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Abstract

We design and analyze an on-line reordering buffer man-

log k
loglog k

agement algorithm with improved O ( ) compet-
itive ratio for non-uniform costs, where k is the buffer
size. This improves on the best previous result (even
for uniform costs) of Englert and Westermann (ICALP
2005) giving O(log k) competitive ratio, which was also
the best (off-line) polynomial time approximation guar-
antee for this problem. Our analysis is based on an
intricate dual fitting argument using a linear program-
ming relaxation for the problem that we introduce in
this paper.

1 Introduction

Problem statement and motivation. In the
reordering buffer management problem [23], a stream
of colored items arrives at a service station equipped
with a buffer that has a limited storage capacity of k
items. The buffer is used to permute the input stream
(in a limited way) in order to minimize the context
switching cost, which is incurred whenever there is a
color change between consecutive items served. More
specifically, when the buffer fills up (after receiving the
first k items), an item from the buffer is chosen to be
evicted and served, and then the next input item enters
the buffer. At this point, the next output item is chosen
and evicted from the buffer, and another input item
enters the buffer. The eviction process goes on until the
buffer is empty (this happens k steps after the input
stream is exhausted). The total cost depends on the
color changes in the output sequence. We denote the
length of the input stream by N and the set of colors
present in the input stream by C.

There are quite a number of compelling applications
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that motivate this problem, in areas such as produc-
tion engineering, shipping, network optimization, file
servers, computer graphics, storage systems, and infor-
mation retrieval [23, 18, 22, 24, 7]. For example, a node
in a computer network may delay temporarily some out-
going communication streams in order to merge streams
with the same destination and thus reduce the overhead
required to initiate a connection. To suit the generic
model, different applications may require different ser-
vice cost functions. The simplest model is uniform costs.
Each color change costs 1. A more complicated model
involves non-uniform costs. The cost of changing the
color to ¢ is w(c), depending on c¢. Both models may
apply to the above communication stream merging ex-
ample, depending on the appropriate cost model for es-
tablishing a connection. To illustrate further the ver-
satility of this model, consider two additional settings
discussed in the literature. The first setting is an au-
tomotive paint shop [18], where switching paint colors
between consecutive cars costs fixed cleanup and setup
time and materials. In this case uniform costs apply.
The second setting is that of a 3D graphic rendering en-
gine [22], where a change in attributes between consec-
utive rendered polygons slows down the graphic proces-
sor as the rendering program needs to be replaced. Here
non-uniform costs are appropriate, because the size of
the rendering program that needs to be loaded depends
on the attributes.

In most applications, it is more reasonable to as-
sume that the input stream has to be handled on-line, so
the decision on which item to evict from the buffer has to
be taken before the rest of the input sequence is known.
Moreover, in the on-line setting the problem is funda-
mentally appealing due to its simplicity and elegance,
the difficulty encountered in attempting to solve it, and
its interpretation as a natural and well-motivated model
generalizing lookahead. (Notice that if k¥ = 1 then the
output stream is identical to the input stream, and if
k = N, then the entire input stream can be stored and
then permuted optimally, even by an online algorithm.)
We follow previous work on the problem and adopt the
pervasive notion of competitive analysis to evaluate the
performance of on-line algorithms for reordering buffer
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management. In other words, we compare the cost of an
algorithm’s output to that of an optimal off-line solu-
tion, and bound the worst case approximation guarantee
of the on-line algorithm.

Our contribution. We give an O (log’igk)—
competitive deterministic on-line algorithm, named
threshold or lowest cost (TLC), for reordering buffer
management with non-uniform costs. This improves the
previous best on-line as well as off-line approximation
guarantees known for the problem with either uniform
or non-uniform costs (see below). The analysis of TLC
is an intricate dual fitting argument. We introduce a
new linear programming relaxation for reordering buffer
management, and we use it to lower bound the cost of an
optimal off-line algorithm. Our on-line algorithm does
not use the relaxation. It is only used in the analysis.
We use the algorithm to construct a partial solution to
the dual program. We then use a second duality argu-
ment to show that the partial solution can be completed
to form a feasible dual solution whose value is close to
the cost incurred by the algorithm.

