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Abstract

Finding the largest independent set in a graph is a no-
toriously difficult N P-complete combinatorial optimiza-
tion problem. Moreover, even for graphs with largest de-
gree 3, no polynomial time approximation algorithm ex-
ists with a 1.0071-factor approximation guarantee, un-
less P = NP [BK93|.

We consider the related problem of finding the
maximum weight independent set in a bounded de-
gree graph, when the node weights are generated i.i.d.
from a common distribution. Surprisingly, we dis-
cover that the problem becomes tractable for certain
distributions. Specifically, we construct a randomized
PTAS (Polynomial-Time Approximation Scheme) for
the case of exponentially distributed weights and ar-
bitrary graphs with degree at most 3. We extend our
result to graphs with larger constant degrees but for dis-
tributions which are mixtures of exponential distribu-
tions. At the same time, we prove that no PTAS exists
for computing the expected size of the maximum weight
independent set in the case of exponentially distributed
weights for graphs with sufficiently large constant de-
gree, unless P=NP. Our algorithm, cavity expansion, is
new and is based on the combination of several power-
ful ideas, including recent deterministic approximation
algorithms for counting on graphs and local weak con-
vergence/correlation decay methods.

1 Introduction

The problem of finding the largest independent set of a
graph (the decision version of it) is a well-known NP-
complete problem. Moreover, unlike some other NP-
complete problems, it does not admit a constant fac-
tor approximation algorithm for general graphs: Has-
tad [Has96] showed that for every 0 < § < 1, no n'~%

~ *Operations Research Center and Sloan School of Manage-
ment, MIT, Cambridge, MA, 02139, e-mail: gamarnik@mit.edu
TOperations Research Center and Sloan School of Manage-
ment, MIT, Cambridge, MA, 02139, e-mail: dag3141@mit.edu
tOperations Research Center, MIT, Cambridge, MA, 02139,
e-mail: theo_w@mit.edu

268

approximation algorithm can exist for this problem un-
less P = NP, where n is the number of nodes. Even
for the class of graphs with largest degree at most 3 no
factor 1.0071 approximation algorithm can exist, under
the same complexity-theoretic assumption, see Berman
and Karpinski [BK98]. Similar results are established in
the same paper for the cases of graphs with maximum
degree 4 and 5 with slightly larger constants. Thus the
problem does not admit any PTAS (Polynomial-Time
Approximation Scheme) even in the least non-trivial
class of degree-3 graphs. Observe that the problem can
be solved to optimality trivially for graphs with largest
degree 2.

The problem has also been studied in several aver-
age case settings. Karp and Sipser [KS81] constructed a
simple algorithm which finds an asymptotically largest
independent set in Erdés-Rényi random graphs with
average degree ¢ < e (in fact the maximum match-
ing problem is considered instead, but the approach
works for the independent set problem as well in this
regime). The largest independent set is known to be
order (2 4+ o(l))lo%n in average degree ¢ Erdds-Rényi
graphs with n nodes [JLR00]. Similarly, in dense ran-
dom graphs with n nodes, where each edge is selected
with probability 1/2, the largest independent set is of
size 2logn + o(logn), though the largest independent
set produced by any known polynomial time algorithm
is only (140(1)) logn. More recently a different average
case model was considered in Gamarnik et al [GNS06]:
the nodes of an Erdds-Rényi graph are equipped with
random weights distributed exponentially. The limit-
ing expression for both the expected cardinality and ex-
pected weight of the maximum weight independent set
was found in the regime ¢ < 2e. Similar results were
established for r-regular graphs with girth diverging to
infinity for the cases r = 3,4.

In this paper we consider the following natural
mixture of the worst case/average case assumptions. We
consider an arbitrary graph with largest degree at most
3, where the nodes are equipped with random weights,
generated i.i.d. from an exponential distribution with
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parameter 1. The optimization problem is to find
the largest weighted independent set. Surprisingly,
we discover that this is a tractable problem - we
construct a randomized PTAS, even though the unit
weight version of this problem (maximum cardinality
independent set) does not admit any PTAS, as was
mentioned above. We extend this result to more general
graphs but for distributions which are mixtures of
exponential distributions. Our algorithm, which we call
Cavity FExpansion, is new and draws upon several recent
ideas. The first such idea is the local weak convergence
method. This is a method which takes advantage of
the observation that randomness sometimes induces
a long-range independence (correlation decay) in the
underlying decision problem. For example, as we
show in the present paper, random weights with the
exponential distribution imply that whether node ¢
belongs to the largest weighted independent set has
asymptotically no correlation with whether a node j
belongs to the largest weighted independent set, when
the distance between ¢ and j is large. This method
was introduced by Aldous [A1d92],[A1d01],[AS03] in the
context of solving the well-known ¢(2) conjecture for the
random minimal assignment problem. It was further
used in Gamarnik et al [GNS06] in a setting described
above, namely regular graphs with large girth. It
was shown that the correlation decay property indeed
holds when r = 3,4 and does not hold when r >
4. The notion of bonus was heavily used recently
in the statistical physics literature under the name
cavity [MPO03] (see [RBMMO04] for the independent sets
setting). The local-weak convergence/cavity method
has also been used extensively, but only in the setting of
random graphs which have a locally-tree like structure.
In order to go beyond the locally-tree like restriction
on graphs another idea is needed. Such an idea was
proposed recently by Weitz [Wei06] and extended in
Gamarnik and Katz [GKO07b],[GK07a], Bayati et al
[BGK™07], Jung and Shah [JS07] in the context of graph
counting problems. Weitz showed that the problem of
counting on a graph, and the more general problem of
computing the partition function of Gibbs measures,
can be reduced to the problem of counting on a related
exponentially large tree of ‘self-avoiding walks’. Then if
the correlation decay property can be established on this
tree instead, the tree can be truncated at small depth
to obtain approximate inference.

