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Abstract
Many advertisers (bidders) use Internet systems to buy dis-
play advertisements on publishers’ webpages or on tradi-
tional media such as radio, TV and newsprint. They seek
a simple, online mechanism toreservead slots in advance.
On the other hand, media publishers (sellers) represent a vast
and varying inventory, and they too seek automatic, online
mechanisms for pricing and allocating such reservations.

We propose and study a simple model for auctioning
such ad slot reservations in advance. A seller will display
a set of slots at some pointT in the future. Until T ,
bidders arrive sequentially and place a bid on the slots
they are interested in. The seller must decide immediately
whether or not to grant a reservation. Our model allows the
seller tocancelat any time any reservation made earlier, in
which case the holder of the reservation incurs a utility loss
amounting to a fraction of her value for the reservation and
may also receive a cancellation fee from the seller.

Our main result is an online mechanism for alloca-
tion and pricing in this model with many desirable game-
theoretic properties. It is individually rational. Winners have
an incentive to be honest and bidding one’s true value dom-
inates any lower bid. Further, it bounds the earnings of
speculatorswho are in the game to obtain the cancellation
fees. The mechanism in addition has optimization guaran-
tees. Its revenue is within a constant fraction of thea pos-
teriori revenue of the Vickrey-Clarke-Groves (VCG) mecha-
nism which is known to be truthful (in the offline case). Our
mechanism’s efficiency is within a constant fraction of the
a posteriori optimally efficient solution. If efficiency also
takes into account the utility losses of bidders whose reser-
vation was canceled, we show that our mechanism matches
(for appropriate values of the parameters) an upper bound on
the competitive ratio ofanydeterministic online algorithm.

Our mechanism’s technical core is a variant of the online
weighted bipartite matching problem where unlike prior
variants in which one randomizes edge arrivals or bounds
edge weights, we may revoke previously committed edges.
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Our results make no assumptions about bidders’ arrival
order or value distribution. They still hold if we replace items
with elements of a matroid and matchings with independent
sets, or if all bidders have additive value for a set of items.

1 Introduction
Many advertisers now use Internet advertising systems.
These take the form of advertisement (ad, henceforth) place-
ments either in response to users’ web search queries, or
at predetermined slots on publishers’ web pages. In addi-
tion, increasingly, advertisers use Internet systems that sell
ad slots on behalf of offline publishers on TV, radio or
newsprint. In ads placed in response to users’ web search
queries and in some other cases, ad slots are typically sold
via spot auctions, i.e., when a user poses a query, an auc-
tion is used to determine which ads will show and where
they will be placed. On the other hand, traditionally, adver-
tisers seek ad slots in advance, i.e. toreservetheir slots.
Product releases (such as movies, electronic gadgets, etc)
and ad campaigns (e.g., creating and testing ads, budgets)
are planned ahead of time and need to coordinate with future
events that target suitable demographics. Advertisers typi-
cally like a reasonable guarantee of ad slots at a specific time
(e.g. critical events) in the future within their budget con-
straints today.

Our motivation arises from systems enabling such ad-
vance ad slot reservations. In particular, our focus is on au-
tomatic systems that have to manage ad slots in many dif-
ferent publishers’ properties. These properties differ wildly
in their traffic, targeting, price and effectiveness; their inven-
tory levels are massive. Not all publishers can estimate their
inventory accurately: traffic to websites responds to time-
dependent events, and sometimes webpages are generated
dynamically so that even the availability of a slot in the fu-
ture is not knowna priori. Most web publishers are not able
to estimate accurately a price for an ad slot, or provide sales
agents to negotiate terms and would like automatic methods
to price ad slots. Thus, what is desirable is a simple, effec-
tive, automatic, online1 market-based mechanism to enable
advance ad slotting over such varied, massive inventory.

1We use theword online as inonline algorithm—i.e., the input arrives
over time, and the algorithm makes sequential decisions —we do not mean
“on the Internet.”
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Inspired by these considerations, we study the problem
of mechanism design foradvance ad slot reservations. Our
contribution is to propose a simple model, to design a
suitable mechanism and to analyze its properties. In more
detail, our contributions are as follows.

Model. We propose the following simple model for advance
ad slot reservations. An auction starts at time0; the seller has
a set ofslotsfor sale that will be published at timeT . Bidder
i arrives at some timeai < T , having a valuev(i) for exactly
one slot out of a subset of slotsN(i). Upon his arrival,i
places a bidw(i) (which results inN(i) becoming known to
the seller) and requests an immediate response. Bidderi is
either accepted or rejected. If accepted, he may be removed
(bumped) later by the seller, in which case he incurs a loss
of anα fraction of his value and may be compensated with
a bump payment. At timeT , each accepted bidderi that has
not been bumped is published in one slot fromN(i) (his slots
of interest).

This model lets the publisher accept a reservation at time
t for a slot available at a later timeT , and lets the advertiser
get a reasonable guarantee. However, crucially, it lets the
publishercancelthe reservation at a later time. Cancellation
is necessary for publishers to take advantage of a spike in de-
mand and rising prices for an item and not be forced to sell
the slot below the market because of ana priori contract. In
addition, in a pragmatic sense, cancellation is crucial: for ex-
ample, a website might overestimate its inventory for a later
date and accept ads, but as time progresses, its inventory may
be smaller, and the publisher will not be able to honor all
the accepted ads from the past. Finally, cancellations are
very much part of the business with advance bookings, both
within advertising and beyond such as in airline bookings.
At the same time, it comes at a cost, which is the bumped
bidders’ utility loss. The publisher benefits from the reduc-
tion in uncertainty, and pays for this via bump payments. We
present our model formally in Section 2.

Mechanism.We present an efficiently implementable mech-
anism Mα(γ) for determining who is accepted, who is
bumped and also the prices and bump payments. The pa-
rameterγ represents how much higher a new bid has to be in
order to bump an older bid. A bumped bidder will be paid an
α fraction of her bid, making up for her utility loss.

Properties of Our Mechanism. We show a number of
important strategic as well as efficiency- and revenue-related
properties ofMα(γ). First, the strategic properties:

• Mα(γ) is individually rational and winners have an
incentive to bid truthfully while losers should bid at
least their true value.

• We studyspeculators, that is, ones who have no inter-
est in the items for sale but who participate in order to

earn the bump payment. We show several game theo-
retic properties about the behavior of the speculators,
including bounding their overall profit.

