, A,S) =
SUP e snr(a)lcost(A,w) — cost(A,w)]. Note that if
SNL(A) = 0 then costdiff (A, A,S) = —oo, and
that if there is a word w € S N L(A) \ L(A’") then
costdiff (A', A, S) = oo. Also note that, unless both
WFASs accept the empty language, A and A’ are equiva-
lent iff costdiff (A, A, X*) = 0 and costdiff (A, A, £*) =
0.

Consider a WFA A = (X,Q,A,¢,Qo, F). Let n =
|Q|. Our algorithm calculates a sequence of functions
Jos f1,-- s fonz—1 1 @ X Q@ — IR U {—00, 00}, such that
the following holds.

e For 0 < i < n? — 1, the function f;(q,q’) mea-
sures how well the state ¢’ can deterministically
simulate the state ¢, over words of length at most
i. Formally, for every embodied deterministic au-
tomaton A’ equivalent to A (if exists), and every
pair of states q,¢ € @ such that ¢’ is reachable in
A’, we have that f;(q,q') = costdiff (A7, A2, 254,
The value —oo is assigned to f;(q,q’) when there
are no words in X% that can be accepted from g,
and the value oo is assigned when there is a word
that can be accepted from ¢ but not from ¢’.

e For n? < i < 2n% — 1, the function fi(q,q') is
similar, only that it takes cycles into account, and
maps to oo pairs for which the cost difference has

not stabilized yet, which indicates that it cannot
be bounded.

The sequence of functions fy, fi1,..., fonz—1 is de-

fined as follows.
o At initialization, fo(q,q’) is —oco if ¢ ¢ F, is 0 if
geFand¢ e F,andiscoifge Fand ¢’ ¢ F.
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efFor 1 < i < n? —1, we have fi(q,q) =
max{ fi—1(¢, ¢'), max fi(q. ¢, a)}.

o For n? < i < 2n® — 1, we have fi(q,¢') = oo
it maxfi(g,qsa) > fi-1(e,q), and fi(q.q') =
fi—1(q,q') otherwise.

In the above, for every 1 <i < 2n?—landa €y,
the function f;(q,q’,a) is defined as follows.

/ .
i(g,q,a) = min max
filad';a) wepi-1(q,a) ued(q,a)

[fifl(ua 'U,/) + C(q,v a, ul) - C(q7 a, u)]a

where the set po(q’,a) = 6(¢',a), and for 1 <i < 2n%—1,
we have

pi(q'sa) = {u’ € pi—1(d’;a) :
max [fifl(uv ul) + c(qlv a, u,) - C(qlv a, u)] < 0}
u€d(q’,a)

In the expression above for f;(q,q¢’,a), in case that
for all u € 6(g,a) we have that L(A%) N XSi—1 = (),
we set fi(q,q',a) = —oo (note that this also covers the
case 0(q,a) = 0). In case there is u € d6(g,a) such
that L(A*) N X==1 £ () and p;—1(¢',a) = 0, we set
fi(qa q/a (1) = 0.

Intuitively, a state v’ € p;(¢’,a) is a “witness” to
the fact that fi(¢’,q’,a) < 0, i.e., to the fact that ¢
can deterministically simulate itself over words in ©=?
that start with a. Clearly, only such witnesses can be a-
successors of ¢’ in an embodied DWFA that is equivalent
to A.

We argue that the sequence of functions reaches a
fixed-point in some iteration 1 < j < 2n2? — 1, and that
A is DBP iff there is a state g € Qo such that for every
¢o € Qo, we have that f;(go,q)) < 0. Also, in case A is
DBP, then every DWFA that consists of transitions that
use the witnesses from the last iteration (that is, whose
transition relation assigns successors according to p;) is
equivalent to A. A detailed proof can be found in the
full version.

4.2 Deciding approximated determinization by
pruning We now turn to the approximated-DBP prob-
lem, and show that it is much harder. We first study
the problem of approximation of a WFA by a given em-
bodied DWFA.

LEMMA 4.1. Consider a WFA A, an embodied DWFA
A’, and an approximation factor o > 1. Deciding
whether A" a-approzimates A can be done in polynomial
time.

Proof. Let A =
(8,Q, A, qp, F').

