
Counting Inversions, Offline Orthogonal Range Counting,
and Related Problems

Timothy M. Chan∗ Mihai Pǎtraşcu†

Abstract

We give an O(n
√

lgn)-time algorithm for counting the
number of inversions in a permutation on n elements. This
improves a long-standing previous bound of O(n lgn/ lg lgn)
that followed from Dietz’s data structure [WADS’89], and
answers a question of Andersson and Petersson [SODA’95].
As Dietz’s result is known to be optimal for the related
dynamic rank problem, our result demonstrates a significant
improvement in the offline setting.

Our new technique is quite simple: we perform a
“vertical partitioning” of a trie (akin to van Emde Boas
trees), and use ideas from external memory. However, the
technique finds numerous applications: for example, we
obtain

• in d dimensions, an algorithm to answer n offline orthog-
onal range counting queries in time O(n lgd−2+1/d n);

• an improved construction time for online data structures
for orthogonal range counting;

• an improved update time for the partial sums problem;

• faster Word RAM algorithms for finding the maximum
depth in an arrangement of axis-aligned rectangles, and
for the slope selection problem.

As a bonus, we also give a simple (1+ ε)-approximation

algorithm for counting inversions that runs in linear time,

improving the previous O(n lg lgn) bound by Andersson and

Petersson.

1 Introduction

1.1 A Complexity Theoretic View. The standard
model of computation enshrined in all widely used
programming languages (like C, Java, Python, etc.)
allows the following assumptions:

• the memory consists of words, and permits random
access.

• machine words can be manipulated in constant time
by a standard set of operations (including arithmetic,
shift, bitwise, and logical operations).
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• the machine word is large enough to represent point-
ers and indices to the data.

In theory, this model has been formalized as the
Word RAM . Understanding the power of this model
has been a very active direction after Fredman and
Willard’s seminal result [FW93] demonstrating that
sorting can be done in o(n lg n) operations.

Concentrating on offline problems, the main flavors
of algorithmic improvement achieved in the Word RAM
model seem to be:

• “accidental” problems with a linear-time solution,
such as the classic algorithm of Rabin for planar clos-
est pair [Rab76] or Thorup’s algorithm for undirected
single-source shortest paths [Tho99].

• sorting, and the myriad problems reducible to it,
which have a current bound of O(n

√
lg lgn) due to

Han and Thorup [HT02].

• problems related to offline point location, with a

current bound of n · 2O(
√

lg lgn) [CP07].

• problems with complexity O(n lg n/ lg lgn), stem-
ming from the use of data structures with slightly
sublogarithmic performance (including the problems
addressed in this paper).

• logarithmic improvements to algorithms with a poly-
nomial running time, from the classic “four Russians
trick” to computing all-pairs shortest paths [Cha07].

In this paper, we introduce an algorithmic innova-
tion that creates a new “level” in this hardness classifi-
cation. In particular, we show that counting the number
of inversions in a permutation, and, more generally, 2-d
offline orthogonal range counting are not limited by the
complexity of the associated online data structures. In-
stead, these problems can be solved in O(n

√
lg n) time.

Our algorithmic idea (in instantiations of varying
technical difficulty) leads to improved results for an
array of problems, including static and dynamic data
structures. These results are summarized in Section 1.3.
Before that, however, we take the opportunity to discuss
our approach in the simplest possible setting: counting
inversions.
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1.2 Counting Inversions. The number of inver-
sions in a permutation π is defined as the number of
pairs i < j with π(i) > π(j). This is a natural and
frequently-used measure for the sortedness of the data.
The number of inversions between two permutations,
called the Kendall tau distance, is a classic distance
measure between two orders. In [DKNS01], it is argued
that the Kendall tau distance is especially important for
rank aggregation in large Internet-related applications.

History. Counting inversions in O(n lg n) time (e.g.,
by mergesort) is a textbook problem. For a faster
solution, one can reduce to offline dominance counting
in two dimensions: given a set of n points, how
many other points does each point dominate? A point
dominates another if each one of its coordinates is
(strictly) larger. To see the connection, just map
a permutation π to the point set {(i,−π(i)) : i ∈
[n]}. Dominance counting in turn reduces to offline
orthogonal range counting.

