





























independently and uniformly over N., where N, is a
discrete set of 4m positive numbers (m = |E|). Then,
the probability that MCF has a unique optimal solution
is at least %

Proof. Fix an arc e; € E, and fix ¢ for all e € F \ e;.
Suppose that there exists o > 0, such that when
Ce, = Qi MC]-" have optimal solutions x*, x**, where
vy, = 0and 27 > 0. Then, if ¢, > «, for any feasible
solution x of MC]: , where z., > 0, we have

E Cely = g Cel,

ecFE ecE,e#ey

< Z CeTe + Tey

ecE e#e;

< Z Cele

eckE

And if ¢.;, < a, for any feasible solution = of MCF
where x., = 0, we have

E Cely" < E Cewy” + amy)
eckE ecE e#e;
< E CeTe + QTe,
ecE e#e;

= § CeTe

eckE

This implies there exists at most one value for «,
such that if ¢., = o then MCF have optimal solutions
x*, x**, where 7 = 0 and ;7 > 0. Similarly, we can
also deduce that there exists at most one value for 3,
such that if ¢., = 8, MCF have optimal solutions z*,
x**, where 7, < e, and T} = e, .

Let OS denote the set of all optimal solutions of
MCF, and let D(e) be the condition of either: 0 = x.,
Vr € OS, or 0 < ze < Ue, Yz € OS, or x, = u,,
Vo € OS. Since ¢., has 4m possible values, where
each value is chosen with equal probability, we conclude
that the probability of D(e;) is satisfied is at least
4m 2 = 2’2”m1. By the union bound of probability, we
have that the probablhty of D(e) is satisfied for alle € E
isatleast 1—) . Now, we state the following
lemma:

ecE 2m - 2

LEMMA 7.1. IfVe € E, condition D(e) is satisfied, then
MCF have a unique optimal solution.

Then by Lemma 7.1, we conclude that the probability
that MCJF has a unique optimal solution is at least %

Proof. [Proof of Lemma 7.1] Suppose z* and 2** are two
distinct optimal solutions of MCF. Let d = o** — z*,
then z* 4+ Ad is an optimal solution of MCF iff 0 <
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(" + M)e < ue, Ve € E. As ¢ > 0 for any e € F,
and e7d = éT¢** — ¢Tz* = 0, there exists some €’ such
that des < 0. Let A* =sup{\ | z*+ Adis an optimal
solution of MCF}, since des < 0, A\* is bounded; and
since * + d = =™, \* > 0. By optimality of \*, there
must exists some e” such that either (z* +A*d).» = 0 or
Uer. Since A* > 0, z¥, # (x* + A*d)er, this contradicts
the assumption that D(e”) is satisfied. Thus, MCF

must have a unique optimal solution.

We note that Theorem 7.1 can be easily modified for
LP in standard form.

COROLLARY 7.1. Let LP be an LP problem with con-
straint Ax = b, where A is a m X n matriz, b € R™.
The cost vector & of LP is generated as follows: for each
e € E, ¢ is chosen independently and uniformly over
N., where N, is a discrete set of 2n elements. Then,
the probability that LP has a unique optimal solution is
at least %

7.2 Finding the Correct Modified Cost Vector ¢
Next, we provide a randomly generate ¢ with the desired
properties stated in the beginning of this section. Let
X :E — {1,2,...,4m} be a random function where for
each e € E, X(e) is chosen independently and uniformly
over the range. Let t = <2< and generate ¢ as: for
each e € I, let ¢c = 4m - %] + X (e). Then, for any
E generated at random, Cpax is polynomial in m, n and
=, and by Theorem 7.1, the probability of MC}" having
a unique optimal solutlon is greater than 1 5-
Now, we introduce algorithm APRXMT(MCF,e),
which works as follows: select a random ¢; try to solve
MCF using BP. If BP discovers that MCF has no
unique optimal solution, then we start the procedure
by selecting another ¢ at random, otherwise, return
the unique optimal solution found by BP. Formally, we
present APRXMT(MCF,e) as Algorithm 3.

COROLLARY 7.2. The expected number of operations
8, 7
for APRXMT(MCZF ) to terminate is O(“-"78").

Proof. With ~ Theorem 7.1, when we call
APRXMT(MCF,¢), the expected number of MCF
BP tried to solve is bounded by 2. For each selection
of & we run Algorithm 2 for 2é,.,n? iterations. As
Cmax = O(mzn), by Lemma 6.1, the expected number

€

of operations for APRXMT(MCF,¢) to terminate is
o 0(%),

max

n®mlogn) =

Now let ¢ be a randomly chosen vector such that
MCF has a unique optimal solution z2. The next thing
we want is to show that z? is a “near optimal” solution
of MCF. To accomplish this, let ¢/ = argmax{c.} and
define
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Algorithm 3 APRXMT(MCF,e) we have that ¢k < 0. And