In this paper we combine the correlation de-
cay/local weak convergence approach of [GNS06]
and the tree of ‘self-avoiding walks’ approach of
Weitz [Wei06] to obtain the stated result. Our ap-
proach does not explicitly use the notion of a tree of self-
avoiding walks. Instead, the simpler notions of recursive
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cavity approximation and expansions(refer to quantities
B*(i,r), B~ (i,r) below) are used and the correlation
decay property is established. The algorithm is in fact
decentralized: only a local constant size neighborhood
around each node is used to decide wether the given
node should be a part of the maximum weight indepen-
dent set.

Furthermore, we show that the setting with random
weights hits a complexity-theoretic barrier just as the
classical cardinality problem does. Specifically, we
prove that no PTAS exists for computing the expected
cardinality of the maximum weight independent set in
the case of exponentially distributed weights for graphs
with sufficiently large constant degree, unless P=NP.

This negative result is proven by showing that for
large constant-degree graphs, the maximum weighted
independent sets are dominated by independents sets
with cardinality close to largest possible. Since the
latter does not admit a constant factor approximation

up to a A/20V19(B) multiplicative factor [Tre01], the
same will apply to the former case.

Our results further highlight interesting and intrigu-
ing connection between the field of complexity of al-
gorithms for combinatorial optimization problems and
statistical physics (cavity method, long-range indepen-
dence). The approach taken in this paper can be ex-
tended to other combinatorial optimization problems
and is researched in larger generality in a companion
paper [GDT]. It would be interesting to see what other
weight distributions are amenable to the approach pro-
posed in this paper. Furthermore, it would be inter-
esting to see if the random weights assumptions can be
substituted with deterministic weights which have some
pseudo-random properties. This would move our ap-
proach even closer to the worst-case combinatorial op-
timization setting.

The remainder of the paper is organized as follows.
The definitions, assumptions and the main results are
stated in the following section. The algorithm and some
preliminary results are presented in Section 3. The
proof of our first main result is in Section 4. The
remaining proofs are in the Appendix.

2 Model, problem formulation and the main
results

Consider a simple undirected graph G = (V, E),V £
[n] = {1,2,...,n}. The quantity M = M(G) =
max(n, |E|) is called the size of the instance G. Since
we will exclusively consider graphs with degree bounded
by a constant, for all practical purposes we can think of
n as the size of the instance. When we say polynomial
time algorithm, we mean that the running time of the
algorithm is upper bounded by a polynomial in n. For
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every node i € V, N(i) denotes the set of neighbors:
N@) = {j € V : (i,j) € E}. Sometimes we will
write Ng(4) in order to emphasize the underlying graph.
A(i) £ |N(i)| is the degree of the node i, and A = Ag =
max; A(4) is the degree of the graph. A set I C V is an
independent set iff (i,5) ¢ E Vi,j € I. The quantity
a(G) = maxy|I| is called the independence
number of the graph, where the maximization is over all
independent sets. Let I* = I denote an independent
set with the largest size: |[[*| = a. In cases where
we have several such independent sets, let I* be any
such independent set. An algorithm A is said to be a
p > 1-factor approximation algorithm for the problem
of computing the size of the largest independent set «, if
for every graph instance G it produces an independent
set I in G s.t. «a/|I| < p. Such an algorithm is called
a PTAS (Polynomial Time Approximation Scheme) if
it is a p = 1 4 € approximation factor algorithm for
every € > 0 and runs in time which is polynomial in
n. An algorithm is called an FPTAS (Fully Polynomial
Time Approximation Scheme) if it runs in time which
is polynomial in n and 1/e. It turns out that for our
setting the relevant notion is the intermediate class
of algorithms, namely EPTAS. This is the class of
algorithms which produces a 1+¢€ approximation in time
O(n°Mg(e)), where g(e) is some function independent
from n. Namely, while it is not required that the
running time of the algorithm is polynomial in 1/¢, the
1/e quantity does not appear in the exponent of n.

In this paper we consider a variation of the problem
of finding the cardinality of a largest independent set,
when the nodes of the graph are equipped with random
weights W;, i € V, drawn independently from a common
distribution F(t) = P(W < ¢),t > 0. The goal is to
find an independent set I with the largest total weight
W(I) £ Y,.; Wi. Naturally, this problem includes the
problem of computing a(G) as a special case when F'(t)
is the deterministic distribution concentrated on 1. Our
main result shows that, surprisingly, the problem of
finding the maximum weight independent set becomes
tractable for certain distributions F', specifically when
F' is an exponential distribution with parameter 1,
F(t) = 1 —exp(—t), and the graph has degree A < 3.
Let I* = I*(G) be the largest weighted independent
set, when it is unique, and let W(I*) be its weight.
In our setting it is a random variable. Observe that
I* is indeed unique w.p. 1 when F' is a continuous
distribution, which is the setting in which we work.

