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Abstract

A totally odd K4-subdivision is a subdivision of K4 where
each subdivided edge has odd length. The recognition of a
totally odd K4-subdivision plays an important role in both
graph theory and combinatorial optimization. Sewell and
Trotter [53], Zang [63] and Thomassen [60] independently
conjectured the existence of a polynomial time recognition
algorithm. In this paper, we give the first polynomial time
algorithm for solving this problem.

We also study the the parity two disjoint rooted paths
problem where we determine if there exists two vertex
disjoint paths of a specified parity between two pairs of
terminals.

Using a similar technique, we give an
O(|E(G)||V (G)|α(|E(G)|, |V (G)|)) algorithm for the
parity two disjoint rooted paths problem on an input graph
G, where α(|E(G)|, |V (G)|) is the inverse of the Ackermann
function. We note that this clearly gives an algorithm for
the well-known non-parity version of the two disjoint rooted
paths problem [19, 50, 52, 55, 58].

We then extend our approach to give a polynomial time
algorithm which determines, for any fixed k, whether there
exists a cycle of a given parity through k independent input
edges.

This generalizes the non-parity version of the algorithm
in [22]. Thomassen [61] gave a polynomial algorithm for
the case k = 2 and hoped to use this algorithm to recog-
nize a totally odd K4-subdivision. Our algorithm runs in
O(|E(G)||V (G)|α(|E(G)|, |V (G)|)) for any fixed k.

Finally, we give an O(|V (G)|2 +
|E(G)|α(|E(G)|, |V (G)| log |V (G)|)) algorithm to de-
cide whether a graph contains k disjoint paths from A to B
(with |A| = |B| = k) that are not all of the same parity.

This answers a conjecture of Thomassen [60]. This
problem arises from the study of totally odd-K4-subdivisions
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1 Introduction

In this paper, all graphs are simple and undirected.
When clear from the context, n and m refer to the
number of vertices and the number of edges of a graph,
respectively. The function α(m, n) refers to the inverse
of the Ackermann function (see [54]).

A totally odd K4-subdivision is a subdivision of K4

where each subdivided edge has odd length. The study
of totally odd K4-subdivisions plays an important role
in both graph theory and combinatorial optimization.
In graph theory, the importance of such subdivisions
arises from graph coloring. Toft[62] conjectured that
any graph without a totally odd K4-subdivision is 3-
colorable. This is a generalization of Hajos’ conjecture
for graphs without a K4-subdivision, which was proved
independently by Hadwiger [16] and Dirac [11]. Toft’s
conjecture received considerable attention by many re-
searchers (for example, see [18]). It was finally settled by
Zang [63] and Thomassen [61], independently. This con-
jecture also relates to the so-called “t-perfect graphs”
and “strongly t-perfect graphs” from the theory of per-
fect graphs. For more details, we refer the reader to
Schrijver’s book [48].

In combinatorial optimization, there is an interest-
ing min-max relation in graphs with no totally odd K4-
subdivision. A graph G is said to be α-critical if the
cardinality α(G) of its largest stable set increases with
the removal of any edge. For an arbitrary graph G, de-
note by ρ̃(G) the minimum cost of a family of vertices,
edges and odd cycles covering V (G), where the cost of
a vertex or an edge is 1, the cost of an odd cycle C
is (|C| − 1)/2, and the cost of a family is the sum of
the costs of its element. Clearly α(G) ≤ ρ̃(G). But if
G contains no totally odd K4-subdivision, then we have
α(G) = ρ̃(G) as a corollary of Sewell and Trotter’s theo-
rem [53]. This answered a conjecture of Chvatál [5]. For
more consequences of this result, we refer the reader to
Schrijver’s book [48].