Next, optimization properties:

• With respect to the bids received, theefficiency(value
of assignment) ofMα(γ) is at least a constant factor (de-
pending onγ andα) of the offline optimum. Under mild
player rationality assumptions, we also show that our
mechanism is competitive with respect to the optimum
offline efficiency on bidders’ truevalues.

• We prove similar bounds under the notion ofeffective
efficiencywhich interprets social welfare as the sum
of the winners’ bids minus bumped bidders’ losses.
For suitableγ(α), our mechanism’s effective efficiency
matches a numerically obtained upper bound on the
effective efficiency ofanydeterministic algorithm.

• The revenueof Mα(γ) is at least a constant factor
(dependent onγ andα) of that of the famed Vickrey-
Clarke-Groves (VCG) mechanism on all received bids.

To the best of our knowledge our results are the first about
mechanisms with strong game-theoretic properties for ad-
vance ad reservations (more generally, online weighted bi-
partite matching) with a costly cancellation feature. We
make no assumptions on the arrival order of the bidders or
on their values. We note that all our results extend to a more
general setting where the items for sale are elements of a
matroid; we discuss this in Section 7.

There are specific examples of systems that implement
advance booking with cancellations, not necessarily though
an automatic mechanism. For example, this is common in
the airline industry, where tickets may be booked ahead of
time, and customers may be bumped later for a payment. In
the airline case, the inventory is mostly fixed, sophisticated
models are used to calculate prices over time, and often
negotiations are involved in establishing the payment for
bumping, just prior to timeT . In some cases, the bump
payments may even be larger than the original bid (price)
of the customer. Likewise, in offline media such as TV
or Radio, advance prices are negotiated by humans, and
often if the publisher does not respect the reservation due
to inventory crunch, a payment isa posteriori arranged
including possibly a better ad slot in the future. These
methods are not immediately applicable to the auction-
driven automatic setting like ours.

From a technical point of view, one can view our model
as an online weighted bipartite matching problem (or more
generally, an online maximum weighted independent set
problem in a matroid). On one side we have slots known
ahead of time. The other side comprises advertisers whose
bids (weighted nodes) arrive online. Our goal is to find
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a “good” weighted matching in the eventual graph. Each
time an advertiser appears we need to decide if we should
retain it or discard it; retaining it may lead to discarding a
previously retained bidder. Our mechanism builds on such
an online matching algorithm [11] to determine a suitable
bump payment and prices.

We have initiated the study of mechanisms for advance
reservations with cancellations. A number of technical
problems remain open, within our model as well as in its
extensions, which we describe later for future study.

1.1 Related work. Several papers consider offline set-
tings similar to ours. Bikhchandani et al. [4] present an as-
cending, efficient, truthful in equilibrium auction for selling
elements of a matroid to patient bidders. Cary et al. [5] show
that a random sampling profit extraction mechanism approx-
imates a VCG-based target profit in an offline procurement
setting on a matroid. Feige et al. [7] study anofflineweighted
bipartite matching problem where the seller can partially sat-
isfy a bidder’s request at the cost of paying a proportional
penalty. They show that approximating the optimal solution
with respect to effective efficiency (see Section 2) within any
constant factor is NP-hard, but they provide a bi-criterion ap-
proximation result for an adaptive greedy algorithm.

There has been extensive work in the field of revenue
management for advance sale of goods (with or without
cancellations), but only under a probabilistic distribution of
bidders’ values or arrivals [13]. In particular, Gallien and
Gupta [8] exhibit symmetric Bayes-Nash equilibria in online
auctions with buyout prices.

Under a worst case model like ours, no nontrivial on-
line results are possible without making additional assump-
tions; in our case, we overcome these impossibilities by al-
lowing cancellations. In contrast, in secretary problems, bids
may be arbitrary but their order is assumed to be uniformly
random (cannot be specified by an adversary): Dimitrov
and Plaxton [6] provide an algorithm with a constant effi-
ciency competitive ratio. Generalizing their setting to ma-
troids, Babaioff et al. [2] provide alog r-competitive algo-
rithm wherer is the rank of the matroid. Both these al-
gorithms observe half of the input and then set a threshold
price. A different assumption is that of bounded values: Lavi
and Nisan [10] show that a simple online posted-price auc-
tion based on exponential scaling is optimal among online
auctions for identical goods without cancellations.

Independently and concurrently, Babaioff et al. [1] study
the same problem as this paper, but from an algorithmic per-
spective only, leaving incentives and revenue considerations
aside. Their paper and ours present the same algorithm and
efficiency results. They focus on effective efficiency, for
which they analytically prove an upper bound on any deter-
ministic algorithm’s competitive ratio (we only present nu-
merical results in Fig. 1 strongly suggesting this bound). Un-
like us, they go on to study costly cancellations (“buyback”)

in knapsack problems. They provide an algorithm similar to
Mα(γ) and prove a bi-criterion approximation result, an in-
formative bound since they also prove that no deterministic
algorithm has a constant competitive ratio.

2 Auction Model
We define anonline ad slot reservation auctionas follows.
There is a seller who has a finite set of non-identicalslots,
which will be allocated at some future timeT . The seller
runs a continuous, online auction beginning at time0, and
ending at timeT .

Each bidderi arrives online, at a unique timeai ∈ [0, T ]
and she reports achoice setN(i) of items she is interested
in, as well as abid (positive amount)w(i), demanding an
immediate response (i is not allowed to bid again later). She
is instantlyaccepted(i.e. promised an item fromN(i)), or
rejected. However, at any point between timeai andT , the
seller may choose tobumpan accepted bidderi, in which
case abump payment̂pi is given to the bumped bidder. Any
rejection, at arrival or by being bumped, is definitive. At time
T , there must be a matching of items to accepted bidders
that have not been bumped such that each such bidderi
receives one item from her choice setN(i); each suchi is
then charged a pricepi.

A mechanismfor the online ad slotting problem defines
the actions of the seller: whether to accept/reject incoming
bidders, when to bump accepted bidders, and how to set
bump payments and prices.