We now state our first main result.

o =

THEOREM 2.1. There exists a randomized algorithm
which for every G = (V,E) with Ag < 3 and ¢ > 0
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produces a (random) independent set T such that

W (I*)
P(W@

(2.1) >1+e) < e,

when the nodes’ weights are independently and exponen-
tially distributed with parameter 1. The algorithm runs

in time O(n2o(€721°g(1/6))), namely it is an EPTAS.

REMARK 2.1. 1. Our algorithm, as we shall see, uses
randomization, independent of the underlying ran-
domness of the instance. Thus the probabilistic
statement (2.1) is w.r.t. two sources of random-
ness: randommness of weights and randomization of
the algorithm.

2. The choice of parameter 1 in the distribution is
without loss of generality, of course: any common
parameter leads to the same result. Presumably,
our result can be generalized to the case of node-
specific parameters, but we do not pursue this
direction in this paper.

8. Observe that the running time of the algorithm is
actually linear in the number of nodes n. The
dependence on the approximation and accuracy
parameter € is exponential, but this exponent does
not affect n. In fact our algorithm is local in nature
and, as a result, it can be run in a distributed
fashion.

We can extend the result of Theorem 2.1, albeit to
the case of mixtures of exponential distributions. Let
p > 25 be an arbitrary constant and let o = p’,j > 1.

THEOREM 2.2. There exists an algorithm which for
every G = (V,E) with Ag < A and € > 0 produces
a (random) independent set T such that

W (I*)
P(Wm

(2.2) >14 e) <€,

when the nodes’ weights are distributed according to
PW > t) = %Zl<j<A exp(—a; t). The algorithm

runs in time O(n(%)A), namely it is an FPTAS.

Note that for the case of the mixture of exponential
distributions described above our algorithm is in fact a
F(fully)PTAS as opposed to an EPTAS for Theorem 2.1.
The reason for this (rather the reason for the weaker EP-
TAS result) is that in order to establish the correlation
decay property for the case of exponential distributions
we need, for technical reasons, that the average degree is
strictly less than two. Thus our algorithm is preempted
by preprocessing consisting of deleting each node with
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small probability § = §(e) independently for all nodes.
This makes the correlation decay rate dependent on ¢
and ultimately leads to an exponential dependence on e.
On the other hand, for the case of a mixture of exponen-
tial distributions, we will show a correlation decay rate
which holds for every degree (by adjusting the weights
in the mixture). This way we achieve an FPTAS.

Finally we turn to our third and last result - the
hardness of approximating W (I*) when the weights are
exponentially distributed and the degree of the graph
is large. We need to keep in mind that since we are
dealing with instances which are random (in terms of
weights) and worst-case (in terms of the underlying
graph) at the same time, we need to be careful as to
the notion of hardness we use. In fact we will prove a
result using the standard (non-average case) notions of
complexity theory. Specifically, define algorithm A to
be a factor-p polynomial time approximation algorithm
for computing E[W (I*)] for graphs with degree at most
A, if given any graph with degree at most A, A produces
a value @ such that % < w/E[W(I*)] < p in time
bounded by n®M). Here the expectation is with respect
to the exponential weight distribution and the constant
exponent O(1) is allowed to depend on A.

THEOREM 2.3. There exist Ao and ¢}, ch such that for
all A > Ag the problem of computing E[W (I*)] to
within a multiplicative factor p = AJ(cflog A2¢2VIeeR)
for graphs with degree at most A is NP-complete.

The main idea of the proof is to show that the
difference between the largest weighted independent set
and the largest independent set measured by cardinality
is diminishing in A. A similar proof idea was used
in [LV97] for proving the hardness of approximately
counting independent sets in sparse graphs.

3 Cavity expansion and the algorithm

We begin by establishing some preliminary results. The
main ones are related to the notion of cavity (bonus)
associated with the objective function W (I*). In this
section we consider a general graph G, whose nodes are
equipped with arbitrary non-negative weights W;,i € V.
Thus no probabilistic assumption on W; is adopted
yet. Let Jg = W(I*). For every i1,...,iq € V
let Jg(i1,...,1q) be the largest weight of an indepen-
dent set I, when nodes i1,...,iq are restricted to be
not in I. Equivalently, Jg(i1,...,%d) = Jo\{ir,....ia}>

where G\ {41, ...,44} is the subgraph induced by nodes
V A\ {i1,...,iq}. The quantity Bg(i1,...,iq) = Jg —
Jg(i1,...,iq) will be called the cavity at the nodes
i1,...,%q. This quantity is also commonly called the

bonus [Ald01],[AS03],[GNS06],[GG09].
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PROPOSITION 3.1. Given i € V, let N(i) =
{i1,...,1a}. Then
(3.3)
Bq;,(i) = max (O,Wi — Z BG\{i,il,...,il,l}(il))a
1<i<d
where the mner summation evaluates to
zero when N(i) = . Moreover, if W; —

Zlglgd Be\{ijiy,...ii13 (@) > 0, namely Bg(i) > 0, then
every mazimum weight independent set must contain

i. Similarly if Wi — 3 <<q Bev{iin,iy (i) < 0,
implying Bg(i) = 0, then every maximum weight
independent set does not contain i.