Previous work. Récke, Sohler, and Wester-
mann [23] introduced the reordering buffer management
problem. They demonstrated that the problem with
uniform costs is substantially distinct from seemingly
similar on-line problems, such as paging, by showing
that standard algorithms (FIFO, LRU) perform poorly
in this case (Q(vk) competitive ratio).! Ricke et al.
proposed a new algorithm named bounded waste (BW)
and proved that with uniform costs it is O(log? k)-
competitive. Englert and Westermann [13] later pre-
sented an algorithm named mazimum adjusted penalty
(MAP) that generalizes BW to handle the non-uniform
case (BW performs poorly in this case). They also im-
proved the competitive analysis to O(logk). The anal-
yses of [23, 13] differ appreciably from each other and
also from our analysis. For example, the analysis of [13]
relates the performance of MAP to that of an optimal
solution using a smaller buffer of size %, and then shows
that an optimal solution for a buffer of size k£ can gain at
most a factor of O(log k) over the solution for a buffer of
size £. Aboud [1] proved that the analysis of the latter
step in this argument is asymptotically tight, and there-
fore it seems that a different approach is indeed needed
in order to improve those results.? Our algorithm is
similar to but not identical to MAP. We do not know if
our analysis can be modified to apply to MAP.

TLargest color first is Q(k)-competitive [23], whereas doing

nothing (leaving the input stream as is) is exactly (2k — 1)-
competitive [13].

2In fact, the argument remains tight even if the optimal cost
for a size £ buffer is replaced by the value of our relaxation for

4
such a buffer.
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The above algorithms and analysis also provide
the best off-line approximation guarantees for reorder-
ing buffer management with uniform or non-uniform
costs prior to our work. Kohrt and Pruhs [21] gave
constant factor (off-line) approximation algorithms for
the complement objective of maximizing the number
of color changes in the input stream that are avoided
in the output stream. Their approximation guarantees
were later improved by Bar-Yehuda and Laserson [5].
No non-trivial lower bounds are known for any of the
above problems. It is not known if the problems are
polynomial-time solvable or NP-hard, and there are no
lower bounds on their competitive ratio. This is also
true of the specific algorithms analyzed, including our
own. These algorithms might actually have a much bet-
ter competitive ratio than what was proven about them,
possibly even a constant competitive ratio.

Some applications require other cost functions, and
those were addressed in several papers. The upper
bounds on the competitive ratio that these papers prove
depend on the number of colors or on the length of the
input stream, and not only on the buffer size. The case
where the colors are points in a line metric, and a color
change costs the distance between the two colors corre-
sponds to a problem of disk arm scheduling. This was
first addressed by Khandekar and Pandit [19, 20], who
gave a quasi-polynomial time constant factor off-line ap-
proximation algorithm, and an O(log? |C|)-competitive
randomized on-line algorithm for the problem.? Gamzu
and Segev [17] gave an improved O(log|C|)-competitive
deterministic on-line algorithm for evenly spaced points
on a line, and an O(log N loglog N)-competitive de-
terministic on-line algorithm for the continuous line.
They also gave a 2.154 lower bound on the competi-
tive ratio of the line problem. This is the only non-
trivial lower bound on the competitive ratio of reorder-
ing buffer management under any cost function. Fi-
nally, Englert, Ricke, and Westermann [12] considered
the problem where the colors are points in an arbitrary
metric space. This general case is known to be NP-hard,
as the special case of a buffer with infinite capacity is
simply the metric traveling salesman problem. Englert
et al. gave an O(log® klog|C|)-competitive randomized
on-line algorithm for this case. Their algorithm is based
on an O(log? k)-competitive deterministic on-line algo-
rithm for hierarchically separated tree (HST) metrics
(see [6]) and both the randomness and the O(log |C)
factor stem from approximating arbitrary metrics by
distributions on HSTs (see [14]). When adapted to the
non-uniform costs model, their algorithm is determin-

3The on-line algorithms proposed for uniform and non-uniform
costs, including our own, are all deterministic.
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istic and gives an alternative O(logk) guarantee. The
proof involves a rather intricate potential function ar-
gument, a different approach from either the analysis of
MAP or the analysis of our algorithm.

