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Abstract

We study the following problem: Given a planar graph
G and a planar drawing (embedding) of a subgraph
of G, can such a drawing be extended to a planar
drawing of the entire graph G? This problem fits the
paradigm of extending a partial solution to a complete
one, which has been studied before in many different
settings. Unlike many cases, in which the presence of
a partial solution in the input makes hard an otherwise
easy problem, we show that the planarity question re-
mains polynomial-time solvable. Our algorithm is based
on several combinatorial lemmata which show that the
planarity of partially embedded graphs meets the “on-
cas” behaviour – obvious necessary conditions for pla-
narity are also sufficient. These conditions are expressed
in terms of the interplay between (a) rotation schemes
and containment relationships between cycles and (b)
the decomposition of a graph into its connected, bicon-
nected, and triconnected components. This implies that
no dynamic programming is needed for a decision algo-
rithm and that the elements of the decomposition can
be processed independently.

Further, by equipping the components of the de-
composition with suitable data structures and by care-
fully splitting the problem into simpler subproblems, we
improve our algorithm to reach linear-time complexity.

Finally, we consider several generalizations of the
problem, e.g. minimizing the number of edges of the
partial embedding that need to be rerouted to extend
it, and argue that they are NP-hard. Also, we show
how our algorithm can be applied to solve related Graph
Drawing problems.

∗Work on this problem began at the BICI Workshop on
Graph Drawing, held in Bertinoro, Italy, in March 2009, and was
carried out while the authors were at the Department of Applied
Mathematics, Charles University, Prague.

1 Introduction

Planarity is one of the central concepts not only in
Graph Drawing, but in Graph Theory as a whole.
The characterization of planar graphs proved by Ku-
ratowski [20] in 1930 marks the beginning of modern
Graph Theory. Such a characterization, based on two
forbidden topological subgraphs – K5 and K3,3 – makes
planarity a finite problem and leads to a polynomial
time recognition algorithm. Planarity is thus “simple”
from the computational point of view (this, of course,
does not mean that algorithms for testing planarity
are trivial) in the strongest possible way, as several
linear-time algorithms for testing planarity are known
[2, 16, 3].

In this paper we pose and study the question of
planarity testing in a constrained setting, namely when
a part of the input graph is already drawn and cannot
be changed. A practical motivation for this question
is, e.g., the visualization of large networks in which
certain patterns are required to be drawn in a standard
way. The known planarity testing algorithms, even
those that build a drawing incrementally, are of no help
here, since they are allowed to redraw at each step
the part of the graph processed so far. For similar
reasons, online planar embedding and planarity testing
algorithms, such as [28, 25, 4, 24], are not suitable to be
used in this context.

The question of testing the planarity of partially
drawn graphs fits into the general paradigm of extend-
ing a partial solution to a full one. This has been stud-
ied in various settings and it often happens that the
extendability problem is more difficult than the uncon-
strained one. As an example, graph coloring is NP-
complete for perfect graphs even if only four vertices
are already colored [19], while the chromatic number of
a perfect graph can be determined in polynomial time.
Another example is provided by edge colorings – decid-
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ing 3-edge-colorability of cubic bipartite graphs if some
edges are already colored is NP-complete [9], while it
follows from the famous König-Hall theorem that cubic
bipartite graphs are always 3-edge colorable. In view
of these hardness results it is somewhat surprising that
the planarity of partially drawn graphs can be tested in
polynomial time, in fact linear, as we show in this pa-
per. All the more so since this problem is known to be
NP-hard [23] for drawings where edges are constrained
to be straight-line segments.

Specific constraints on planar graph drawings have
been studied by several authors. See, e.g., [27, 26, 6, 14].
Unfortunately, none of those results can be exploited to
solve the question we pose in this paper. Mohar [21, 17]
gives algorithms for extending 2-cell embeddings on the
torus and surfaces of higher genus. However, the 2-cell
embedding is a very strong condition that substantially
changes the nature of the problem.

In order to solve the general problem, we allow
disconnected or low connected graphs to be part of the
input. It is readily seen that in this case the rotation
schemes (i.e., the cyclic orderings of the edges incident
to the vertices of the graph) do not fully describe the
input. In fact, the relative position of vertices against
cycles in the graph must also be considered. (These
concepts and their technical details are discussed later.)
Further, we make use of the fact that drawing graphs
on the plane and on the sphere are equivalent concepts.
The advantage of considering embeddings on the sphere
lies in the fact that we do not need to distinguish
between the outer face and the inner faces.