REMARK 3.1. Note that the proposition leaves out the
“fuzzy” case W; — Elglgd Bg\{ijiy,...ii13 (@) = 0. This
will not be a problem in our setting since, due to the
continuity of the weight distribution, the probability of
this event is zero. Modulo this tie, the event Bg(i) >
0(Bg(i) = 0) determines whether i must (must not)
belong to the mazrimum weight independent set.

Proof. Observe

JG = max (JG\{i}a VVZ + JG\{i,il,...,id}) .

Subtracting Jg\ (43 from both sides we obtain

Bg (i) = max (07 Wi — (Jo\{iy — JG\{i,il,...,id}))-

Observe further,

Jo\ iy = Je\(isin,eia)

= Z (JG\{i>i1>~--7iz—1} - JG\{i7i1>~-~7iz})
1<i<d

= Y Be{iin, i ().

1<i<d

The proof of the second part follows directly from the
analysis above. Q.E.D.

We now construct quantities which provide bounds on
the cavity B. For every induced subgraph H of G, every
r =0,1,2,..., and every node i € H, define By (i,r)
recursively as follows. Let Ng(i) = {i1,...,%4}. Then

(3.4) By (i,7) =
0, r=0;
max (O, W; — Z1§l§d BH—E\{i,il,...,il,l}(il’T — 1)), r>1.

Let Bﬁ (i,7) denote the similar quantity, except that
we set Bﬁ (1,0) = W; for all H,i. By Proposition 3.1,
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if it was the case that B]I'E\{i;il;nwil—l}(il’/r -1 =
BH\{i,il,...,il,l}(iﬂ for all I, then Bﬁ(i,’l‘) = BH(i,T).
The same applies to Bﬁ (i,7). However, this is gener-
ally not the case due to our “incorrect” initialization
By (i,0) = 0. Our goal is to show that when 7 is suffi-
ciently large, By (i,7) is approzimately correct. Show-
ing this is the subject of the next section. Now we
close this section with the complexity analysis of com-
puting the approximate cavity Bg (¢,r) for the initial
graph G. The algorithm is exactly computing the re-
cursion (3.4) for a target number of iterations r and will
be called Cavity Ezpansion Algorithm (CA). Note that
we assume that basic arithmetic operations , compar-
isons, and storage/access can be performed on the node
weights (and the values derived from them by applying
recursion (3.4) ) in constant time.

PROPOSITION 3.2. For every G with degree A, i €
V(G) and t > 0, the quantities Bg (i,7), B¢ (i,7) can
be computed in time O(rA”).

Proof. The proof is by induction on r. Let ¢(r) be a
bound on the time required to compute By (i,7) for a
general subgraph H of G and node ¢ € H. Given values
By, (', —1) for all (at most) A (H’,4’) pairs needed to
compute By (4,7) using recursion (3.4), it takes O(A)
time to compute By (,r) (perform all relevant look-ups
, basic arithmetic operations, and storage). Since each
of the (at most) A relevant By, (¢, — 1) values can be
computed in time ¢(r — 1) by the induction hypothesis,
we find that ¢(r) = O(A + A¢(r — 1)) The assertion
then follows. The analysis for By (4,7 — 1) is similar.

It turns out that By (i,7) and By (4,7) provide valid
bounds on the true cavities By(7).

LEMMA 3.1. For every even r

By (i,7) < Bu(i) < By (i,7),
and for every odd r

By (i,r) < Bu(i) < By (i, 7).

Proof. The proof is by induction on r. The assertion
holds by definition of B~, Bt for » = 0. The induction
follows from (3.3), definitions of B~, BT and since the
function  — max(0, W — ) is non-increasing in z.

We now describe our algorithm C'A(r, €) for producing
a large weighted independent set. Our algorithm runs
in two stages. Fix € > 0. In the first stage we take
an input graph G = (V| E) and delete every node (and
incident edges) with probability €2 /2, independently for
all nodes. We denote the resulting (random) subgraph
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by G(e). In the second stage we compute Bg(e)(i,r)
for every node i for the graph G(e) for some target even
number of steps . We set Z(r, €) = {i : Bg,(i,7) > 0}.
Let I be the largest weighted independent set of G(e).

LEMMA 3.2. Z(r,€) is an independent set.

Proof. By Lemma 3.1, if By (4,7) > 0 then Bg() > 0,
and therefore Z C I?. Thus our algorithm produces an
independent set in G(e) and therefore in G.

Due to Proposition 3.2, the complexity of running
these stages of CA(r,€) is O(n r A”). We now proceed
to the analysis of the Cavity Expansion Algorithm
CA(r,e).

4 Proof of Theorem 2.1

4.1 Correlation decay property The main bulk of
the proof of Theorem 2.1 will be to show that Z(r,€) is
close to I} in the set-theoretic sense. We will use this to
show that W (Z(r,€)) is close to W (I}). It will then be
straightforward to show that W (I*) is close to W (I*),
which will finally give us the desired result, theorem
5. The key step therefore consists in proving that the
correlation decay property holds. It is the object of our
next proposition.