2.1 Bidder Valuation and Utility. We assume a
private valuemodel for the bidders: Each bidderi has a
private valuev(i) ≥ 0 for being allocated (at timeT ) any
single item from her choice setN(i). The bidder does not
necessarily need to report this value as her bid if it is in her
interest not to do so. Additionally, we will model the cost
incurred by a bumped bidder as a negative value−αv(i),
that is, anα fraction of her value for being allocated. We will
require2 that any mechanism pays backαw(i) to a bumped
bidderi, making up for her utility loss when bumped. The
parameter0 ≤ α < 1 modeling the negative bump utility
will play a central role in our mechanism and analysis. We
formally model bidderi’s utility as quasilinear in money:

(2.1) utility(i) = f · v(i) − x(i), where

• f = 0 if i is rejected,f = 1 if i is accepted and granted
an item fromN(i), andf = −α if i is bumped;

• x(i) is i’s money transferto the seller:x(i) = 0 if i is
rejected,x(i) = pi ≥ 0 if i is accepted and allocated,
andx(i) = −αw(i) ≤ 0 if i is bumped.

2We imposethis constraint primarily to ensure that honest bidders have
non-negative utility. See Example 3 for further motivation.
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For a mechanism run on bidsw, we will denote by
S = S(w) the set of survivors (bidders still accepted by
timeT ) and byR = R(w) the set of bumped bidders.

2.2 Efficiency and Revenue.How do we measure
the quality of an outcome? Theefficiency(or social welfare)
of an auction is the total value derived by the bidders
participating in the auction. Usually in a mechanism design
setting, efficiency is the sum of the valuations of the bidders
who were allocated items:

efficiency=
∑

i∈S
v(i).

However there is another interpretation in our model since
the bidders lose value if they are accepted then bumped; thus
we will also consider the notion ofeffective efficiency:

effective efficiency=
∑

i∈S
v(i) −

∑

i∈R
αv(i).

A mechanism’srevenueis its total monetary gain/loss:

revenue=
∑

i∈S
pi −

∑

i∈R
αw(i)

We would like a mechanism that scores favorably in all
of these metrics on all instances of the auction, under hope-
fully mild conditions on strategic behavior. Following the
logic of competitive analysis, we will compare our mech-
anism to the standard offline solution: the VCG mecha-
nism [9]. Mapped to our setting (but offline), this amounts to
finding a maximum matching of bidders to items, and charg-
ing prices that induce truthfulness.

Finally, we note that it is essential to the novelty of this
model that the bidders derive negative utility from having
their allocation promise revoked. Indeed ifα = 0, one could
simply accept all bidders as they arrive, and then at timeT
run the VCG mechanism (giving no bump payments) which
makes being truthful a dominant strategy.

3 Main Results
In this section we will state our main results (without proof3)
and highlight the significance of each. In the next section,
we will define our mechanismMα(γ). The mechanism is
parametrized both by the model parameterα as well as an
additional parameterγ > 0 that can be set arbitrarily as long
as0 < α < γ

1+γ . We will stateour main results in terms of
these two parameters.

Since we are in a game-theoretic setting, we must first
reason about the strategic behavior of bidders in order to mo-
tivate the preconditions of our results. One basic property
that any reasonable mechanism must have is that it isindi-
vidually rational, which simply means that participating in

3Missingproofs in this paper are presented in the full version, available
from the first author’s website.

the auction is always a rational thing to do (i.e. participating
is never worse than not participating). In our case we can
define this in the following way: if a bidder reports her true
value (setswi = vi), then her utility is always non-negative.

Another desirable property of an auction mechanism is
for it to be truthful, which means that the optimal strategy
for participating bidders is always to report their true value.
Unfortunately with bump payments (which we just argued
were necessary) we cannot hope to have a truthful mecha-
nism since anyone with no interest in any allocation (i.e.,
vi = 0) can bid hoping to get a bump payment. So, given that
we cannot assume bidders will be honest, the natural thing to
do is analyze the efficiency and revenue of the mechanism in
a Nash or other form of equilibrium. Unfortunately, a (pure-
strategy) Nash equilibrium does not always exist, as we will
argue in Section 6.2. However we can still argue that our
mechanism has some strong incentive properties. We use the
following standard game-theoretic terminology: a biddomi-
natesanother bid if it is at least as good a strategy givenany
bids by other players; abest-responseis the best possible bid
given a particular set of others’ bids.

THEOREM 3.1. [Basic Incentive Properties]

• TheMα(γ) mechanism is individually rational,

• Bidding truthfully dominates any lower bid,

• If truthful, any survivor is best-responding, and

• Bidding truthfully is a best-response unless a higher
bump payment can be achieved with a higher bid.

This theorem (proved in Section 6.1) establishes indi-
vidual rationality, but more importantly it rules out the pos-
sibility that the bids will be lower than the values. To the
best of our knowledge, this is a novel form of incentive com-
patibility: while it does not make truthfulness a dominant
strategy, it ensures that competition is no less than if every
bidder were truthful. Furthermore, it highlights truthfulness
as a simple viable strategy from a practical point of view, or
for unsophisticated bidders. The only reason for not bidding
truthfully is the prospect of a higher bump payment. This
motivates the following definition:

DEFINITION 1. [Speculators]A speculatoris a bidder who
bids above her true value. The auctioneer does not know if a
bidder is a speculator or not.

By Theorem 3.1, speculators are bidders who aim for
getting a (higher) bump payment.

We can now state the efficiency and revenue bounds
for Mα(γ) under preconditions made reasonable by Theo-
rem 3.1. From Theorem 3.1 and the speculator definition,
we can assume that non-speculators bid truthfully. Specula-
tors’ bids, on the other hand, are aimed towards squeezing

1268 Copyright © by SIAM. 
Unauthorized reproduction of this article is prohibited.



as much money as possible from bump payments. The only
other assumption we make for our efficiency bounds is that
the set of speculators does not incur a loss, which is quite
mild an assumption. Indeed, if speculators incur a loss and
can collude they would be better off not participating at all.

For any vectorw = (w(1), . . . , w(n)) of bids, we let
OPT[w] denote the weight of the optimal matching. Note
thatOPT[v] then gives the optimal efficiency and effective
efficiency of an offline mechanism, achieved by VCG. On
bidsw we denote the VCG revenue byREVvcg[w].