L Let t = Sraxt for any e € FE, assign ¢ = 4m - _ Ce e <
| % |+pe, where p. is an integer chosen indepen- Ce = 4mL?J +Pe;, 1 < pe < dm,
dently, uniformly random from {1,2,...,4m} ~ dme, Ce Ce
2: Let MCZF be the problem with modified cost €. = Cer € [4mL?J,4m(L7J +1),
3: Run Algorithm 2 on MCF for N = 2G,a,n? B 4me,
iterations. = e - P | < dm,
4: Use Corollary 4.1 to determine if MCF has a unique dmee
solution. = Z' n = = Cellke| < Z [4m||ke| < dmn,
5: if MCZF does not have a unique solution then ‘<, , ¢
6:  Restart the procedure APRXMT(MCF,e). but dmc'k < dmc'k _ 7k < Z |4mce — el|kel,
7. else t t - t
8:  Terminate and return z? = 2V, where 2% if the 4mc' k
“belief” vector found in Algorithm 2. thus, we have < 4mn,
9: end if — k < nt.
Clearly, ' + Y, k satisfy the demand/supply
constraints of MCF. Since min{xl, 22} < a2l +
Srerr ke < max{zl,z?} for all e € E, and each
k € K', we have that z! + > rek K is a feasible solution
for MCF. Since 2 is the optimal solution of MCF,
minzcexe (MCF) ad < ot + 3, gk < cTal + |K'|nt. Since
e |K'| = |22 — xL|, we have ¢T23 — T2t <|22 — 2l |nt.

Z A(v,e)re = by, Yv €V (demand constraints) COROLLARY 7.3. ¢’a?® < (14 55 )cat, for any e < 2.
e€EE,

Proof.
Lo — xi/ f
<z, < E (A i e —clat (2% — 2l |nt
0 < xe < U, Ve € (flow constraints) By Lemma 7.2, e < | e |
cTx Tx
|22, — xl |nt
=12 1
|2, — x| cer
Suppose x? is an optimal solution for (MCF), and z? _ i’ ast = L
is an optimal solution of MCF, then 4m
Thus,
cla? —clat < €
LEMMA 7.2. ¢T'2? — Tzl <22 — zl|nt. T3 = 4m
1
= Tgd < . ot
1 -1
. T, 3 €\T 1
Proof. Consider d = z? — 2!, we call a vector k € = ca’ < (1+ %)C z

{=1,0,1}El an synchronous cycle vector of d if for any

e€E, ke=1onlyifd >0, k. = —1 only if d, < 0, Wwhere the last inequality holds because (1—4=)(1+

and the set {(i,j)|ki; = 1 or kj; = —1} forms exactly 5—) =14 ;5= — % >1,as 5= < 1.

one directly cycle in G. Since d is a integral vector

of circulation (i.e., d send 0 unti amount of flow to 7.3 A (1 + ¢) Approximation Scheme Loosely

every vertex v € V). Hence that we can decompose speaking, Corollary 7.3 shows that 22 at arc €’ is “near

d so that )7, . k = d, for some set K of consisting of optimal”, since fixing the flow at arc ¢’ to x2, helps us

synchronous cycle vectors. in finding a feasible solution of MCJF which is close
Now, let K’ C K be the subset of K containing to optimal. This leads us to approximate algorithm

all vectors k € K such that ke # 0. Then, for any AS(MCF, €) (see Algorithm 4); at each iteration, it

k € K', observe that 22 — k is a feasible solution for uses APRXMT (Algorithm 3), and iteratively fixes the

MCF. Because 22 is the optimal solution for MCF, flow at the arc with the largest cost.

290 Copyright © by SIAM.
Unauthorized reproduction of this article is prohibited.



Algorithm 4 AS(MCZF, ¢)

1: Let G = (V, E) be the underlying directed graph of
(MCF), m = |E|, and n = |V]|.

2: while (MCF) contains at least 1 arcs do

3:  Run APRXMT (MCF,e), let 22 be the solution
returned.

4:  Find (¢/,5") = ¢ = argmax.eg{c.}, modify
MCF by fix the flow on arc ¢’ by z?,, and change
the demands/supply on nodes i’, j’ accordingly.

5: end while

THEOREM 7.2. The expected number of operations for
AS(MCF, €) to terminate is O(%). Suppose x*
be an answer returned by AS(MCF, €), then cTz* <
(1 +e)cTat, for any e < 1.

Proof. By Corollary 7.2, the expected number of
operations for APRXMT(MCF,€) to terminates is
O("SWZ#). Since AS(MCF, €) calls the method
APRXMT(MCF,e) m times, the expected num-
ber of operations for AS(MCF, €) to terminate is
O("Smj%). And by Corollary 7.3,

CTiL'* S (1 + %)chxl
where the last two inequalities follows using standard
analysis arguments.

And thus, AS(MCF, €) is an (1 + €) approximation
scheme for MCF with polynomial running time.

8 Discussions

In this paper, we formulated belief propagation (BP) for
MCF, and proved that BP solves MCF exactly when
the optimal solution is unique. This result generalizes
the result from [6], and provides new insights for under-
standing BP as an optimization solver. Although the
running time of BP for MCZF is slower than other ex-
isting algorithms for MCF, BP is rather a generic and
flexible heuristic, and one should be able to modify it to
solve other variants of network flow problems. One such
example, the convex-cost flow problem, was analyzed in
Section 5. Moreover, the distributed nature of BP can
be taken advantage of using parallel computing.

This paper also presents the first fully-polynomial
running time scheme for optimization problems using
BP. Since the correctness of BP often rely on the
optimization problem having a unique optimal solution,
Corollary 7.1 can be used for modifying BP in general
to work in the absence of a unique optimal solution.
In the approximation scheme, the heuristic of fixing
values on variables while running BP is commonly
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known as ‘decimation’ (see [14]). To the best of
out knowledge, this is the first disciplined, provable
instance of decimation procedure. The ‘decimation’ in
our scheme is extremely conservative, and a natural
question is if there exists a more aggressive 'decimation’
heuristic which can improve the running time.
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