First, we introduce for any arbitrary induced sub-
graph H of G(e), and any node i in H, Myg(i) =
E[e_BH(i)],Mﬁ(i,T) = E[e_Bﬁ(i’T)]vM]I:Ig_(iaT) =
E[e_B}Jﬂr(i»T)]'

PROPOSITION 4.1. Let G(e) = (V.,E.) be the graph
obtained from the original underlying graph as a result
of the first phase of the algorithm (namely deleting every
node with probability § = €2/2 independently for all
nodes). Then, for every node i in G(e) and every r

(4.5)
P(Bg o) (i) = 0, B (i, 2r) > 0) < 3(1 — €2/2)*,

and

(4.6)
P(Bg(e) (i) > 0, Bg (i, 2r) = 0) < 3(1 — €2 /2)%".

Proof. Consider a subgraph H of G, node ¢ € H with
neighbors Ny (i) = {i1,...,iq4}, an integer r > 1, and
suppose for now that the number of neighbors of ¢ in H
is at most 2.

Examine the recursion (3.3) and observe that all
the randomness in the terms B fi,,....5,_,}(i1) is de-
rived from the subgraph H\ {4, 41, ...,%;—1}, and thus W;
is independent from the vector (B f4i;,....5,_,}(81), 1 <

I < d). A similar assertion applies when we re-
place BH\{i,ih...,izfl}(Z‘l) With Bﬁ\{i,il,...,ihl}(il’?ﬁ) and
Copyright © by SIAM.
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Bﬁ\{@ilwnxil—l}(il’ ) for every r. Using the memoryless
property of the exponential distribution, letting W de-
note a standard exponential random variable, we obtain:

E[e_BH(i)| Z BH\{'L‘,'L‘lywwilfl}(il) = x]
1<I<d

= P(W; < 2)E[e"] +
Ele=Wi=2) | W; > 2]P(W; > z)
= (1-P(W;>x))+EleVP(W; > 2)
= (1-P(W; > )+ (1/2P(W; > x)
= 1—(1/2)P(W; > z)
(4.7 = 1-(1/2)exp(—x).

It follows that

EE[E* >i<i<a BH\{i,il,.,.,il,l}(iz)].

)

Ele B =1 —

E[e—Bﬁ(i,r)] — 11— %E[e* Yi<i<a Bﬁ\{i,il,.,.,il,l}(ilvrfl)];

E[efBg(i,r)] —1- lE[6721§L§d Bg\{i,il,m,ilfl}(ilvrfl)]'

By assumption ¢ has two neighbors or less in H, and thus
d < 2. For d = 0, we have trivially My(i) = My (i,r) =
Mt (i, ). Suppose d = 1: N(i) = {i1}. Then,
Mg (i,7) — Mg (i,r)

= (1/2) (Ele” P Y] — Bl B (D)

= (1/2) (M,

(4.8) \ay (117 = 1) = Mg, 3 (i1, 7 = 1)).

Finally, suppose d = 2: N(i) = {i1,42}. Then

My (i) = My (i,7)
= % (E[e—Bg\{i}(il7r—l)—B]§\{i,i1}(ig,r—l)]

—E[e*Bi\{i}(“”“*1)*315\{1',1’1}“2”*1)])
P
_ EE[efBu-l\{i}(“vrfl)
_Bt o B~ o
(e Bty (27 =1) _ o= Baviny (27— 1))
1 . Bz, (i2r-1)
+—]E[e H\ {i,i1} "2
2
ZBY (i1 r— B~ (e
(6 BH\{i}(lI;T 1)—6 BH\{i}(llﬂ‘ 1))]

Using the non-negativity of B~, BT and applying
Lemma 3.1 we obtain for even r

273

0 < My (i,7) — Mg (i,r)

< %E[e_Bg\“vh}(iz’T_l) — e_B]]g\{i,il}(izxr_l)]
+%E[€_B;{\{i}(il’7ﬂ_l) _ e_Bﬁ\{i}(iI;T—l)]
1 ) B .
= 5 (Mg 4,y 2,7 = 1) = My, ;5,3 (2,7 = 1))
1 y —_ .
(4.9) +§(MH:IF\{1'}(“’ r=1) = My gy (i, 0 = 1));

and for odd r

0 < My (i,7) — My (i,7)
1 - . .
=3 (Mg g4, (2,7 = 1) = My, 5,4 (2,7 = 1)
o — . .
(4.10) +§(MH\{1'}(7’1’ r—1)] — Mﬁ\{i}(zl, r—1)).
Summarizing the three cases we conclude that

(4.11) | My (i 7) — My (i,7)] <

@ s |V G = 1) — Mg Gir = 1)

2 H,j
where the maximum is over all induced subgraphs H’
of G and nodes j € H' with degree at most 2 in H'.
The reason for this is that in equations (4.8),(4.9), and
(4.10); the moments M, (j,7—1) appearing on the right
hand side are always computed for a node j which has
lost at least one of its neighbors (namely, ¢) in graph H'.
Since the degree of j was at most 3 in G and at least
one neighbor is removed, j has at most two neighbors in
H'. By considering HN G(e) in all previous equations,
equation (4.11) implies