THEOREM 3.2. [Efficiency] Let w be a set of bids such
that all bidders bid at least their true value, and total utility
among speculators is non-negative. ThenMα(γ) has

efficiency ≥
1 − α − α

γ

(2 − α − α
γ )(1 + γ)

· OPT[v] and

effective efficiency ≥
1 − α − α

γ

(2 − α)(1 + γ)
· OPT[v].

THEOREM 3.3. [Revenue]Let w be a set of bids such that
all bidders bid at least their true value. ThenMα(γ) has

revenue ≥
1 − α − α

γ

1 + γ
REVvcg[w].

In the full version we also showREVvcg[w] ≥
REVvcg[v], implying thatMα(γ)’s revenue is also competi-
tive with the offline VCG revenue on bidders’true values.

Note that a limit on manipulation is needed for a lower
bound on true efficiency: if low value bidders bid really
high, being allocated all the items and preventing the rightful
winners from being allocated, the true efficiency of the
mechanism is very low. We further discuss manipulations
in Section 6.2, where we also give additional results on
speculator strategies.

Efficiency bounds that leave incentives aside (Theo-
rem 5.1 and Corollary 5.1 in Section 5) are tighter than the
bounds in Theorem 3.2, and can be obtained more easily.

In Section B we give anupper boundon the effective
efficiency (in terms of bids) of any deterministic algorithm,
for which our allocation algorithm is tight (only whenα <
0.618 and for a certainγ that depends onα).

For example, supposeα = 1
4 . Then we can setγ =

1, and be 1
6 -competitive onefficiency, 1

7 -competitive on
effective efficiency, and14 -competitive onrevenue.

We defer the proofs of Theorems 3.2 and 3.3 to the
full version. As a revenue benchmark, we use the offline
Vickrey-Clarke-Groves (VCG) mechanism [9], that charges
each bidder her externality on the other bidders. Theo-
rem 3.3’s proof uses Lemma 5.1 and the following facts: a
winning bidder’s VCG payment is a losing bid and the VCG
revenue can only increase if some bids are increased.

4 Mα(γ): an Online Mechanism
We present our advance-booking online mechanismMα(γ)
in this section. The allocation algorithm follows theFind-
Weighted-Matchingalgorithm in [11]4, that uses an uncon-
strainedimprovement factorγ > 0. We requireα < γ

1+γ

i.e. γ ∈ ( α
1−α ,∞) (recall that0 ≤ α < 1) for non-negative

lower bounds in Theorems 3.2 and 3.3.
Our mechanismMα(γ) (given formally in Algorithm 1)

maintains a set of accepted bidders for which there exists a
matching of bidders to items. For each new arriving bidder
i bidding w(i), Mα(γ) adds i to the current matching if
it can do so without bumping a currently accepted bidder.
Otherwise,Mα(γ) looks for some bidderj in the accepted
set withw(j) < w(i)

1+γ such that replacingj by i maintains
the existence of a matching. If such a bidder exists, the
mechanism acceptsi and bumpsj∗, the lowest weight such
bidder, who is paid the bump paymentαw(j∗). At time T ,
after all bidders have been processed, the accepted bidders
become the survivors. The survivors are allocated a slot from
their choice set using an arbitrary matching, and they each
make a payment that we define below.

Algorithm 1 Mα(γ): Allocation algorithm. Anew bidder
is accepted if she improves by at least aγ factor over
her lowest-bidding indirect competitor. A bumped bidder
receives a bump payment making up for her utility loss.

Let A0 := ∅.
for each arriving bidderi ≥ 1 biddingw(i) do

if Ai−1 ∪ {i} can be matchedthen
granti a reservation:Ai := Ai−1 ∪ {i}.

else let j∗ be the lowest-biddingj ∈ Ai−1 such that
Ai−1 ∪ {i} \ {j} can be matched

if w(i) < (1+γ)w(j∗) then rejecti: Ai := Ai−1.
elsecancelj∗’s reservation and pay herαw(j∗)

granti a reservation:Ai :=Ai−1 ∪{i}\{j∗}.
end for
Each bidderi in S = An (i.e. survivors) is allocated an
item fromN(i) and charged as in Eq. (4.2).

Eq. (4.2) below establishes a survivor’s payment to the
seller, and requires the following definitions.

DEFINITION 2. Let i be a bidder and fix the bids of all
other bidders. Letwac(i) (i’s acceptance weight) be the
infimum of all bids thati can make such thati is accepted
given i’s arrival ai and i’s choice setNi. Similarly, let
wsv(i) ≥ wac(i) (i’s survival weight) be the infimum of all
bids thati can make such thati is acceptedand survives until
timeT (the end)givenai andNi.

4Unlike in [11], a bidderi’s value is the same for any slot (vertices as
opposed to edges are weighted). Our mechanism may then change the slot
i is currently assigned to at various stages in the algorithm.
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Note thatwsv(i) always exists since it suffices to bid
(1 + γ)maxj 6=i w(j). Also,wac(i) andwsv(i) are indepen-
dent ofi’s actual bid, but may depend on the timei arrives
and on the other bidders’ bids or arrivals.

We are now ready to define the prices charged byMα(γ).
If i is a survivor, we seti’s pricepi as follows:

(4.2) pi =

{

wsv(i)(1 − α) if wac(i) < wsv(i).

wsv(i) if wac(i) = wsv(i).

These prices are designed with Theorem 3.1’s conditions in
mind, as we will see in its proof.

We present now an example run ofMα(γ). wsv(i) at
some time step isi’s survival weight ifMα(γ) stopped then.

EXAMPLE 1. (A PARTICULAR INSTANCE OFMα(γ))
Supposeα < 0.5

0.5+1 and letγ = 0.5. Consider two itemsIa,
Ib and biddersB1..4 (Bi arrives at timeti; T = t4): B1 bids
6 on N(1) = {Ia, Ib}, B2 bids 4.4 on N(2) = {Ib}, B3

bids10 on N(3) = {Ia} andB4 bids7.5 on N(4) = {Ib}.
Mα(γ) acceptsB1 at t1, acceptsB2 at t2, acceptsB3

and bumpsB2 at t3 and then rejectsB4 at t4. We have
wac(1) = 0, wac(2) = 0, wac(3) = 1.5 · 4.4 = 6.6 (to
bumpB2) and wac(4) = 1.5 · 6 = 9 (to bumpB1); we
havewsv(1) = 7.5

1.5 = 5 (to preventbeing bumped byB4),
wsv(2) = 6 (to prevent being bumped byB3 and B4),
wsv(3) = 6.6, and wsv(4) = wac(4) = 9. B1 and B3

survive:B1 pays(1−α)wsv(1) sincewac(1) < wsv(1) and
B3 payswsv(3) sincewac(3) = wsv(3).