The main idea of our algorithm is to look at the
problem from the “opposite” perspective. Namely,
we do not try to directly extend the input partial
embedding (which seems much harder than one would
expect). Instead, we look at the possible embeddings of
the entire graph and decide if any of them contains the
partially embedded part as prescribed by the input.

Our algorithm is based on several combinatorial
lemmata, relating the problem to the connectivity of the
graph. Most of them exhibit the “oncas” property – the
obvious necessary conditions are also sufficient. This is
particularly elegant in the case of 2-connected graphs.
In this case, we exploit the SPQR-tree decomposition
of the graph. This notion was introduced in [4] to
describe all the possible embeddings of 2-connected
planar graphs in a succinct way and was used in various
situations when asking for planar embeddings with
special properties. A survey on the use of this technique
in planar graphs is [22]. It is indeed obvious that if a
2-connected graph admits a feasible drawing, then the
skeleton of each node of the SPQR-tree has a drawing
compatible (a precise definition of compatibility will

come later) with the partial embedding. We prove that
the converse is also true. Hence – if we only aim at
polynomial running time – we do not need to perform
any dynamic programming on the SPQR-tree and we
could process its nodes independently. However, for the
ultimate goal of linear running time, we must refine
the approach and pass several information through
the SPQR-tree. Then, dynamic programming becomes
more than useful. Also, the SPQR-trees are exploited
at two levels of abstraction, both for decomposing an
entire block and for computing the embedding of the
subgraph induced by each face of the constrained part
of the drawing.

The paper is organized as follows. In Section 2 we
describe the terminology and list auxiliary topological
lemmata. In particular, the combinatorial invariants
of equivalent embeddings are introduced. In Section 3
we state the combinatorial characterization theorems
for disconnected, simply connected, and 2-connected
cases. The consequence of them is a simple polynomial-
time algorithm outlined at the end of the section.
Section 4 is then devoted to describe technical details
of the linear-time algorithm. Section 5 summarizes
the results, discusses several possible generalizations of
the question leading to NP-hard problems, and shows
how our techniques can be used to solve other Graph
Drawing problems.

2 Notation and Preliminaries

In this section we introduce some notations and prelim-
inaries.

2.1 Drawings, embeddings, and the problem
definition A drawing of a graph is a mapping of each
vertex to a distinct point of the plane and of each edge
to a simple Jordan curve connecting its endpoints. A
drawing is planar if the curves representing its edges
do not cross but, possibly, at common endpoints. A
graph is planar if it admits a planar drawing. A planar
drawing Γ determines a subdivision of the plane into
connected regions, called faces, and a circular ordering
of the edges incident to each vertex, called rotation
scheme. Visiting the (not necessarily connected) border
of a face f of Γ in such a way to keep f to the left,
we determine a set of circular lists of vertices. Such a
set is the boundary of f . Two drawings are equivalent
if they have the same rotation schemes and the same
face boundaries. A planar embedding is an equivalence
class of planar drawings. Let H be a subgraph of a
graph G and let H and G be embeddings of H and G,
respectively. The restriction of G to H is the embedding
of H that is obtained from G by considering only the
vertices and the edges of H. Further, G is an extension
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of H if the restriction of G to H is H. We study the
following decision problem (see Fig. 1 for an example):

Partially Embedded Planarity (Pep)
Input: A triplet (G,H,H) of graphs G and H, with
H ⊆ G, and a planar embedding H of H.

Question: Does G admit a planar embedding whose
restriction to H is H?

Figure 1: Embedding of a planar graph G whose
restriction to H coincides with H. Vertices and edges
in H are black; vertices and edges in G \H are grey.

2.2 Connectivity and data structures A graph
is connected if every pair of vertices is connected by a
path. A k-connected graph G is such that removing
any k − 1 vertices leaves G connected; 3-connected,
2-connected, and 1-connected graphs are also called
triconnected, biconnected, and simply connected graphs,
respectively. A separating k-set is a set of k vertices
whose removal disconnects the graph. Separating 1-
and 2-sets are called cutvertices and separation pairs,
respectively. Hence, a connected graph is biconnected
if it has no cutvertices and it is triconnected if it has no
separation pairs. The maximal biconnected subgraphs
of a graph are its blocks. Each edge of G falls into
a single block of G, while cutvertices are shared by
different blocks.