Several other problems with a similar flavor were
discussed in the literature. The k-client problem [3]
is a multi-threaded variant of the reordering buffer
problem. Each position in the buffer is fed by a
separate input stream (but there’s a single output
stream). The choice of item to evict affects the next
input item, so intuitively it seems that the adversary
generating the input streams has greater power in this
case. Our results give the first rigorous demonstration
of this intuition: there is an Q(logk) lower bound on
the competitive ratio of any deterministic algorithm
for the k-client problem,* even in the uniform costs
case [3], whereas our reordering buffer algorithm beats
this bound. Another rather closely related problem
was proposed in [11]. The paper analyzes the classical
on-line multiprocessor makespan minimization problem
with a reordering buffer prepended to the scheduling
process. Thus, computing the cost of the output
stream is itself a hard optimization problem. Finally,
alternative reordering models also make sense in the
context of some applications. For example, the web
caching with reordering problem [15, 2], motivated by
the application of caching web pages to speed up access,
offers an alternative reordering model, where an input
request can be delayed up to k steps. Clearly, a buffer
of size k can generate all such permutations, but it can
also generate additional permutations that delay some
requests more than k steps.

Linear programming relaxations have been used in
the past in the competitive analysis of on-line algo-
rithms, most notably in the on-line primal-dual schema
introduced in [4, 9, 16] (see also [8] for additional refer-
ences). The approach applies to covering/packing lin-
ear programs (possibly with some ad-hoc adjustment).
The algorithms use the linear programs and their du-
als explicitly to form a good fractional solution on-line.
The fractional solution is then rounded (often using ran-
domness) on-the-fly to solve the original problem. Our
relaxation does not seem to fit into their framework.
Moreover, we derive a deterministic algorithm. We note
that dual fitting, the tool that we use in our analysis, is
a common technique in analyzing off-line approximation
algorithms; this tool, too, was previously used primarily
to analyze greedy algorithms for problems that can be
relaxed to covering/packing linear programs, such as set
cover (see [25, Chapter 13] and see [10] for an example
in on-line computing).

TAlso, the same paper gives (2k — 1)-competitive algorithms.
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2 Preliminaries

We denote the input sequence by 1,2,--- , N. The color
of input element ¢ is ¢(¢). For an input element ¢ let p(i)
(respectively, n(i)) denote the previous (respectively,
next) input element with color ¢(i). Let last(i) (re-
spectively, first(i)) denote the last (respectively, first)
input element with color c(i). We use the convention
p(first(i)) = 0 for all 4. For the first k steps input ele-
ments are stored in the buffer and no element is output,
so the elements are output in steps k+1, k+2,--- ,k+ V.
Given a feasible permutation 7 (a permutation of the in-
put sequence that can be realized using a buffer of size
k), we denote by e, (j) the input element output at step
J, and by t,(i) the output step in which the input ele-
ment 7 is output. In other words e, (j) = 7~1(j—k) and
tr(i) = mw(i) + k. Whenever 7 is clear from the context
we omit the subscript « from the above notation, and
use e(4), t(i).

Our algorithm maintains and updates a counter for
every input element. We will denote the value of i’s
counter in step j by ¢%. For every 4, ¢} is monotonically
non-decreasing in j, and cpg» =0 for all j < i. We denote
by B; the content of the buffer that the algorithm holds
in step j.

3 The TLC Algorithm

The algorithm has an active color at each step. As long
as the buffer contains an element of the active color,
the algorithm outputs the first such element. When the
buffer no longer contains such an element the algorithm
chooses a new active color. The new active color is
chosen using the counters <p§, where j is the current
step, as follows. (Recall that w(c) is the cost of changing
the active color to ¢.) If there is a color ¢ such that
Dien;ne(iy=c 5 = w(c) then choose any such color ¢
to be the new active color (free change). Otherwise,
choose a color ¢ with the smallest w(c) such that there
is an element of color ¢ in the buffer (paid change).
In the latter case, update the counters as follows: add
% to the counter of every element in the buffer. To
simplify notation we use ¢’ to denote wii , which is
the maximum counter value of element i. Let Crprc
denote the total cost of the algorithm’s solution (on the
instance being discussed).