5 Online Matching with Cancellations
For our incentive-aware bounds from Section 3,Mα(γ) must
find a good matching given the declared bidsw, regardless of
those bidders’ true values. This is a pure online-algorithms
question (i.e., no game theory), which we treat in this
section, providing theorems which not only are key for the
Section 3 bounds, but are also of independent interest.

Recall thatOPT[w] denotes the optimal offline match-
ing on the bidsw. For bidsw and a set of biddersB, we let
w(B) =

∑

i∈B w(i) andwsv(B) =
∑

i∈B wsv(i).
Theorem 5.1 shows a competitive ratio for efficiency

(the difficult part of the proof is deferred to Section A):

THEOREM 5.1. MechanismMα(γ) is a 1
1+γ -approximation

to the optimaloffline matching:w(S) ≥ 1
1+γ OPT[w].

Proof. Our key technical lemma shows that if non-survivor
bids are essentially given a late-arriving penalty, then the
optimal offline matching coincides withMα(γ)’s solution:

LEMMA 5.1. S = OPT[w̃] for w̃(i)=

{

wsv(i), if i ∈ S
w(i)
1+γ , if i /∈ S

We prove this Lemma in Section A. To finish the theorem, let
ŵ(i) = max(wsv(i), w(i)

1+γ ) if i ∈ S, andw(i)
1+γ otherwise. We

have w(S) ≥ ŵ(S) = OPT[ŵ] ≥ OPT[w]/(1 + γ): each
inequality is implied by the fact that no bidder’s contribution
decreases when going from the left to the right hand side.
Lemma 5.1 yields the equality: when going from̃w to ŵ

only bids already in the optimum (i.e.S) can increase.

The following bound assures us that not too much utility
(of bumped bidders) is sacrificed for high efficiency:

THEOREM 5.2. Total bumped bidder weightw(R)≤wsv(S)
γ .

Proof. Foranr ∈ R, let s∗(r) ∈ S be the survivor at the end
of the sequence of bumps that starts fromr. For ans ∈ S,
let Rs be the refunded bidders ins’s sequence of bumps:
Rs = {r ∈ R : s∗(r) = s}. As R is the disjoint union ofRs

for all s ∈ S, the theorem follows by showing:

(5.3) For alls ∈ S, w(Rs) ≤ wsv(s)/γ.

To show Eq. (5.3), fixs ∈ S, and, to simplify notation,
assume that the elements inRs are1, 2, . . . , s − 1, s: j + 1
bumpsj, ∀ 1 ≤ j < s. We now show that:

∑s−1
j=1 w(j) ≤

wsv(s)/γ. As s bumpss − 1, ws−1 ≤ wsv(s)
1+γ . As j + 1

bumps j, ∀ 1 ≤ j ≤ s − 2, wj ≤ wj+1

1+γ . Thus by

induction,wj ≤ wsv(s)(1 + γ)j−s, ∀ 1 ≤ j < s. We get
∑s−1

j=1 wj ≤ wsv(s)
∑s−1

j=1(1 + γ)j−s ≤ wsv(s)/γ.

Let the effective weightof a solution be the weight of the
matching minus a penalty amounting to the total utility loss
by bumped bidders (αw(i) for eachi ∈ R). Theorem 5.2
implies w(S) − αw(R) ≥ w(S)(1 − α/γ), implying (by
Theorem 5.1) the following lower bound on effective weight:

COROLLARY 5.1. The Mα(γ) mechanism is a1−α/γ
1+γ -

approximation to theoptimal offline matching in terms of
effective weight:w(S) − αw(R) ≥ 1−α/γ

1+γ OPT[w].

Theorems 5.1 and5.2 have analogs in [11]. Our con-
stants are tighter because in our model, a bidder’s value for
any slot is the same, and all edges incident to a bidder arrive
simultaneously. Our bounds are almost tight:

EXAMPLE 2. (TIGHT BOUNDS) Considerk+2 truthful bid-
ders competing on one item; thei-th bidder to arrive has
value (1 + γ)i−1 unlessi = k + 2, whose value is(1 +
γ)k+1 − ε. Bidder i + 1 bumpsi, ∀ 1 ≤ i ≤ k. Only the
k + 1-st bidder survives. Bumped bidders’ total weight is
∑k−1

i=0 (1+γ)i = ((1+γ)k −1)/γ. OPT = (1+γ)k+1−ε.

We also show anupperbound on how wellanydeterministic
algorithm can approximate the effective weight:

THEOREM 5.3. Fix n (the number of bidders). No deter-
ministic online algorithm can approximate the optimal of-
fline matching in terms of effective weight with a factor bet-
ter thancn, wherecn is the lowest number (if any) in[0, 1]
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for which Eqs.(2.4)and (2.5)simultaneously hold (see Sec-
tion B). Based on computingcn numerically, we conjecture
that cn approaches2α + 1 − 2α0.5(α + 1)0.5 asn → ∞.

For α <
√

5−1
2 ≃ 0.618 and the bestγ given α, the

approximation ratio in Corollary 5.1 forMα(γ) matches this
upper bound. (See Section B for further discussion.)

6 Detailed game-theoretic analysis
We now focus on the game-theoretic properties induced by
our mechanism. We first offer some more intuition on sur-
vival and acceptance weights and then prove Theorem 3.1.

Recall from Section 4 thati is rejected ifw(i) < wac(i),
bumped if wac(i) ≤ w(i) < wsv(i) and a survivor if
wsv(i) ≤ w(i). If i bumpsj∗, wac(i) = (1 + γ)w(j∗)
but wsv(i) can either be(1 + γ)w(j∗), w(k) for a (past
or future) bumped bidderk or w(k)

1+γ for a futurerejectedk.
Thus,wac(i) can be computed wheni arrives butwsv(i) may
depend on future bidders and can only be computed atT .