Let (G,H,H) be an instance of Pep. In the
following we define some data structures that are widely
used throughout the paper. All of such data structures
can be easily computed in time linear in the number of
edges of the graph or of the embedding they refer to.

The component-face tree CF of H is a tree whose
nodes are the connected components of H and the faces

ofH. A face f and a component C are joined by an edge
if a vertex of C is incident to f . The block-face tree BF
of H is a tree whose nodes are the blocks of H and
the faces of H. A face f and a block B are joined by an
edge if B contains an edge incident to f . The vertex-face
incidence graph VF of H is a graph whose nodes are the
vertices of H and the faces of H. A vertex x and a face
f are joined by an edge if x appears on the boundary of
f . The block-cutvertex tree of a connected graph G is a
tree whose nodes are the blocks and the cutvertices of
G. Edges in the block-cutvertex tree join each cutvertex
to the blocks it belongs to. The enriched block-cutvertex
tree of a connected graph G is a tree obtained by adding
to the block-cutvertex tree of G each vertex v of G that
is not a cutvertex and by connecting v to the unique
block it belongs to.

The SPQR-tree T of a biconnected graph G de-
scribes the arrangement of its triconnected components.
In the following, we summarize basic concepts about
SPQR-trees. More details can be found in [4].

A graph is st-biconnectible if adding edge (s, t) to it
yields a biconnected graph. Let G be an st-biconnectible
graph. A split pair {u, v} of G is either a separation
pair or a pair of adjacent vertices. A maximal split
component of G with respect to a split pair {u, v} (or,
simply, a maximal split component of {u, v}) is either
edge (u, v) or a maximal subgraph G′ of G such that G′

contains u and v and {u, v} is not a split pair of G′. We
call split component of {u, v} the union of any number
of maximal split components of {u, v}.

The SPQR-tree T of a biconnected graph G rooted
at edge e describes a recursive decomposition of G
induced by its split pairs. The nodes of T are of four
types: S, P, Q, and R. Their connections are called arcs.

Each node µ of T has an associated st-biconnectible
multigraph, called the skeleton of µ, denoted by sk(µ),
and showing how the children of µ, represented by
“virtual edges”, are arranged into µ. The virtual edge
in sk(µ) corresponding to a child node ν, is called the
virtual edge of ν in sk(µ).

Recursively replacing each virtual edge ei of sk(µ)
with the skeleton sk(µi) of its corresponding child µi

produces a subgraph of G that is called the pertinent
graph of µ and is denoted by pert(µ).

Given a biconnected graph G and a reference edge
e = (u′, v′), tree T is recursively defined as follows.
At each step, a split component G∗, a pair of vertices
{u, v}, and a node ν in T are given. A node µ
corresponding to G∗ is introduced in T and attached
to its parent ν. Vertices u and v are called the poles of
µ and also denoted by u(µ) and v(µ), respectively. The
decomposition possibly recurs on some split components
of G∗. At the beginning of the decomposition G∗ = G−
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{e}, {u, v} = {u′, v′}, and ν is a Q-node corresponding
to e.

Base Case: If G∗ consists of exactly one edge between
u and v, then µ is a Q-node whose skeleton is G∗

itself.

Parallel Case: If G∗ is composed of at least two
maximal split components G1, . . . , Gk (k ≥ 2) of G
with respect to {u, v}, then µ is a P-node. Graph
sk(µ) consists of k parallel virtual edges between u
and v, denoted by e1, . . . , ek and corresponding to
G1, . . . , Gk, respectively. The decomposition recurs
on G1, . . . , Gk, with {u, v} as pair of vertices for
every graph, and with µ as parent node.

Series Case: If G∗ is composed of exactly one max-
imal split component of G with respect to {u, v}
and if G∗ has cutvertices c1, . . . , ck−1 (k ≥ 2),
appearing in this order on a path from u to v,
then µ is an S-node. Graph sk(µ) is the path
e1, . . . , ek, where virtual edge ei connects ci−1 with
ci (i = 2, . . . , k − 1), e1 connects u with c1, and
ek connects ck−1 with v. The decomposition re-
curs on the split components corresponding to each
of e1, e2, . . . , ek−1, ek with µ as parent node, and
with {u, c1}, {c1, c2}, . . . , {ck−2, ck−1}, {ck−1, v} as
pair of vertices, respectively.