Fact 3.1. For every set I of elements of the same color
c that are in the buffer at the same time,

Zg@i < 2-w(c).

iel

Proof. Assume for contradiction that there exists such a
set I, and ), ;' > 2-w(c). Let j be the step in which
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there is a color change to color ¢, Y7,c; 9% | < w(c)
and Y, 5 > w(c). Because this is a paid change and
the algorithm chooses the color in the buffer with the
minimum cost, w(c¢’) < w(c). Moreover, it holds that

RS <<p§1 + ng)) .

el iel
As |I] < k,
et <Y wi () <wl(e) +uw(@) <2 w(o).
el el

Notice that after step j the counters of the elements in
I do not increase, since every color change between step
j and the step that the algorithm outputs I is a free
color change. Therefore, >, ;' = >, 9% < 2-w(c),
in contradiction to our assumption. |

Fact 3.2.

N .
Cric <2-) ¢

i=1

Proof. Let Cy,C5 denote the total cost of the free
and paid color changes, respectively. Let Jy,Jo
be the steps in which those color changes occur.
Let 7 € Ji be a color change to color ¢;. It
holds that 3=;cp 1), ¢5 = w(c;). Moreover Cy =
> jers, w(cj). Therefore,

C =

IGED DD

N
05 <Y o,
JjE€I JEJ1i€BjAc(i)=c; i=1
where the last inequality follows because all elements ¢
for which gpé contributes to the summation are removed
from the buffer in sequence starting at step j. Therefore
each element appears in the sum at most once. Let
j € Ja be a color change to color ¢. Then for each
element i € Bj, ¢ increases by w©) At each step
there are k elements in the buffer. Therefore, the
total counters value increases by w(c), and thus Cy <

i

SN @i, Finally, we sum the two parts to get

N
Crc=C1+C2<2-) ¢

i=1
which completes the proof. |

4 Competitive Analysis

In order to analyze TLC we characterize the optimal off-
line solution using the following integer linear program,
which we denote by 1P. For every input element i and
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for every output time slot j > ¢ we have a 0-1 variable
x;,; that indicates if 7 is output in step j.

n(i)—2
21p = minz w(c) + Z Z w (c(?)) - @i

ceC i#last (¢) j=max{i,k+1}

k+N

s.t. Z

j=max{i,k+1}

Ti,j5 Z 1 Vi

J
> ow <1 Vi

i=1

Ty, — Tij—1 >0 Vi#last(i); Vj > n(i)
z;j € {0,1} VisVy > i,

Informally, the first and second sets of constraints imply
that every element 7 is output exactly once and that
in every time step exactly one element is output. The
third set of constraints implies that elements of the same
color are output in the same order they arrived, and
that there will be no color change as long as the buffer
contains an element of the active color. The second term
in the objective function implies a cost of w(¢) whenever
an element of color ¢ is output before the next element
arrives. (Note that this requires a color change in the
output sequence.) The additive (first) term pays for
the last time each color is output (so there is no next
element of this color in the input sequence). Formally,
we prove the following proposition.

PROPOSITION 4.1. For every inpul sequence, zip =
Copr-

Proof. We first show that given an optimal solution OPT
of cost CopT, we can construct a solution z to 1P with
the same cost, proving that Copt > 2rp. We set x; ; to

indicate if ¢ is output at step j. Thus, for every element
k+N

i
j=max{i,k+1}
J
Z 235 =1 <1, as OPT outputs a single element in step
i=1
;'. For any optimal solution we may assume that for
any color, the order of the elements of this color in the
input sequence is preserved in the output sequence ([21,
Lemma 2]). Moreover, at any step of the solution if
there is an element of the color last served in the buffer,
the solution will output this element ([20]). Therefore,
if ¢ is output at step j — 1 and n(i) entered the buffer
before step j, then n(i) is still in the buffer at step j as
it wasn’t served before i, and it must be served at step
j as it is the next element of the same color. Thus, if
ri;-1 = 1 and j > n(i) then z,;  ; = 1, so the third
set of constraints of 1P is also satisfied. OPT pays w(c)

x;5 =12>1. For every step j > k + 1,
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at step j when there is a color change from color ¢ at
that step. This is equivalent to the model of paying
w(c) when changing to color ¢. A color change (from
color ¢(7)) occurs when ¢ is output at step j (z;; = 1)
and n(7) is still not in the buffer in the following step
(n(i) > j+ 1), or if i = last(i). Therefore