Let us focus now on a survivori’s (w(i) ≥ wsv(i))
payment in Eq. (4.2). The common case is whenwac(i) <
wsv(i): i gets a discount amounting to the highest bump
payment she could have otherwise obtained:αwsv(i). The
special case ofwac(i) = wsv(i) occurs wheni’s acceptance
is enough for her survival (in particular ifi is the last bidder).
When wac(i) = wsv(i), from the bidder’s point of view,
Mα(γ) posts a price ofwsv(i).

Say that in Example 1 a bidderB5 were to arrive after
B4 bidding 10.5 on Ia. Only wsv(3) would change to
10.5
1.5 = 7 andB3’s pricewould now be(1−α) ·7 which may

belower than 6.6. Unless a bidderi’s wsv(i) price coefficient
goes from1 to 1−α (like in Example 1 forB3 if B5 arrives),
i’s price cannot go down if new bidders arrive.

6.1 Proof of Theorem 3.1.If bidder i bids her true
value v(i), then her utility is eitherv(i) − pi ≥ v(i) −
wsv(i) ≥ 0 if she survives,0 if she is rejected, orαv(i) −
αv(i) = 0 if she is bumped. This establishes (1).

If wac(i) < wsv(i), bidder i’s highest possible bump
payment isαwsv(i). The price of(1 − α)wsv(i) has been
chosen such thati prefers winning to being paidαwsv(i) if
and only ifv(i) ≥ wsv(i). That is,i’s best response is to bid
just belowwsv(i) if v(i) < wsv(i) and to bid her true value
otherwise. This establishes (2), (3) and (4) for this case.

If wac(i) = wsv(i), then i can never get a bump
payment andi simply faces a take-it-or-leave-it offer of
wsv(i). Bidding truthfully is a best response in this case,
and (2), (3) and (4) follow.

6.2 Speculator Strategies.In this section we fo-
cus on speculators’ strategic behavior, assuming speculators
have more manipulations available: speculators may collude
with each other, lie about their choice setsN(i) or arrival
times, and may also have valuev(i) = 0 (i.e., they may have

no value for an item).
Prop. 6.1 bounds speculators’ total monetary profit:

PROPOSITION6.1. Speculators’ profit is at mostαOPT/γ.

At first glance, it would seem that speculators’ best
strategy is to induce an assignment of actual bidders of
weight as high as possible in the survivor set, since then
overall bump payments would be maximized. This is true in
some cases but not always, and indeed colluding speculators
may even want some of them to survive:

THEOREM 6.1. Under theMα(γ) mechanism,

• there exist input instances such that optimal speculator
bidding induces optimal efficiency, and truthful bidding
is a Nash Equilibrium for all non-speculators;

• there exist input instances where optimal speculator
bidding induces sub-optimal efficiency,

• there exist input instances where there is no pure-
strategy Nash equilibrium,

• there exist input instances where speculators achieve
higher profit if they “sacrifice,” i.e. some of them
intentionally survive so that others obtain high refunds.

We may conclude from this theorem that it is unrea-
sonable to expect stronger incentive properties than Theo-
rem 3.1, such as truthfulness or a Nash Equilibrium. How-
ever, despite all the game-theoretic complexity that can arise
from speculators, their effect on efficiency and revenue can
still be bounded: implicitly via the results in Section 3 or
explicitly in Prop. 6.1.

6.3 Other game-theoretic considerations.We
now ask a couple of “what if?” questions, whose answers
further help motivate our model choices.

For stronger incentive properties, a standard modifica-
tion to Mα(γ) is to pay a bumped bidderi αwsv(i) (a bid-
independent amount) instead ofαw(i). Example 3 shows
why this may result in a deficit:

EXAMPLE 3. (Alternate bump payments) Consider two
bidders on one item:B1 arrives first, bidding1, followed by
B2 biddingL > (1 + γ)2/α. BidderB2 survives and pays
1 + γ. If B1’s bump payment wereαwsv(e) = αL/(1 + γ)
then the choice ofL ensures thatB1 is paid more thanB2

pays, i.e. the mechanism runs a deficit.

We assumed throughout that as soon as a bidder arrives,
her choice set is known. If however that is private informa-
tion as well, incentives become weaker: in an example in the
full version, no bid by a certain bidder on her true choice
set is a best-response if bidding on different item(s) instead
is allowed. We have however the following conjecture: if a
bidder prefers surviving to being refunded, she is better off
bidding on her true choice set.
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One can show that, if bidders myopically and simultane-
ously best-respond (over sequences of instances ofMα(γ)),
they may reach bid vectors with a negative sum of utilities.

Given the instantaneous nature of bidders, temporal
manipulations (such as changes in the order of arrival or
multiple bids) become less motivated. Note however that
in Mα(γ) a certain item’s price is never decreasing with
a new bidder which makes more attractive only temporal
manipulations that improve bump payments.

6.4 Implementation in undominated strategies
In this section, we position our results with respect to a
related algorithmic game theory concept.

DEFINITION 3. (BABAIOFF ET AL . [3]) A mechanismM
is analgorithmic implementation in undominated strategies
(AIUS) of ac-approximation algorithm if there exists a setD
of dominatingstrategies such that

• M obtains ac-approximation whenever all players play
strategies fromD

• for any strategys 6∈ D, there existss′ ∈ D (computable
in polynomial time froms) that dominatess.

Let D be the set of strategies representing truthful bids
and overbids. Fix ac and a domainV such that VCG’s
revenue is ac fraction of the offline optimum for any set of
bids fromV . ThenMα(γ) is an AIUS of the VCG mechanism
on V with respect to revenue.Mα(γ) only satisfies Def. 3
for efficiency under the mild assumption of Theorem 3.2.
Otherwise, forD, the true value of winners may be small
(if winners overbid to the extreme) even though any strategy
not in D is dominated by being truthful. On the other hand,
being truthful does not dominate a higher bid: a higher bump
payment may be achieved by a losing truthful bidder.

However, being truthful is an equilibrium in undomi-
nated strategies ofMα(γ) and we argue that it is afocal point
(Schelling [12]), being highlighted by Theorem 3.1.

7 Extensions
All our results extend to a setting where the items for sale
are elements of a matroid, which is more general than slot
allocation. A bidder bids onexactly one element of the
matroid, which is known ahead of time to the seller and may
vary across bidders. A set of bidders is then feasible if the
set containing each bidder’s element forms an independent
set of the matroid. In the bipartite matching setting, the
seller’s matroid contains sufficiently many copies of one
element for each subset of slots. A set of bidders (elements)
is independent if the bidders can be matched to slots such
that each one receives a slot from her subset.

