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A Hellinger and Communication

Protocols

PROPOSITION A.1. ([BJKS04]) Let P be a ran-
domized private-coin protocol on X x Y. Let
(u1,v1), (ug,v3) € X x Y be two distinct inputs whose
transcript wave functions in P are denoted by ¥(uy,v1)
and ¥ (uz,v2), respectively.

Mutual information to Hellinger distance:
Suppose (U, V) €r {(u1,v1), (ug,v2)}. If II denotes
the transcript random variable, then

LU,V 1) 2 [[$(ur, v1) — P (ug, v2)]-

Soundness:
Suppose P is a correct protocol for a decision problem
g defined on L C X x Y. Suppose (u1,v1), (ug,v2) € L
such that g(uy,v1) # g(ug,ve). Then,

9 (w1, v1) — (uz, va)|| > 1 —2V6.

Pythagorean property:
Consider the combinatorial rectangle of 4 inputs
{ui,us} x {v1,v2} and label them as A = (uy,v1),
B = (u1,v2), C = (ug,v1) and D = (ug,va). Then,

lo(4) — (D)
. {é (le(4) = w(B)] + [[(C) - w(D)
= 4 () = (@)l + 19(B) - (D))

The first property in the above proposition is just a re-
statement of the fact that the Jensen-Shannon distance
between ¥ (u) and ¥ (v) is bounded from below by their
Hellinger distance. The next property follows by relat-
ing Hellinger to variational distance and then invoking
the correctness of the protocol. The last property relies
on the structure of deterministic communication proto-
cols, namely, that the transcripts partition the space of
inputs into combinatorial rectangles. The property itself
can be seen as one generalization to randomized proto-
cols. (In [BJKSO04], another property is shown which
generalizes the cut-and-paste property of deterministic
communication protocols. This is not needed for our
results.)
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