Until now, the fastest way to solve offline domi-
nance counting in d dimensions was to treat one co-
ordinate as “time,” turning the problem into dynamic
dominance counting in d − 1 dimensions. In one di-
mension, dominance counting is more commonly known
as “dynamic ranking” or “the partial sums problem.”
This problem is solved in O(lg n/ lg lg n) time for oper-
ation by Dietz’s well known data structure, dating back
to WADS’89 [Die89]. Thus, counting inversions can be
done in O(n lg n/ lg lg n) time.

Another classic result due to Fredman and
Saks [FS89] states that Ω(lgn/ lg lgn) time is needed for
dynamic ranking, even in the cell-probe model. Since
counting inversions is so inherently tied to this problem,
one is tempted to believe that the bound for counting
inversions might also be optimal.

In SODA’95, Andersson and Petersson [AP98] at-
tacked the approximate version of the problem and
asked whether Dietz’s bound can be improved for exact
counting. Their algorithm runs in time O(n lg lg n) and
finds a (1+ε)-approximation for any ε = Ω(1/

√
lg lgn).

In recent years, the problem has received renewed
attention from the streaming community [AJKS02,
GZ03]. In 2007, the status of the problem was suf-
ficiently entrenched that, when discussing segment in-
tersection counting, we [CP07] wrote: “Note that this
problem is no easier than counting inversions in a per-
mutation, so, in some sense, the best bound one would
hope to get is O(n lgn

lg lgn ).”
However, as we show here, counting the exact

number of inversions can be done in O(n
√

lg n) time.
In Section 5, we also show how to improve the results of
Andersson and Petersson for approximate counting. In

particular, we obtain an O(n)-time algorithm that find
a (1 + ε)-approximation to the count, for any constant
ε > 0.

The improved exact solution (a quick sketch).
The starting point of our solution is the following simple
variation of external-memory radix sort. Consider a
sequence of n numbers of L bits each. In the external
memory model with B words per page, we can count the
number of inversions in the sequence using O(nL/B)
I/O operations. This is easy to see: We maintain a
running count of the number of inversions. We begin
by partitioning the elements into those beginning with
a zero bit, and those beginning with a one bit. For
each zero element, we add to the inversion count the
number of preceding elements starting with a one. This
partition takes O(n/B) operations. Finally, we recurse
into each of the subarrays, with L decremented.

This algorithm can be simulated on a Word RAM,
but how do we obtain the ability to manipulate B el-
ements in constant time? By packing multiple ele-
ments in a single word. If B = w/L where w denotes
the word size, the above algorithm would run in time
O(nL/B) = O(nL2/w). For w ≈ lg n, we can simu-
late word operations in constant time by table lookup.
The running time is thus O(n) for L ≈

√
lg n. We re-

mark that the word packing idea is also a key ingre-
dient in several previous algorithms that solve offline
problems faster than their online counterparts (e.g., for
sorting [FW93, AHNR98] and point location [CP07]).

How can we use the above subroutine to solve the
original problem where the elements can be lg n bits
long? We use a trick similar to the van Emde Boas data
structure [vEBKZ77]: for each element, break its word
into multiple components. Formally, consider a trie of
depth (lgn)/L over the alphabet [2L].1 Each node is
associated with the elements of the permutation that
fall under the node (they start with the prefix leading
to the node). For a given node of the trie, consider the
sequence of the first letters after the common prefix of
the elements associated with the node (these letters are
L-bit numbers). We compute the number of inversions
in this sequence by the above subroutine and add to the
running count. Finally, we recurse into each child of the
node.

The trie can be built in O(n) time per level, by
bucketing. For L ≈

√
lg n, the subroutine calls cost

O(n) per level. Since the depth is (lgn)/L, we obtain
an O(n

√
lg n)-time algorithm.

A more precise description of the algorithm, in a
more general setting, is provided in Section 2.1.

1Throughout this paper, [n] denotes {0, 1, . . . , n− 1}.

162 Copyright © by SIAM. 
Unauthorized reproduction of this article is prohibited.



1.3 Applications. Though our solution idea is quite
simple, the end result remains surprising. In fact, more
powerful instantiations of this basic idea yield a handful
of improved algorithms and data structures.