Sewell and Trotter [53] gave a polynomial time
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algorithm to find a maximum stable set in a graph
without a totally odd K4-subdivision. Then Zang
[63] gave a polynomial time algorithm to 3-color a
graph without a totally odd K4-subdivision. Since
finding a 3-coloring and finding a stable set are both
well-known NP-complete problems, both Sewell and
Trotter [53] and Zang [63] conjectured that there is a
polynomial time algorithm to recognize a totally odd
K4-subdivision (see also [60]).

In this paper, we prove this conjecture. Namely:

Theorem 1.1. There is an O(mα(m, n)n) algorithm
which determines if an input graph contains a to-
tally odd-K4-subdivision and outputs a totally odd-K4-
subdivision if there is one.

We note that the problem of recognizing an odd-
K4-subdivision is known to have a polynomial time
algorithm [14]. An odd-K4-subdivision is a subdivi-
sion of a K4 where every triangle in K4 correspond to
an odd cycle in the graph. Although this result was
know for more than 20 years, the problem of finding
a polynomial time algorithm for recognizing a totally
odd-K4-subdivision beyond an odd-K4-subdivision re-
mained open until now.

Note that we may obtain a totally odd-K4-
subdivision by taking a cycle of length 4 and adding
odd length paths between non-adjacent vertices of the
cycle. This gives rise to the problem of determining
whether such odd paths exist. We solve the following
more general problem which we call the parity 2 disjoint
rooted paths (P2-DRP).

Input: A graph G, two pair of vertices
(s1, t1), (s2, t2) in G, and a parities ℓi ∈ {0, 1} for each
i = 1, 2.

Output : If they exist, output vertex disjoint paths
P1, P2 in G where Pi joins si and ti with |Pi| ∼= ℓi

mod 2 for i = 1, 2.

We prove the following.

Theorem 1.2. There is an O(mα(m, n)n) algorithm
for the parity two disjoint rooted paths problem.

Note that this clearly gives an algorithm for the
non-parity version of the well-known two disjoint paths
problem [19, 50, 52, 55, 58]. The first algorithms for
solving the undirected version of the problem were
developed independently by Seymour [50], Shiloach
[52] and Thomassen [58]. Their algorithms ran in
time O(mn). The running time was improved to
O(mα(m, n)) time by Tholey [55]. Finally, Kapadia,
Kawarabayashi, Kobayashi, Li and Reed [19] gave an
O(m) algorithm for the problem. In view of these

results, the time complexity in Theorem 1.2 could
possibly be improved.

For the non-parity case, there exists polynomial
time algorithms for solving the disjoint paths problem
for any fixed number of pairs of terminals [44, 41].
However, if the number of pairs of terminals is also part
of the input, the problem becomes NP-complete [31].

We are currently trying to prove the parity version
of this more general problem, where we are given k
pairs of terminals instead of two. Recently, many
researchers became interested in the parity version of
the disjoint paths problem. This is since the problem
relates to many deep results and new theory. E.g.,
the odd S-paths theorem [6, 13] (which generalizes the
well-known Mader’s S-paths theorem), the odd clique
minor and the generalized Hadwiger’s conjecture [13,
23, 25], Robertson-Seymour’s Graph Minor Project and
its applications to Matroid Theory (Geelen, Gerards,
Whittle’s project), the two disjoint odd cycles theorem
by Lovász and Schrijver (see [49]), and the odd disjoint
cycles problem [26, 49]. In fact, the odd disjoint cycles
problem is one of the central problems in combinatorial
optimization since it has connection to Matroid theory,
Matching Theory, and Structure Graph Theory.

However, the parity version of the problem seems to
be inherently more difficult. Unlike the non-parity case,
it seems very hard to get a structure theorem for graphs
without the two parity rooted paths. In the non-parity
case, if an input graph G is 4-connected then the only
obstruction is a plane graph with all terminals on the
outer face boundary in a specific order. In the parity
case, there are at least five families of graphs that may
be an obstruction.