<27Q7Avcv Q07F> and .A/

Consider first the case o = 1.
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Then, the algorithm is similar to the one used for check-
ing whether A is DBP, only that now A’ is given. Ac-
cordingly, the functions f; are defined for pairs in Q x @’
and when calculating f;(q,q¢’,a), we only have to con-
sider the given (if any) a-successor of ¢’ in A’, instead
of the set p;—1(¢’, a).

Now, given a > 1, we further modify the algorithm
by scaling all the edges of A by a. More formally,
we define a sequence of functions g¢g,g1,...,gon2—1 :
QX Q' — RU{—00,00} that is similar to the sequence
fi, except that for every 1 < i < 2n? —1 and a € 3,
we have gi(q,¢',a) = max,csalgii(u,(¢,a)) +
C(q/7 a, 5/((],7 a’)) —a C(qa a, U)]

Before we use Lemma 4.1 for solving the approxi-
mated DBP problem, we note its application in reason-
ing about online algorithms. Indeed, by Theorem 3.1,
we have the following.

COROLLARY 4.1. Consider an optimization problem P
and a finite set S of configurations. Given an online
algorithm g with memory S, and a competitive ratio o >
1, the problem of deciding whether g is a-competitive
with respect to an offline algorithm with memory S can
be solved in polynomial time.

In light of Lemma 4.1, one may be tempted to
believe that by using the same ideas one can extend
Theorem 4.2 to handle an approximation factor a >
1. Unfortunately, as the next theorem shows, unless
P=NP, this can not be the case. Essentially, the
property that if v € p;—1(¢’,a) then u' is such that
for every ¢ € @ the minimum in the expression for
fi(q, ¢, a) is achieved with «’, which is crucial to proving
Theorem 4.2, is no longer true when o > 1.

THEOREM 4.3. The approximated-DBP problem is NP-
complete.

Proof. Membership in NP follows from Lemma 4.1.
We prove NP-hardness by a reduction from 3-SAT.
Given a > 1 and a 3-SAT formula ¢ = AJ", C; over
the variables z1,...,x,, we build a WFA A that is
(«,0)-DBP iff ¢ is satisfiable. We assume without
loss of generality that no clause in 1 contains both
a variable and its negation. The alphabet of A is
Y ={a}U{C,...,Cn}, and A is given in Figure 1.
For every 1 < i < n and every literal [; € {z;, ~x;},
the edge between I; and p; (which for lack of space is
unlabeled in the figure) stands for m transitions, one
for each of the letters Cy,...,C,,, and the cost of a
transition (l;, C;, p;) is « if the literal —I; appears in the
clause Cj}, and is 1 otherwise. Recall that no clause in
1) contains both a variable and its negation. Hence, for
every 1 < i <n and every 1 < j < m, at least one of
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the transitions (z;, C;, p;), and (—z;, Cj,p;) costs 1. It
follows that A with initial state pg accepts exactly all
words of the form (a - (Cy + ...+ Cp))™ with cost n.
In addition, A has m components such that for every
1 < j < m, the DWFA A with initial state ¢} accepts
the word (aC;)"™ with a lower cost (recall that o > 1)
of (n —2)/a+ 2. In the full version we show that A is
(v, 0)-DBP iff ¢ is satisfiable.

We note that an adjustment to the costs of the
transitions of the WFA used in the proof of Theorem 4.3
shows that the approximated-DBP problem is NP-hard
already for an additive approximation factor (that is,
when the embodied DWFA A’ is such that there is
(B > 0 such that for all w € ¥*, we have cost(A’,w) <
B+ cost(A,w)).

By Theorem 3.1 (and the fact that every WFA
induces an online algorithm), we can conclude with the
following.

COROLLARY 4.2. Consider an optimization problem P
and a finite set S of configurations. The problem of
deciding whether P has competitive ratio (a,0) with
memory S can be solved in polynomial time for a = 1,
and is NP-complete for a > 1.

5 Determinization and Approximated
Determinization by Refinement and Pruning

In this section we study the problem of determinization
by refinement and pruning. We first show that extension
of the memory is hopeless in an effort to be as good as
an optimal offline algorithm.

THEOREM 5.1. For all integers r > 0, a WFA A is
(1,r)-DBP iff it is (1,0)-DBP.

Proof. Clearly, if A is (1,0)-DBP, then it is also (1,7)-
DBP. We prove that if A is (1,7)-DBP for some r > 0,
then it is also (1,0)-DBP. For a refinement A, of A,
we say that a DWFA D, obtained by pruning A, is
simple if for each state ¢ of A there is at most one subset
f € {1,...,r} such that the state (g, f) is reachable in
D,.. If A, can be pruned to a simple equivalent D,., then
by omitting the 2{%"} element of each state we get an
equivalent deterministic pruning of A, and we are done.