— M-

(4.12) | Mo (i57) = Mg oy (8:7)] <

—— max MH};mG(e)(j’ r—1)— Mﬁm@(e)(jvr -1

where d(e) denotes the number of neighbors of ¢ in
H N G(e) and again the maximum is over all induced
subgraphs H' of G and nodes j € H’' with degree at
most 2 in H'. By definition of G(e), d(e) is a binomial
random variables with d trials and probability of success
(1 — €2/2), where d is the deree of i in H. Since
d <2, Eld(e)] <2(1—€?/2). Moreover, this randomness
is independent from the randomness of the random
weights of H. Therefore,

— M-

(4.13) HnG () (6T <

€2

(1 - 5) %}%;(E Mﬂ{m@(e) (jaT -1)— Mﬁ/m@,(e) (jaT - 1)

EHMﬁmG(e)(i’ r)
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where the external expectation is w.r.t. randomness of 4.2 Concentration argument We can now com-
the first phase of the algorithm (deleted nodes), and plete the proof of Theorem 2.1. We need to bound
again the maximum is over all induced subgraphs H' |W (I*)—W (I})| and W (I\Z(r,¢€)) and show that both
of G and nodes j € H' with degree at most 2 in H'. quantities are small.

Let e,_; denote the right-hand side of Ineq. (4.13). By Let AV, be the set of nodes in G which are not
taking the max of the left-hand side of (4.13) over all in G(e). Trivially, |[W(I*) — W(I*)] < W(AV,). We
(H,j) s.t. H is a subgraph of G and j is a node in H have E[|AV]] = —2n and since the nodes were deleted

with degree less than or equal to 2 in H, we obtain irrespectively of their weights, then E[W (AV,)] = n

the inequality e, < (1 — €?/2)e,_1. Iterating on r '?o analiz/ze W (I* \Zg(r 67)) observe that by (the

gng Ef:i%(]t h<e faith;sh?legﬁlesa?gaglzn_ze%?m\];?;)-r ;;: second part of) Proposition 4.1, for every node i,P(i €

= ) (— - * 2 rA *

all » > 0 (since 0 < eg < 1). Finally, it is easy to show (‘;6 \II(T’ €) <3(1 - 6_/2) = 01. Thus E|;T€ \Z(r,e)l <

using the same techniques that equation (4.11) holds for 17 A order to obtain a bound on W(.Iﬁ \ Z(r,¢€)) we

a node i with degree d = 3 in H as well. This implies derive a crude bound on the largest weight of a subset

that for an arbitrary node i in G(e), with cardinality d;n. Fix a constant C' and consider the
set Vo of all nodes in G(e) with weight greater than C.

_ _ . 3 —
E[|M+ ( ) _ & )(’L T)” _(1 _ 62/2) We have_EC[W(Vc)] (C + E[W ClW > C]) n
2 (C' 4+ 1)e~“n. Each node in V' \ Vi has weight at most
Applying Lemma 3.1, we conclude for every r > 0 C'. Therefore,
0< E[e*B&a(i’Q” _ e*Bg( ) (&, 2”] g(l — 62/2)2T, E[W(I7 \ Z(r,¢))]
< EW(((I*\ Z(r,e)) N VE) UV,
Recalling (4.7) we have < Fl ((( I 9)nve) C>]
< CE[IX\Z(r,e)|]] + E[Vc]
Elexp(—Bg(e (1))] < Chn+ (C+1)e %n
=1-(1/2)P(W > Z Bg(o)\ {iir,....ii_1 3 (01)) We conclude )
lsi<d E[|W(I*) — W(Z(r,e))|] < %n +Con+ (C+1)e

o ) ' o . Now we obtain a lower bound on W(I*). Con-
Similar expressions are valid for BG(e)(laT))7 BG(e)(laT))' sider the standard greedy algorithm for generating an

Applying Lemma 3.1, we obtain independent set: take arbitrary node, remove neigh-
bors, and repeat. It is well known and simple to see

0< P(Bé(é)(ia 2r) =0) — ]P’(BE(E)(L 2r) =0) that this algorithm produces an independent set with

< 3(1—€2/2)%. cardinality at least n/4, since the largest degree is at
most 3. Since I does not depend on the weights W,

Again applying Lemma 3.1, we obtain EW({I*)] =1* >n/4. Also, Var(W(I*)) = I* < n. By

Chebyshev’s inequality,
P(Bg(e) (i) = 0, B (i, 2r) > 0)

n
P(W(I*) <n/8) < ———= = 64/n.
< P(Bg ()(z 2r) =0, BE()(’L,QT)>O) W) /8) < (n/8) /
=P(B; ( )(z 2r) = 0) We now summarize the results.
—P(Bg,(i,2r) = 0, Bf (i, 2r) = 0) P(% <1
_ - _ + _
e SR =0 VI s Ty
< 3(1—€*/2)""; < Wi S e, >3
and +P(W(I*) <n/8)
|[W(I*) = W(Z(r,e))] , n 64
<P > W) > =)+ —
P(Bg(e) (i) > 0, By (i,2r) = 0) ( W) W) =)+
< ]P(BG(e) (i,2r) =0, BG(E)(z, 2r) > 0) < P( W) - ZV(Z(T’ €))| > ¢ 64
<3(1—€%/2)%. B n
€2/2+3C(1—€*/2)" + (C+1)exp(—=C) 64
This completes the proof of the proposition. = /8 + o
274 Copyright © by SIAM.
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where we have used Markov’s inequality in the last step
and 6; = 3(1 — €2/2)". Thus it suffices to arrange €, C
so that the first ratio is at most €¢//2 and assuming,
without the loss of generality that n > 128/¢/, we will
obtain that the sum is at most €/. It is a simple exercise
to show that by taking e = %,T = O(log(1/€)/€?) and
C = O(log(1/e€)), we obtain the required result. This
completes the proof of Theorem 2.1.
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Appendix

In this section we present proofs of Theorems 2.2,2.3.