Thus our first attempt is to use the same ap-
proach as Robertson and Seymour. But the Robertson-
Seymour algorithmic framework is not enough to solve
this problem, since we also need to control the parity
of the paths. More precisely, as with their algorithm
to solve the k disjoint paths problem, in each iteration,
we would like to either use a huge clique minor as a
“crossbar”, or exploit the structure of graphs in which
we cannot find such a minor. However, we must main-
tain the parity of the paths and can only use an “odd
clique minor”. We must also describe the structure of
graphs without such a minor and discuss how to exploit
this structure. This motivates us to look for a huge odd
clique minor to attack this problem. As we shall see, our
problem needs many more techniques and ideas, beyond
the Robertson-Seymour algorithmic framework.

We now turn to more general problems. Using
similar approach, we shall also prove the following
general results.

First, we give an algorithm for solving the following
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problem.

Theorem 1.3. Let k be fixed and let e1, e2, . . . , ek be
k independent edges (edges not sharing an endpoint).
For a given parity 0 or 1 (i,e, even or odd), there is
an O(mα(m, n) log n + n2) algorithm to decide whether
or not there is a cycle C through k independent edges
e1, e2, . . . , ek, with the specified parity.

This generalizes the non-parity version of the algo-
rithm in [22]. In [61], Thomassen gave a polynomial
algorithm for the case k = 2. He hoped to use this al-
gorithm to recognize a totally odd K4-subdivision, as
his proof needs a cycle of a given parity as in Theorem
1.3 when k = 2. Our algorithm gives a polynomial time
algorithm for any fixed k. Furthermore, our proof does
imply that Theorems 1.3 still holds if we replace k inde-
pendent edges by k1 vertices and k2 independent edges,
where k1 + k2 = k.

Second, we prove the following result about the
parity of paths in a linkage, conjectured by Thomassen
[60].

Theorem 1.4. For any fixed k, there is an
O(mα(m, n) log n + n2) algorithm to decided whether
or not, given two disjoint vertex sets A, B with
|A| = |B| = k, a given graph contains k disjoint paths
from A to B, not all of the same parity.

In [60], Thomassen noted how this theorem also
relates to the study of totally odd K4-subdivisions.
Namely, if there are two disjoint triangles in a 3-
connected graph G, then either there is a totally odd
K4-subdivision in G or any three disjoint paths con-
necting two triangles must have the same parity in G.

Since the proofs for Theorems 1.3 and 1.4 are almost
identical, we prove them simultaneously. To do so, in
our proof, when we deal with Theorem 1.3, we will refer
to “parity cycles” while when we deal with Theorem
1.4, we will refer to “parity disjoint paths”. In addition,
if we say “a desired parity disjoint paths”, then that
means that there are k disjoint paths from A to B, not
all of the same parity.

2 Preliminaries

In this section, we state some definitions and past results
that we will need. First is the notation of a separation
in a graph.

A separation (A, B) in a graph G is two subsets of
vertices A and B with V (G) = A ∪ B such that there
is no edge between A− B and B − A. The order of the
separation (A, B) is |A ∩ B|.

2.1 Tree-width and Brambles In all cases, when
the input graph has bounded “tree-width” we may

use well known results to solve our problem in linear
time[3, 7]. The notion of tree-width was first introduced
by Halin in [15], but was unnoticed until its rediscovery
by Robertson and Seymour [42] and, independently, by
Arnborg and Proskurowski [1].

A tree decomposition of a graph G consists of a tree
T and a subtree Sv of T for each vertex v of G such
that if uv is an edge of G then Su and Sv intersect. For
each node t of the tree, we let Wt be the set of vertices
v of G such that t ∈ Sv. We let Ht be the graph
obtained from the subgraph of G induced by Wt by
adding an edge between x and y if there is some s such
that x, y ∈ Ws ∩Wt. The width of a tree decomposition
is the maximum of |Wt| over the nodes t of T . The tree-
width of a graph is the minimum of the widths over all
its tree decompositions.