In a different direction, our results also extend to a
(strictly bipartite matching) setting where a bidder’s value
for a setI of items is the sum of values for each item in

I (no bidder can express substitute items). In this setting,
the multi-item matching problem is actually a collection of
single-item matching problems since bids on two different
items can never interact. We preferred the basic setup
(bipartite matching where a bidder is interested in one out
of a set of substitute items) for clarity of exposition.

By starting out with dummy bidders with non-zero
values, the seller can setreserve priceson items.

8 Concluding Remarks
Advertisers seek a mechanism to reserve ad slots in advance,
while publishers present a large inventory of ad slots and
seek automatic, online pricing and allocation of reservations.

In this paper, we present a simple model for auctioning
such ad slots in advance, which allows canceling allocations
at the cost of a bump payment. We present an efficiently
implementable online mechanism to derive prices and bump
payments that has many desirable properties of incentives,
revenue and efficiency. These properties hold even though
we may have speculators who are in the game for earning
bump payments only. Our results make no assumptions
about bids’ order of arrival or their value distribution.

Our work leaves open several technical and modeling
directions to study in the future. From a technical point of
view, the main questions are about designing mechanisms
with improved revenue and efficiency, perhaps under addi-
tional assumptions about value distributions and bid arrivals.
Also, mechanisms that limit further the role of speculators
will be of interest. In addition, there are other models that
may be applicable as well. Interesting directions for future
research include allowing a bidder to pay more for higherγ
(making it harder for future bidders to displace this bidder)
or higherα (being refunded more in case of being bumped).
Other mechanisms may allowα to be a function of time be-
tween the acceptance and bumping. Accepted advertisers
may be allowed to withdraw their bid at any time. Finally,
advertisers may want a bundle of slots, say many impres-
sions at multiple websites simultaneously, which will require
a combinatorial extension of our model and mechanism.

We believe that there is a rich collection of such mech-
anism design and analysis issues of interest that will need to
inform any online system for advance ad slot reservations.
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A Proof of Lemma 5.1.
In this section it will be simpler to have as initial matching
A0 for Mα(γ) an arbitrary perfect matching on dummy
bidders instead of the empty matching. We introduce dummy
bidders (one per item, each bidding 0) whose choice set is the
whole set of items, arriving before all actual bidders. This
will ensure that a perfect matching is maintained byMα(γ),
but will not affect other arguments below5

At time t, we call currently accepted biddersalive, and
denote the set of alive bidders asAt. Let Xt = {b ∈
At−1 : At−1 ∪ {t} \ {b} can be matched};Xt is the set
of alive bidders att − 1 that can be swapped fort and
j∗ = argminj∈Xi

w(j) (see Algorithm 1).
Assume wlog that bidderi arrives at timei. We denote

by wsv
≤t(b) the minimum bid bidderb must make in order to

survive up to and including timet. Thenwac(b) = wsv
≤b(b)

andwsv(b) = wsv
≤T (b). It is clear thatwsv

≤t(b) ≤ wsv
≤t+1(b).

DEFINITION 4. Let B be a set of bidders. We say thatB is
tight for a bidderi at timet if all bidders inB are alive att,
B can be matched butB ∪ {i} cannot be matched. We say

5When biddert arrives, assumeAt−1 = A∪D whereD only contains
dummy bidders and there exists a matchingIt of A ∪ {t} which matchest
to some itemit. By reassigning dummy bidders, we can assume that actual
bidders are matched according toIt. Then biddert can bump at least the
dummy bidderd ∈ D that is matched toit in At−1.

thatB γ-dominates a bidderi at timet if B is tight for i at t
and ∀ b ∈ B, we havewsv

≤t(b) ≥ w(i)/(1 + γ).

LEMMA A.1. Xt is tight for t at t.

Proof. Xt can be matched sinceXt ⊆ At−1. Suppose for a
contradiction thatXt∪{t} can be matched. ThenXt 6= At−1

sinceAt−1 is a perfect matching by assumption. Therefore
there existsX ⊂ At−1 \ Xt, |X| = |At−1| − |Xt| − 1 such
that Xt ∪ {t} ∪ X can be matched. There exists exactly
one bidder{y} = At−1 \ (Xt ∪ X) and we have that
Xt ∪ {t} ∪ X = At−1 ∪ {t} \ {y} is a perfect matching,
implying y ∈ Xt, contradiction.

Let i∗ be the time step wheni ceases to be alive (i.e.i∗ = i
if i is not accepted or the timei is bumped ifi was accepted).
We inductively construct a sequence{Bt}i∗≤t≤n as follows:
if i is not accepted,Bi = Xi; if i is bumped byi∗ then
Bi∗ = Xi∗ ∪ {i∗} \ {i}. At time t ≥ i∗ + 1,

• if no bidder inBt−1 is bumped, then we letBt = Bt−1.

• if t bumps someb ∈ Bt−1 then we letBt = (Bt−1 ∪
Xt ∪ {t}) \ {b}

We will prove inductively ont that

LEMMA A.2. Bt γ-dominatesi at timet.

Proof. By definition, all bidders inBt are alive att. We
proceed by induction starting with the base caset = i∗.
If i is not accepted (i∗ = i), i cannot bump any bidder
in Xi: therefore ∀ b ∈ Xi, w

sv
≤i(b) ≥ w(i)/(1 + γ). Xi

is tight for i at i by Lemma A.1. If i is bumped, then
w(i) ≤ wsv

≤i∗(r), ∀ r ∈ Xi∗ . Bi∗ = Xi∗ ∪ {i∗} \ {i} can be
matched since they are all alive ati∗. Xi∗ ∪ {i∗} cannot be
matched: otherwisei∗ would not bumpi ∈ Xi∗ .