Proof. [Proof of Theorem 2.2] The mixture of A expo-
nential distributions with rates a;j;,1 < 7 < A and equal
weights 1/A can be viewed as first randomly generating
a rate a with the probability law P(ov = o) = 1/A and
then randomly generating an exponentially distributed
random variable with rate «;, conditional on the rate
being ;.

For every subgraph H of G, node 7 in H and
j = 1,...,A, define Mj(i) = FElexp(—c; Bu(i))],
Mg (i,r) = Elexp(—a; Bg(i,r))] and Mg (i,r) =
Elexp(—a; Byt (i,7)], where By(i), By (i,7) and By (i,7)
are defined as in Section 3.

LEMMA 4.1. Fiz any subgraph H, node i € H with
NH(Z) = {2'17. .. 7Z'd}. Then

Elexp(—a; Bu(i))] =
1— )

1<k<A

E[e—Zlglsd kB {i,iq,..., il,l}(iz)].

a; + g
E[e—ang(i,r)]

. +
Qj E[e* ZlglgdakBH\{i,il ;

1-N % g Timiza Bl i, ”71}(@,“1)];
1A Qa; + Qg
Elexp(—a; By (i,7))] =
1_ Q; E[G_ZISlSkoB};\{i,il ,,,, ilil}(il,r—l)]
1hen Tk
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Proof. Let a(i) be the random rate associated with node
i. Namely, P(a(i) = ;) = 1/A. We condition on

the event Zl<l<dBH\{l 1yt 1}(11) =x. As By(i) =
max (0, W; — z), we obtain:

E[—a;Bu(i)|z]
— %ZE[—OAJ'BH(Z'”I, (i) = ag)
&

= 33 (BOW: < 2lati) = ar)
k

FP(W; > za(i) = ap)Ele= W=D |W; > 2, a(i) = ak])

1 «
— 1 _ J —QRT
A Z aj + ag €
k
Thus,
El—a;Bu(i)] =

E1gzgd O‘kBH\{i,il,.,.,ilfl}(il)]'

1__204]—1—6%

The other equalities follow identically.

By taking differences, we obtain

M (i,r)

+
BH—I\{i,il,.,.,ilfl}

Mg (i,7) —
1 Oé_j —Qa
= — — | F
A Z Qa; + o < [ H €
k 1<I<d

eakBH\{i’ilwwizﬂ(”"T1)]> '

(il,’l‘—l)]

We now prove by induction that

(4.14)

Il =

1<i<d

11 yz’S > lm—wl,

1<i<d 1<i<d

I

H yl‘

1<i<k+1 1<I<k+1
= ‘!Ek+1 H L1 — Yk+1 H yl‘
1<I<k 1<I<k
1
= 5‘($k+1 — Yrt1)( H x + H )
1<I<k 1<I<k
Happ +u) ] z— ] yl)’
1<I<k 1<I<k
<leppr —geral +1 [ == [[ wl
1<I<k 1<I<k
.1 1
s1nce§| H x + H yi| <1, §|£C1c+1 +ypr1| <1
1<I<k 1<I<k
k+1
< Z |z, — yi| by the induction hyp.
=1
By applying Ineq.  (4.14) with a =
e_akBH\{z i1eenvig_q 3 (071 and i =
Rt N
|M_’j(i r) — M+’j(i,T)| <
A 1<k<n Y + Y 24 (
j 1) — Mk j 1
M, H\{“1 iy = 1) = Mgy g (e = 1))
This implies
(4.15) | My (i,7) = Mg (i,7)| <
d e (
— —  max
1hen @ T ak 1sisd
. ok .
| H\{l i1, ,1171}(“’ r—1) - MH\{z i1 ,zl,l}(lh r—= 1)|)
For any ¢ > 0 and j, let
A = (; .5
(4.16) erj = sup |My(i,7) — My’ (i,7)|.
HCG,icH

By taking the maximum on the right and left hand side
of Ineq. 4.15 successively (as in the exponential case),
we find that

oy
2 vt
aj + Qg

1<k<A

€rj < - r—1,k

For any t > 0, denote by e, the vector (e, 1,...,€rA).
Denote by M the A x A matrix such that for all (5, k),
M, =4

k= & 5= We finally obtain
when max; ||, |yi| < 1. The base case d = 1 is trivial. gk
Now, suppose Ineq. 4.14 holds for d < k. Note that e < Meyp_1.
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Therefore, if M"™ converges to zero exponentially fast in
each coordinate, then also e, converges exponentially
fast to 0. Following the same steps as the proof of
theorem 2.1, this will imply that for each node, the
error of a decision made by CE(r,0) is exponentially
small in r . Note that % < 1. Recall that o; = pj.