Rigid Case: If none of the above cases applies, the
purpose of the decomposition step is that of par-
titioning G∗ into the minimum number of split
components and recurring on each of them. We
need some further definition. Given a maximal split
component G′ of a split pair {s, t} of G∗, a vertex
w ∈ G′ properly belongs to G′ if w 6= s, t. Given a
split pair {s, t} of G∗, a maximal split component
G′ of {s, t} is internal if neither u nor v (the poles
of G∗) properly belongs to G′, external otherwise.
A maximal split pair {s, t} of G∗ is a split pair of
G∗ that is not contained into an internal maximal
split component of any other split pair {s′, t′} of
G∗. Let {u1, v1}, . . . , {uk, vk} be the maximal split
pairs of G∗ (k ≥ 1) and, for i = 1, . . . , k, let Gi be
the union of all the internal maximal split compo-
nents of {ui, vi}. Observe that each vertex of G∗

either properly belongs to exactly one Gi or belongs
to some maximal split pair {ui, vi}. Node µ is an
R-node. Graph sk(µ) is the graph obtained from
G∗ by replacing each subgraph Gi with the virtual
edge ei between ui and vi. The decomposition re-
curs on each Gi with µ as parent node and with
{ui, vi} as pair of vertices.

In the following we assume that, for each node µ
of the SPQR-tree T of a graph G, sk(µ) contains the

virtual edge (u, v) representing the parent of µ in T .
We say that an edge e of G projects to a virtual edge
e′ of sk(µ), for some node µ in T , if e belongs to the
pertinent graph of the node of T corresponding to e′.

The SPQR-tree T of a graph G with n vertices and
m edges has O(n) Q-, S-, P-, and R-nodes. Also, the
total number of vertices of the skeletons of the nodes of
T is O(n). Graph G is planar if and only if the skeletons
of all the nodes of T are planar [1]. The SPQR-tree
T can be used to represent all the planar embeddings
of G. We emphasize the following properties, that are
implicitly exploited throughout all the paper.

Property 2.1. A planar embedding of the skeleton of
every node of T determines a planar embedding of G
and vice versa.

Property 2.2. Let C be a cycle of G and let µ be any
node of T . Then, either the edges of C belong to a single
virtual edge of sk(µ), or they belong to a set of virtual
edges that induce a cycle in sk(µ).

2.3 Facial cycles and H-bridges Let Γ be a planar
drawing of a graph H (see Fig. 2.a). Let ~C be a
simple cycle in H with an arbitrary orientation. The
oriented cycle ~C splits the plane into two connected
parts. Denote by V left

Γ (~C) and V right
Γ ( ~C) the sets of

vertices of the graph that are to the left and to the right
of ~C in Γ, respectively. The boundary of each face f of
Γ can be uniquely decomposed into simple edge-disjoint
cycles, bridges (i.e., edges that are not part of a cycle),
and isolated vertices (see Fig. 2.b). Orient the cycles in
such a way that f is to the left when walking along the
cycle according to the orientation. Call these oriented
cycles the facial cycles of f (see Fig. 2.c). Observe that
the sets V left

Γ (~C), V right
Γ (~C) and the notion of facial

cycles only depend on the embedding H of Γ. Hence, it
makes sense to denote V left

H (~C) and V right
H (~C), and to

consider the facial cycles of H.
Let x be a vertex of a graph G with embedding G.

Denote by EG(x) the set of edges incident to x and by
σG(x) the rotation scheme of x in G.

Lemma 2.1. Let (G,H,H) be an instance of Pep and
let G be a planar embedding of G. The restriction of G
to H is H if and only if the following conditions hold:
1) for every vertex x ∈ V (H), σG(x) restricted to EH(x)
coincides with σH(x), and 2) for every facial cycle ~C of
each face of H, we have that V left

H (~C) ⊆ V left
G (~C) and

V right
H ( ~C) ⊆ V right

G (~C).

Proof. The proof easily descends from the following
statement. Let Γ1 and Γ2 be two drawings of the
same graph G such that, for every vertex x ∈ V (G),

205 Copyright © by SIAM. 
Unauthorized reproduction of this article is prohibited.


