A bramble β is a set of trees every two of which
intersect or are joined by an edge (thus a clique model
(minor) is a bramble whose elements are disjoint). The
order of a bramble β, denoted ord(β), is the minimum
size of a hitting set of its elements (that is, a set H
of vertices intersecting the vertex set of each tree of
β). Clearly every clique model (minor) of order l is a
bramble of order l. Also for any set W of vertices, the set
βW of trees of G containing more than half the vertices
of W is a bramble since any two such trees intersect.
We now characterize graphs which have no brambles of
order l, using tree decompositions.

It is not hard to see that for every bramble β and
every tree decomposition there is a node t such that Wt

is a hitting set for β. This implies that the tree width of
G is at least the maximum order of a bramble. Seymour,
and Thomas showed that this bound is tight.

Theorem 2.1. [51] The maximum order of a bramble
in G is equal to its tree width.

s s s s s s s s

s s s s s s s s

R3

C2

Figure 1: An elementary wall of height 8

2.2 Wall and Grid An elementary wall of height
eight is depicted in Figure 1. An elementary wall of
height h for h ≥ 3 is similar. It consists of h levels each
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containing h bricks, where a brick is a cycle of length
six. A wall of height h (or h-wall) is obtained from an
elementary wall of height h by subdividing some of the
edges, i.e. replacing the edges with internally vertex
disjoint paths with the same endpoints(see Figure 2).
The nails of a wall are the vertices of degree three within
it. Any wall has a unique planar embedding. The
perimeter of a wall W , denoted per(W ) is the unique
face in this embedding which contains more than 6 nails.
For any wall W in a given graph H , there is a unique
component U of H − per(W ) containing W − per(W ).
The compass of W , denoted comp(W ), consists of the
graph with vertex set V (U) ∪ V (per(W )) and edge set
E(U) ∪ E(per(W )) ∪ {xy|x ∈ V (U), y ∈ V (per(W ))}
(note that this may exclude edges between vertices of
per(W )). We note that an elementary wall of height
h can be decomposed into k + 1 disjoint horizontal
paths, which we enumerate, from top to bottom, as
R1, ..., Rk+1. It also contains k + 1 columns where each
column contains 2k−1 edges, one from each row except
the first and the last and k+1 vertical edges (we omit the
fussy details). We enumerate the columns from left to
right as C1, ..., Ck+1. The columns and rows of arbitrary
walls are defined similarly. The corners of a wall are
R1 ∩ C1, R1 ∩ Ck+1,Rk+1 ∩ C1,Rk+1 ∩ Ck+1. A wall is
flat if its compass does not contain two vertex disjoint
paths connecting the diagonally opposite corners. A
subwall of a wall W is a wall which is a subgraph of W .
A subwall of W of height h is proper if it consists of h
consecutive bricks from each of h consecutive rows of W .
We say a proper subwall W ′ is dividing in a subgraph
H if W ′ ⊆ H and the compass of W ′ in H is disjoint
from (W − W ′) ∩ H .

s s s s s

s
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s s s s s s
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Figure 2: A wall of height 3

We now state one of the most important results
about tree-width.

Theorem 2.2. [43] For any r, there exists a constant
f(r) such that if G has tree-width at least f(r) (equiva-
lently a bramble β of order at least f(r)), then G con-
tains a wall W of height r.

The best known upper bound for f(r) is 2205
r

[10,

39, 47] and the best known lower bound is Θ(r2 log r)
[47].

Theorem 2.3. Given a graph G with tree-width at least
f1(r), we can find a wall W of height r in linear time.

We now outline this algorithm. By the algorithm in
[37], in linear time, we can find a subgraph G′ of G of
tree-width at least f1(r) and a tree decomposition of G′

of width at most 2f1(r). Then, since G′ has a wall of
height r, it can be found in linear time by the dynamic
programming method [4].