n(i)—2

> X

i#last (i) j=max{i,k+1}

COPT:ch +

ceC

w (c(i)) - @i

Next, we show that given a solution z to IP we can
construct a reordering buffer solution to our instance.
At any step j we will remove the element ¢ for which
x;; = 1. Notice that from the first and second sets of
constraints it follows that in every step 7,7 > k+1 there
is exactly one element 7 for which x; ; = 1, and for every
element 7 there is exactly one step j for which x; ; = 1.
From these two observations it follows that the number
of elements in the buffer (k) is maintained as long as the
input sequence is not finished. Moreover every element
i enters the buffer at step 7. As z;; is defined only for
J2,

it holds that if x; ; = 1 then the element ¢ is in the
buffer at step j. Therefore the solution we constructed is
well defined and feasible. The constructed solution pays
w(c) at step j when there is a color change from color ¢
at that step. Such a color change occurs iff there exists
an element 7 of color ¢, such that z; ; = 1 and either
i = last(i), or i # last(i) and 2y j41 = 0. The first
case only happens once for each color ¢ and it is taken
into account by the additive term »_ ccc W w(c). The
second case can only happen if n(i) > j + 1 (otherwise

Tp(iy,j4+1 — Zij = —1 for j4+1 > n(i) in contradiction to
the 1P third set of constraints). Therefore the 1P solution
also pays w(c(i)) - z; ; = w(c). Thus, we conclude that
the cost of the 1P solution x is equal to the cost of the
solution we constructed. ]

We lower bound zrp using the obvious linear pro-
gramming relaxation LP of 1P: replace the constraints
Ti; € {0,1} by Tij >0, Vi = 1,2,...,N, Vj =
max{i,k 4+ 1},...,k + N. We denote by zpp the value
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of LP. The dual of LP which we denote by DP is :

N k+N
zp:maxg wc)—&—g Yi — E 2;
ceC i=1 j=k+1

s.t.

. Vi # last(¢
Yi — 25+ Up(y,; < w (c(i)) 7 last(i),

Vi € [i,n(i) — 2];
A _ N Vi #£ labt(z)
Yi — %5 + Up(i),j — Wi,j+1 <0 ] > TL(Z) o
last(z
Yi — 2+ upy,; <0 v] > i
’Z,L(),j = O V],
Y,z u 2 0

Note that zpp = z,p < zip = CoprT.

The following lemma characterizes the the set of
feasible solutions to DP. We require the following
definition. A subsequence I = iy,1s,...,4, of input
elements is called a monochromatic sequence iff for
every s = 1,2,...,m—11t holds that c(is) = ¢(is+1) and
n(is) = is41. A pair I,j where I is a monochromatic
sequence and j is a time slot is called a monochromatic
matching sequence iff the following two conditions are
satisfied: (1) j + s > is for every s = 1,2,...,m;
(2) j+m < n(iy) — 1. We show in the following
lemma that if y, z satisfy a certain inequality on each
monochromatic matching sequence, then they can be
extended (by fixing some u) to a feasible solution. We
later use the algorithm to generate y, z that on the one
hand satisfy the conditions in the lemma, and on the
other hand give a DP value proportional the cost of the
algorithm.

LEMMA 4.1. Given two vectors y,z > 0 there exists
u > 0 such that y,z,u is a feasible solution for DP
iff for every monochromatic matching sequence I,j,
I =i1,io,...,%m, we have that

Z (Yiy — Zj4s) < { E)U(C(“))

Proof. Assign y, z in the inequalities of DP. We obtain
a system of the following types of inequalities for u: (1)

Up(iy,; < 1= (yi—z;) (i # last(d)); (2) up(i),; < —(¥i—25)
(i = last(7)); (3) Up(i),j — Wij+1 < —(yi — 2;). Denote
by A the matrix of coefficients of u in this system. The
row ,j in A represents the coefficients of u in the dual
constraint indexed by 7, j. Let Au < b denote the system
of inequalities. By the Farkas Lemma, there is u > 0
such that Au < b iff for every v > 0 for which v7A >0
it holds that vTb > 0. Notice that the entries of v
correspond to pairs 4, j where ¢ is an input element and

im 7 last(in,),
otherwise.
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Jj > maz{i,k + 1} is an output time slot. A vector v is
called the indicator vector of a monochromatic matching
sequence 1,7, I = i1,i9,...,%m, iff v;, j4s = 1 for all
s=1,...,m, and v; ; = 0 otherwise.