In the inductive step, we assume thatBt−1 γ-dominates
i at t − 1. If at time t, no bidder inBt−1 is bumped,
then the claim obviously holds by the induction hypothesis.
Otherwise, letb ∈ Bt−1 be the bidder that is bumped byt.
Clearly,(Bt−1 ∪ Xt ∪ {t}) \ {b} can be matched since they
are alive att. Suppose for a contradiction thatBt ∪ {i} =
(Bt−1∪Xt∪{t})∪{i}\{b} could be matched.i /∈ Bt since
i is no longer alive.Bt−1 ∪ Xt can be matched since they
are all alive att− 1. As |Bt−1 ∪Xt| = |Bt ∪{i}|− 1, either
Bt−1 ∪ Xt ∪ {i} or Bt−1 ∪ Xt ∪ {t} can be matched. The
first case is not possible since a subset,Bt−1 ∪ {i}, cannot
be matched (by the induction hypothesis); the second case is
not possible sinceXt∪{t} cannot be matched (Lemma A.1).
We have reached a contradiction, soBt must be tight fori.

By the induction hypothesis, ∀ b′ ∈ Bt−1,
wsv(b′)≤t−1 ≥ w(i)/(1 + γ). As noted before, sur-
vival thresholds can only increase fromt − 1 to t and
w(t) ≥ (1 + γ)w(b).
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Proof. [Proof of Lemma 5.1] LetV be theOPT[w̃] as-
signment(where ties are broken in favor of bidders inS).
Suppose for a contradiction that there exists a non-survivor
i ∈ V . By Lemma A.2 for timen, i is dominated by a set
Bn ⊆ S at timen. Sincei /∈ S, but Bn ⊆ S, in w̃ any
bidder inBn has a higher weight thani.

SinceV is a perfect matching andBn can be matched
there must existV ′ ⊂ V \Bn, |V ′| = |V | − |Bn| (V ′ = ∅ if
Bn is a perfect matching) such thatBn ∪ V ′ is a (perfect)
matching. We know thatBn ∪ {i} cannot be matched,
thereforei /∈ V ′. However,i ∈ V thereforei ∈ V \ V ′.
V \{i} can be matched and has size|V |−1. Therefore there
∃b ∈ Bn ∪ V ′, b /∈ V \ {i} such thatV ∪ {b} \ {i} can be
matched. That impliesb ∈ Bn ⊆ S, i.e. w̃(b) ≥ w̃(i). But
thenV ∪ {b} \ {i} is a perfect matching of higher weight
thanV , contradiction. That is,V \ S = ∅, i.e. V = S since
both are perfect matchings.

B Proof of Theorem 5.3
For c ∈ R+, consider one item and a sequence of bids
{ak(c)}1≤k≤n on it such thata1 = 1, a2 = 1

c > 1 and

cak+1(c) = ak(c) − α
∑k−1

j=1 aj(c)∀ k ≥ 2, implying

cak+1 = (1 + c)ak − (1 + α)ak−1 ∀ k ≥ 2(2.4)

For a fixedn ≥ 1, we will look for ac = cn such that

(2.5) an(c) − α
n−1
∑

j=1

aj(c) = can(c) ⇐⇒ an

1 + α
= an−1

E.g. c2 = 1
1+α > c3 = 1

1+2α > c4 = 2

1+3α+
√

(1+5α)(1+α)
.

Unfortunately, cn does nothave a nice closed form for
n ≥ 4 (in addition,cn may be not be unique - the smallest
cn ∈ [0, 1] is then of interest). Furthermore, for certainc and
n no such sequence may exist.

Proof. [Proof of Theorem 5.3] Suppose towards a contradic-
tion that there was a deterministic algorithmA with a com-
petitive ratioc′ > cn. Assume that the bids that arrive are
a1, . . . , ak0

for some1 ≤ k0 ≤ n. Then at eachk, the al-
gorithm A must acceptak, or its competitive ratio will be
smaller thancn when k = k0. This is clear fork = 1.
Fix k ∈ [2, n − 1]. Let Mk be the highest (i.e. the offline
optimum) of a1, . . . , ak. If A does not acceptk then the
competitive ratio on inputa1, . . . , ak will be at most

ak−1(cn) − α
∑k−2

j=1 aj(cn)

Mk(cn)
=

cnak(cn)

Mk(cn)
≤ cn

where the equalityfollows from Eq. (2.4). Now we claim
thatwhether or notA acceptsan, the competitive ratio will
be at mostcn, which contradicts our assumption. Ifan is
accepted,α

∑n−1
j=1 aj has been lost due to bumping bidders
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2α +1 − 2 α0.5 (α + 1)0.5

Mα(γ) for best γ 
 = max(α + (α2 + α)0.5, α/(1−α))

Figure 1: Effective efficiency competitive ratio (EECR)
bounds as a functionof α. The top curve isc3 = 1/(1+2α).
The middle curve is a numerical upper bound (c = cn

of Eq. (2.5)) on any deterministic algorithm’s EECR. The
bottom curve shows (alower bound on) our algorithm’s
EECR for the bestγα: it matches the upper bound for
α < 0.618. γ is constrained byα < γ/(γ + 1); if it were
not, the bounds would match for allα.

1, . . . , n − 1; if an is rejected the effective efficiency is
an−1 − α

∑n−2
j=1 aj . By Eqs. (2.4) and (2.5), both quantities

are acn fraction of an, which in turn is at mostMn, the
optimal (effective) efficiency.

Figure 1 strongly suggests that the competitive ratio of
any algorithm cannot be higher than2α+1−2α0.5(α+1)0.5,
shown as squares in the figure. Note that for thisc the
characteristic equation of Eq. (2.4) has a double root.

The triangles plot the minimumc found for the corre-
spondingα for different values ofn (we used Fibonacci val-
ues up to rank 12, i.e. largestn was 144). Thec values were
found via binary search. It was true in general, although not
always, that the highern, the lowercn. We suspect that there
exists an increasing sequence of integers{ni}i≥1 such that a
solutioncni

to Eqs. (2.4) and (2.5) converges from above to
2α + 1 − 2α0.5(α + 1)0.5 asi → ∞.

Let u(γ) = 1
1+γ

(

1 − α
γ

)

, the competitiveratio from

Corollary 5.1. Subject to the constraintα ≤ γ
γ+1 , u(γ) is

maximized forγ0 = max{α +
√

α2 + α, α
1−α}. u(γ0) is

displayed in Fig. 1by circles. The value 0.618 (the golden
ratio) is where α

1−α becomes higher thanα +
√

α2 + α. If
α < 0.618, u(γ0) = 2α + 1 − 2α0.5(α + 1)0.5, which
matches the numerical upper bound. The top curve plots
c3 = 1/(1 + 2α).
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