Offline orthogonal range counting. A slightly
trickier version (Section 2.2) of our initial algorithm
can solve a more general problem in O(n

√
lg n) time

in 2-d: given n red/blue points, compute the number
of red points dominated by each blue point. One can
easily observe that this problem is equivalent to 2-
d offline orthogonal range counting: given n points
and n axis-aligned rectangles, compute the number
of points inside each rectangle. The problem has
an immediate application to 2-d orthogonal segment
intersection counting: given n horizontal/vertical line
segments, count the number of their intersections.

The offline orthogonal range counting result can be
extended to any constant dimension d, as shown in Sec-
tion 4, where we get running time O(n lgd−2+1/d n).
Previous known (online) algorithms require at least
O(n(lg n/ lg lgn)d−1) time (even if preprocessing cost is
ignored) [JMS04]. Of course, orthogonal range search-
ing is a well-loved topic in computational geometry and
countless results have appeared in the literature, e.g.,
see [AE99, AAL09, ABR00, ABR01, MPP05, Cha88,
Cha90a, Cha90b, Cha97, JMS04, Pǎt07, Pǎt08]. One
should not confuse counting problems with their report-
ing analogs, though, and we have exploited special fea-
tures of counting problems to get results better than for
range searching in a more abstract group or semigroup
model.

Offline dynamic ranking and selection. As an-
other immediate corollary, we can solve an offline ver-
sion of the dynamic ranking problem in 1-d: maintain a
set of numbers under insertions and deletions so that we
can determine the rank of any query point. Under the
assumption that the sequence of updates and queries is
known in advance, we obtain a total running time of
O(n
√

lg n).
Selection queries (the “inverse” of ranking) require

more effort: given a query value k, we want to find
the k-th smallest element in the current set. We show
in Section 3.1 that an offline sequence of updates and
selection queries can be done in O(n

√
lg n lg1/4 lg n)

expected time.

Online orthogonal range counting. The
space/time tradeoffs possible for 2-d online orthog-
onal range counting are well understood: with
space O(npolylog n), the best possible query time is
Ω(lg n/ lg lgn) [Pǎt08, Pǎt07]. Furthermore, it is pos-

sible to achieve query time O(lg n/ lg lg n) with space
O(n) [JMS04].

Given this precise understanding, it now makes
sense to look at the preprocessing time more carefully.
Unfortunately, it is not known how to construct a
data structure with optimal query performance in linear
time. For instance, the data structure of [JMS04]
requires O(n lg n) preprocessing time; even the earlier
O(n)-space data structure of Chazelle [Cha88] with
O(lg n) query time, or the (even earlier) standard range
tree, requires O(n lg n) preprocessing time.

In Section 2.3, we offer a 2-d data structure of linear
size and optimal O(lg n/ lg lg n) query time, which can
be constructed faster in O(n

√
lg n) time.

The generalization of the result in dimen-
sion d has O(n lgd−2+1/d n) preprocessing time,
O(n(lg n/ lg lgn)d−2) space, and O((lg n/ lg lgn)d−1)
query time.

Online partial sums and dynamic ranking and se-
lection. As we have mentioned, Dietz’s data structure
solved the online partial sum or online dynamic rank-
ing problem in O(lg n/ lg lgn) update time and query
time. Although the query time matches known lower
bounds, we show that curiously the update time can
be improved—this is the first improvement since 1989.
In Section 3.4, we give a new online data structure
for partial sums and dynamic ranking/selection with
O(lg0.5+ε n) update time and O(lg n/ lg lg n) query time
for an arbitrarily small constant ε > 0. Interestingly
this solution exploits further techniques from external
memory, namely, buffer trees [Arg03].

Range median. A series of recent papers [KMS05,
HPM08, GS09] studied the following problem: prepro-
cess a sequence of numbers a1, . . . , an so that given any
i, j, return the median of the subsequence ai, . . . , aj .
The best result known, by Gfeller and Sanders [GS09],
achieved O(n lg n) preprocessing time, O(n) space, and
O(lg n) query time. In Section 3.3, we obtain O(n

√
lg n)

preprocessing time, O(n) space, and O(lg n) query time.
Our observation is that certain data structures for 2-
d orthogonal range counting can already answer range
median queries efficiently; only the query algorithm
needs to be changed. (The linear-space data struc-
ture from [GS09], for instance, is essentially identical
to Chazelle’s data structure for 2-d orthogonal range
counting [Cha88], and their simple O(n log n)-space
data structure is just a standard 2-d range tree in dis-
guise.)

More applications in computational geometry.
Many further consequences follow. For example, given n
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