LEMMA 4.2. A vector v > 0 satisfies vTA>0 iff vis
a linear combination of indicator vectors of monochro-
matic matching sequences with positive coefficients.

Proof. We define a maximal sequence in v to be
a sequence of entries v;, ji1,Vi,,j4+2,- -+, Vi, j+m that
satisfies the following two conditions: (i) for I =
11,19, .. .,9m, 1,J is a monochromatic matching se-
quence; (ii) v;, j+1 = 0. Let v > 0 satisfy v7 A > 0. If
v = 0 then there is nothing to prove, so pick Uiy j+1 > 0
such that v,y ; = 0. Assuming that i; # last(i1),
if 5+ 1 > n(i;) — 1 then in vT A, v;, ;41 multiplies a
coefficient of —1 for u;, j+2. In order to cancel this neg-
ative value, we must have that v,;,) 4o > vi; j+1. We
can continue this argument to get a monotonically non-
decreasing maximal sequence 0 = vp,y),; < Vip j+1 <
Vigjt2 < oo < U igm (if 41 = last(iy) then m =1
and it is also trivially true). So, if vT A > 0 then every
maximal sequence in v is monotonically non-decreasing.
Notice that the converse is also true. If every max-
imal sequence in v is monotonically non-decreasing,
then vTA > 0. Consider the vector v/ defined by
Vi j+s = Vipj+1 forall s = 1,...,m and v; ; = 0 oth-
erwise. Notice that v’ is a scaled indicator vector of a
monochromatic matching sequence, such that v—v" > 0.
Further notice that every maximal sequence in v —v’ re-
mains the same as in v except for the maximal sequence
indicated by v’. For the maximal sequence indicated
by v, we have 0 = (v — V' )pay),; = (V= V)i 5401 <
(v =142 < -+ < (v—="20")4,,j+m- Therefore ev-
ery maximal sequence in v — v’ is monotonically non-
decreasing, and therefore (v—v')T A > 0. We can apply
this argument repeatedly, until we are left with the zero
vector. The vector v is equal to the sum of all v'-s gener-
ated by this process. Hence, v is a linear combination of
indicator vectors of monochromatic matching sequences
with positive coefficients. The proof of the other direc-
tion of the lemma is simple and it is not needed for the
rest of the analysis. [ |

We now return to the proof of the lemma. By
the above claim, it is sufficient to show that for every
indicator vector v, vT'b > 0. For such v, if i,,, # last(i,,)
then v7'b = 3" | (245 — vi,) +w(c(i1)) as all the u; ;
are canceled. We assume that > = (v, — zj+s) <
w(c(i1)) so vIb > 0. A similar argument holds for the
case of i,, = last(4,,). The other direction of the lemma
is easy and is not needed for the rest of our analysis.
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Using our algorithm we define vectors y,z that
satisfy the conditions of Lemma 4.1. Informally, z;
indicates the total increase in the counter value (per
element), up to step j, and y; is determined when ¢ is
output in step t(i) so that y; — 24(;) is proportional to
the final value of the counter of element ¢, which is i’s
share in the cost of the algorithm. We first define z; by
induction on j. The base case is 2z, = 0. For j > k+ 1,
we set
&

4

where €; is the increase in the counter of each element
in the buffer in time j. (Notice that in every time
slot j either none of the counters increase or they all
increase by the same amount.) To define y recall that
t(7) denotes the time slot in which the algorithm outputs
1. For every 1 set

zj = zj—1+

Zia) + = i # last(i),
Yi =
zis) + ¢ —w(c(i)) otherwise.

where « is defined below. (If y; < 0 for some i, we can
shift all entries in y,z by the same amount M to get
y > 0. This does not change the feasibility of the other
conditions or the value of the solution.)