Therefore, for each j,k, we have M;; < %. By a
simple bounding argument , if p > 1 it sufﬁces to show
that MK converges to zero exponentially fast, where Ma
is the matrix defined by M; ; =1/2, M, =1,j > k and
Mjr=1/p)k=Ik>j, forall 1 <j k<A

Theorem 2.2 thus follows from the following lemma:

LEMMA 4.2. Under the condition p > 25, there exists
6 =0(p) < 1 such that the absolute value of every entry
of MY is at most 6'(p).

Proof. Let ¢ = 1/p. Let M’ denote the transpose
of Ma. Since elements of Ma are non-negative, it
suffices to exhibit a strictly positive vector x = z(p)
and 0 < 0 = 0(p) < 1 such that M’z < fx. Let = be
the vector defined by z = /2,1 < k < A. We show
that for any 7,

Ve Yo
1— /e

It is easy to verify that when p > 25, that is € < 1/25,

(MI(E)]‘ < (1/2+2

(1/2 + 21{\6&) < 1, completing the proof. Fix 1 < j <
A. Then,
(MII)J' = Z Mkﬁj $k+1/2$j+ Z Mkﬁj Tk
1<k<j—-1 J+H1<k<A
= Z ej_kek/2+1/26j/2+ Z /2.
1<k<j—-1 J+H1<k<A

Since 2; = ¢//2, we have

(M'z);

Ly

Z cU—F)/2 4 1/2_;’_ e(k=3)/2

1<k<j—1

>

JH1<k<A
1 k Z k
= 5 “+ g €2 + €2
1<k<j—1 1<k<A—j

_ 1+ 2¢3
-2 1-—¢

N|=

This completes the proofs of both the lemma and
Theorem 2.2.

Proof of Theorem 2.3 The main idea of the proof
is to show that the difference between the largest
weighted independent set and the largest independent
set measured by cardinality is diminishing in A. A
similar proof idea was used in [LV97] for proving the
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hardness of approximately counting independent sets in
sparse graphs.

Given a graph G with degree bounded by A, let
I™ denote (any) maximum cardinality independent
set, and let I* denote the unique maximum weight
independent set corresponding to i.i.d. weights with
exp(1) distribution. We make use of the following result
due to Trevisan [Tre01].

THEOREM 4.1. There exist Ag and c¢* such that for
all A > Ay the problem of approrimating the largest
independent set in graphs with degree at most A to
within a factor p = AJ2¢° VI8 A s NP-complete.

Our main technical result is the following proposition.
It states that an independent set of large weight is a
large independent up to a factor which grows as the
logarithm of the maximum degree of the graph.

PROPOSITION 4.2. Suppose A > 2. For every graph G
with n large enough, we have:

]

~ B[]
This in combination with Theorem 4.1 leads to the
desired result.

Proof. Let W(1) < W(2) < --- < W(n) be the ordered
weights associated with our graph G. Fix §, which we
later will choose to be 1/(10logA). let m = [§|IM]].
Observe that the event |[I*| < 6&|IM]| implies that
W(IM) < W(I*) < > i=n—m+1 W (j). The exponential
distribution implies E[W (j)] = H(n) — H(n — j), where
H (k) is the harmonic sum >, _,, 1/i. Thus

>

n—m+1<j<n
—mHm) - S H().
j<m-—1

We use the bound log(k) < H(k)—~ < log(k)+1, where
v is Euler’s constant. Then

< 20logA.

(H(n) — H(n —j))

Y. EWG)

j=n—m-+1

<m(H(n) — )+ log(m) — Z log(5)

1<j<m

<m(H(n) —v) +log(m) — /1 : log(t)dt
< mlog(n) + m + log(m) — mlog(m) + m
< (817 + 1)(log ﬁ + 2+ log(m)/m)

A+1 A+1
< 5™ |(log T+ +3) + (log T+ +3),
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where the bound [I*| > n/(A + 1) (obtained by using Armed with this inequality, we can finish the proof:
the greedy algorithm, see Section 4.2) is used. For
§ =1/(101log A), we can check that §(log 21 +3) < .89, E[ 1] =E| 1] ] >=P( 1] > §)E| 1] | "] 5]
implying that for all sufficiently large n, [1M] [M] |1M] (M| [IM]
2 2
- 400(An+ 1) '> 1013) . 400(A + 1) )
g n

n >5(1
> EW()] - EWIMY)

j=n—m+1 _ 400(A+1)? )
n

For n sufficiently large, (1
+3)—1) +o(n) 1/2, and Bl > ool

is greater than
A+1

< [1M](5(log

< —0.11TM| + o(n)
01

— n.
- A+l

Our next step is to show that Zn—mgjgn W(j) is
concentrated around its mean. It is known that for any
i,j3,n, W(i) and W(j) are positively correlated. As a
result,

_ Z Z Cov(W (), W(4))

j=n—m+1 i=n—m+1

On the other hand, Var[W(I™)] = |IM] < n.
Using the fact that for two (possibly dependent)
rv. X,Y we have Var[X — Y] < Var[X — Y] +
Var[X + Y] = 2(Var[X] + Var[Y]), we thus obtain
Var[3"0_ . W(j) = W(IM)] < 4n. By applying
Chebyshev’s inequality, we find that:

P(| 17| < 611M))

<P(W(IM) -~ Z W(j) <0)
j=n—m-+1

<p((WEh- 3 W)
j=n—m-+1

S (LAGORD SO T

j=n—m-+1

s(—%éfl))?%

- 400(A +1)°
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