Assume now that no simple equivalent pruning
exists; i.e., in every equivalent DWFA D, that is
obtained by pruning A,, there exists a state ¢ and two
subsets f1, f» € 2817 such that both (g, f;) and
(q, f2) are reachable. Then, there must be a word ¢,
accepted from (g, f1) with a certain cost and from (g, fo)
with a higher cost (or not at all). Let hy be a word
that allows D,. to reach (g, f2). It follows that either the
word hs - t1 is not accepted by D,., or it is accepted with
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Figure 1: A WFA for a 3-SAT formula.

a cost higher than that with which it is accepted by A,
and we have reached a contradiction.

On the other hand, an extension of the memory may
help in achieving a better competitive ratio:

THEOREM 5.2. For all o > 1 and n > 1, there exists a
WFA A that is (o,n)-DBP but not (a,n — 1)-DBP.

Proof. The WFA A appearing in Figure 2 is (2,1)-DBP
but not (2,0)-DBP. Note that the language of A consists
of words of the form z - a -y, for z,y € {a,b}. The cost
of an accepted word is 1 if x = y and 2 otherwise. In
the refined 2-DBP, the cost of an accepted word is 2
if x+ = y and 4 otherwise. The automaton A can be
generalized for any n,a > 1 to an automaton A, o of
size O(n - 2™) with a maximal branching degree of 2,
whose language consists of all the words of the form
w - a-v where w,v € {a,b}", such that the cost of an
accepted word is 1 if w = v and is « otherwise, and that
Ay is (o, n)-DBP but not (o,n — 1)-DBP.

Theorem 5.2 also follows from specific examples
studied in the literature, showing that online algorithms
that can store additional information can achieve bet-
ter competitive ratios (for example, [6] shows a lower
bound of 23/11 on the competitiveness of any deter-
ministic trackless online algorithm for the 2-server prob-
lem®; whereas [10] shows that the competitive ratio of
the Work Function Algorithm, which is also determin-
istic, but not trackless, for the 2-server problem is 2).
Nonetheless, the proof of Theorem 5.2 serves to pinpoint
the source of this phenomenon.

5Being memoryless is a stronger restriction than being track-
Thus, this lower bound is valid also for memoryless algo-

rithms.

less.
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6 Discussion

The automata-theoretic approach we have described in-
volves an explicit representation of the set S of con-
figurations. One of the main challenges in formal ver-
ification is the need to cope with very big, often infi-
nite, state spaces. Symbolic reasoning [7] is a leading
approach for doing so. There, S is given symbolically
(say, by a characteristic function), and the operations
allowed to the verification algorithm are symbolic too.
Since our algorithms are based on a fixed-point com-
putation of a set of relations or functions, which are
typically amenable to symbolic implementation, we are
optimistic about adjusting them to the symbolic setting.
Another challenge in our setting is that we would like to
prove general properties of an online algorithm, rather
than properties of instances corresponding to given pa-
rameters. This challenge is addressed in formal verifica-
tion by means of parametric reasoning [13]. There, we
reason about a system with many identical processes by
studying properties of one of the processes. Parametric
reasoning is, in general, undecidable. However, in the
last decade there has been extensive research aimed at
finding settings for which the problem is decidable, and
on developing methods that are sound but incomplete.
We are now examining their application to the setting of
online algorithms. It is important to note that the field
of formal verification has a history of successful imple-
mentations of algorithms with seemingly-infeasible com-
plexity. For example, the tool MONA successfully de-
cides the satisfiability of monadic second-order logic for-
mulas — a problem whose complexity is non-elementary
[12].

Finally, while we are able to decide whether a
given online algorithm ¢ has a given competitive ratio
(Corollary 4.2), we left open the problem of finding the
competitive ratio of g. Clearly, finding a finite upper
bound on the competitive ratio would enable us to apply
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Figure 2: A WFA A and its refined 2-determinization by pruning D;.

Corollary 4.2 and search for it. In the WFA formalism,
this is reduced to finding, given a WFA A, a finite bound
~ such that A is (,0)-DBP (or deciding that no such
v exists). We believe that such a bound can be found
by analyzing the cost of cycles of A, and we leave open
the problem of doing it in polynomial time.
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