We now show that the above y, z can be extended to
a feasible solution to DP. This is the main technical dif-
ficulty in the argument. Recall that by Lemma 4.1, we
need to examine monochromatic matching sequences. A
monochromatic matching sequence may glue together
many blocks of the same color output by the algorithm,
the first ones matched after they were output by the
algorithm and the latter ones matched before they were
output by the algorithm. If z; increases too slowly, then
the first blocks might contribute too much to the cost
of the monochromatic matching sequence, because the
differences y;, — 2545 will be too close to y;, — 2, )-
If z; increases too quickly, then the latter blocks might
contribute too much to the cost of the monochromatic
matching sequence, because y;, — zj4+s will be much
larger than y;, — z4(;,). Thus, the main idea of the anal-
ysis is to balance the two opposing requirements on the
rate of increment of z. The asymptotically optimal bal-

log k ) This

loglog k

ancing yields the competitive ratio of O (
is shown in the following lemma.

_ log k
LEMMA 4.3. For a = O (loglog,~C

that y, z,u is a feasible solution for DP.

) there exists u such

Proof. By Lemma 4.1, it is sufficient to prove that
for every monochromatic matching sequence 1,7,
I = iy,i2,...,%m, we have that ;T:l (Yi, — zj+s) <
w(c(i)) if 4y # last(in) and D00 (Yi, — 2j4s) < 0
otherwise.
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Consider a monochromatic sequence i1, o, . . . , 4, of
color ¢. The algorithm partitions this sequence into
blocks, where each block is output in consecutive time
slots and between blocks other colors are output. De-
note the blocks by I, I, ..., Is. Notice that all blocks,
except perhaps I, I, are maximal monochromatic se-
quences that the algorithm outputs consecutively. De-
note by o, the index of the first element in block 1.
Denote by ¢, the number of elements that enter the
buffer between the time that the algorithm outputs
the last element of I, and the time that the algo-
rithm outputs the first element of I, 1. In other words,
ly = t(io,,,) —max;er, t(i) — 1. Notice that the number
of elements ¢ € I, with ¢* > 0 is strictly less than /g,
because all these elements must have entered the buffer
between the time I, is output and the time I, is out-
put, and the first element in this time interval must be
of a different color (otherwise I, would have continued).

We partition Zzl:l (yi, — zj+p) into three parts.
The first part deals with the last block, which might
be incomplete. The second part deals with the blocks
that are matched before the time they were output by
the algorithm (excluding the last block). The third part
deals with the blocks that are matched after the time
they were output by the algorithm.

Part 1: the last block I:

Z (Wi, = Zj4p) < Z (yi, — 2i,)

ip€l, ip€l,
= (Wi, —26) + Y (26, — 7,)
ip€l, ip€l,
=2 G 2 gt
ip€1s ip€ls

<(2+3) w0
o tg ) wle),
where the first inequality follows from the fact that z is

monotonically non-decreasing, and the second inequal-
ity follows from Observation 3.1. The reader can verify

that if 4,, = last(i,,) then
2 1
(a - 2) ~w(e).

> Wi, —z4p) <
ip€l,

Part 2: Let r be the largest index for which j+1 >

t(is,). We now upper bound

s—1 s—1
> o — ) = 20 X (5~ 26)
g=r+1li,€l, q=r+1i,€l,
s—1
- Z Z (2340 = 2161,))
g=r+li,€l,

19

Notice that in every block I, the first element i,
accumulates the largest counter and less than /,_;
elements accumulate a positive counter. Therefore,

s—1
> Y ) < Y o

g=r+li,el,

Notice that for every p, j + p > t(i,), otherwise there
would be a gap between two consecutive blocks, and
therefore zj., — 24;,) = 0. Further notice that for
every i, € Is_o, j+ p > t(i,) + {s—2 and therefore
the last ¢,_o elements i, in the blocks before I;_»
have j + p > t(is, ,) and therefore z;y, > Zy(i,) +
%goi”s%. More generally, block I, “moves” at least
Lyy1+Lgro2+- - -+Ls_o steps ahead and therefore at least
the lg41+0g4o+- - -+{5_2 last elements 7, from previous
blocks have j+p > t(iy,) 80 zj4p > 2(i,) + ¢'7¢. Thus
we have that

s—1
43 (40— 26,)

g=r+li,€l,
> lyg o2 + (Lo + lo_g) @75
oo (bsmg e ) @l
= ly o (goif’wl R (pias,g)
1+l 5 (SD'L-UT«FI 4+t wiosfg) do bl - s@if’wl .

Combining the two bounds, we obtain that

S5 (- 5e)

g=r+li,€l,

= i > Wi, —26,)

q=r+li,€l,

s—1
=D > (z4e — 26)

g=r+1li,€l,

s—1
1 . 1 . i
< Dl (oﬁ”"’q G +---+w1)>

q=r+2

+ Z égpip.

ip€I7-+1

We now show that the number of indexes ¢ for
which %cpi"q — % (s@if’rﬂ + -+ goi"qﬂ) > 0 is at most
1+log, /4 2k. Let 1 < g2 <--- < (¢q be the indexes for
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which the above condition holds. Forevery b =1,...,a,

Soi"qb > % (@i”rﬁ»l + wi”'r+2 + . + Soi”qbfl)

2 % (Lpi“ru + (piatm cee 4 (pigqb—l ) .
Therefore,
. aye—1 . a\e—1 U)(C)
9 ioq, (7) fogy > (7) ,
w(e) > p'ee > (7 A p

where the last inequality follows from the fact that
for every block I, one of the following two situations
occurs. If the block is output due to a free color
change, then Zielq o' > w(c), so piea > % (as
|I,] < k). Otherwise, the block is output due to a paid
color change, then the counter of every element in the
buffer, including i, , is increased by w(P) at step t(ig, ).
Therefore a < 1+ log(y /4 2k. Thus we conclude that

s—1
Z Z (yip _Zj+p) < Z Z yzp Zﬁp
q=r+1li,€l, b=11i,€l,,
< Z Z Yi, — Zt(i,) )
b= 1zp€Iqb
2a
< Ew(c)
2+ 2log, /4 2k
< —w(c

«

Part 3: Finally we evaluate

XT: Z (yi, — 2i4p) Z Z (Wi, = 21i,))

qg=li,el, q=1 ipel
Y G )
qg=1li,€l,
For ¢ =1,2,...,r consider
D (i, = 2,) = D (i — 2,)
i€l i€y

Let g1 < g2 < -+ < ¢4 be the indexes for which the
above difference is positive. For every i, € I, the
following two inequalities hold:

(4) Yi,
(i) zj4p—

The inequality in (i7) follows because z; is monotoni-
cally non-decreasing in j, and the equality in (¢i) fol-
lows because z; is the same for all j € [t(is,),t(i,)],
as there is no color change in this interval (steps in

— (i) = ¢ <l =y, —
Zt(ip) Z Zj+‘7q - Zt(ip) =

Zt(iaq )s

Zjtog T Ft(icy)"

20

which I, is output).

(yi(,qb

Hence, for every b = 1,...

_ Zt(igqb)> - (Zj+oqb - Zt(iaqb)) > 0. So,

7a7

l i"qb — .
o Yio,

T Zt(ing,) 7 Zitog, T At(is,)
1
2] Z oo >+ Z plm
q=qp+1 b/ b+1

The penultimate inequality follows from the fact that :
Hiny,) < iy ss < Hlimgy 1) < gy 10 < iy 12)
< t(igqa) <t(ig,) <Jj+1<j+0g,,

as for all ¢, the first element of 1,4, entered the buffer
after the last element of I; was output. Hence

<...<Z'aqa

T

I <«
Zjtog, "Ftling, ) 2 Z (Zt(igq) _Ziaq) > 1 Z P

q=qp+1 q=qp+1
Therefore, as in Part 2,
. 0% a—1 ) o a—1 U}(C)
2 togy (—) toge > (—) ,
w(e)> o > (1) e 2 (5)7 2
s0, a < 1+log, /4 2k, and thus

2+ 2log, /4 2k

ZZ Yi, = Zi+p) TW(C)

g=li,el,

Summing the three parts, we conclude that

“ 1 2 2
(Y, = Zj+s) < (2 + o + o (1 + 10844 2k)> ‘w(c).
s=1

If we set v =y - 10201"2 ’; 5 for a sufficiently large constant

7 then log,,, 2k < « so the above bound is at most
w(c). Again, the reader can verify that if i, = last(4,,)
then

Z (Yi, — 2j+s)
s=1
1 2 2
< (—2 + = + ” (1 —|—loga/42k>> ~w(e) <0,
for ~ sufficiently large. |

THEOREM 4.1. The algorithm is 2a.-competitive.

Proof.

Copr > zpp = Y _ w(c)
ceC

I
Q\>—‘ A
M
S
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