2.3 Odd minors We’ve mentioned in the introduc-
tion that we need the notion of an “odd minor” for all
our algorithms.

Recall that a graph H is a minor of G if H can
be obtained from G using edge contraction and vertex
deletion. Equivalently, H is a minor of G precisely if
there are |V (H)| vertex-disjoint trees in G, one tree Tv

for each vertex v of H , such that for every edge e =
{v, w} in H there is an edge ê in G connecting the two
corresponding trees Tv and Tw. Now H is an odd minor
of G if, in addition, all the vertices of the trees can be
two-colored in such a way that (1) the edges of each
tree Tv are bichromatic, while (2) the edge ê connecting
trees Tv and Tw corresponding to each edge e = {v, w}
of H is monochromatic. In particular, the class of odd-
H-minor-free graphs (excluding a fixed graph H as an
odd minor) contains the class of H-minor-free graphs
(excluding a fixed graph H as a minor).

In fact, this containment is strict. The complete
bipartite graph Kn/2,n/2 certainly contains a Kk-minor
for k ≤ n/2, but on the other hand, it does not contain
Kk as an odd minor for any k ≥ 3. Also, any Kk-minor-
free graph G is O(k

√
log k)-degenerate [56, 57, 33, 34],

i.e, every induced subgraph has a vertex of degree at
most O(k

√
log k). Thus, any Kk-minor-free graph G

has O(k
√

log kn) edges. On the other hand, some odd-
Kk-minor-free graphs such as Kn/2,n/2 may have Θ(n2)
edges.

3 Overview of the proof

For all our algorithms, we need to be able to find an odd
minor (or some structure about the input graph). It
turns out that we have a nice structure theorem which
tells us that if a graph contains a huge clique minor,
then either we can find a big odd clique minor or a set
X of vertices of bounded size such that the component
of G−X containing most of the nodes of the huge clique
minor is “essentially” bipartite. This is proved using a
recent result by Geelen et al. [13] (Actually, Theorem
6.1 essentially follows from the result in [13].).
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In summary, roughly speaking, we have the follow-
ing.

Main Structural Result . Given an input graph G
we can find either

1. A tree decomposition of G of bounded width,

2. a huge clique minor and a huge odd clique minor,

3. a huge clique minor, but no huge odd clique minors,
or

4. a flat wall of huge height, but no huge clique minor

in O(mα(m, n))

To obtain one of these structures in G, we first apply
Bodlaender’s algorithm to determine the treewidth of
G and construct a tree decomposition if the width
is small [3]. If the treewidth is large, we apply the
algorithm described in Section 4 in order to determine
if G contains a large clique minor. If not, the algorithm
outputs a wall of large height. But if G contains a large
clique minor then we further distinguish between the
cases 2 and 3 by applying the algorithm in Section 6
which uses the algorithm in Section 5. If an odd clique
minor is found, we output it. Otherwise, the algorithm
output a structure for G which shows that G is “nearly
bipartite”. In this case, we make use of this structure
to solve the problem under consideration.

In the remainder of this section, we assume the
Main Structural Result and give an overview of each
individual algorithm.

3.1 Parity two disjoint rooted paths In most
cases, our algorithm will actually find a more restrictive
set of paths which we call variable length paths.

Definition 3.1. A variable length path from x to y is
a path from x to y together with an odd cycle C which
meets the path in at least two vertices.

Clearly if vertex disjoint variable length paths exist
between (s1, t1) and (s2, t2) then vertex disjoint paths
of any parity exist between them (by choosing to route
the paths through either side of the odd cycle).

If the input graph G has low treewidth, we can
easily solve the problem in linear time by using dynamic
programming or by determining the satisfiability of a
LinEMSOL formula (a variant of MSO2 formula, see
[7]).

Otherwise, if G has large treewidth, we use a
recursive algorithm which finds either

1. vertex disjoint variable length paths between each
pair (s1, t1), (s2, t2),

2. an irrelevant vertex v ∈ V (G) (that is, a vertex
whose removal does not change the solution to the
problem), or

3. a minimal cutset X of size at most 3 where the
union of components U of G − X which do not
contain any vertex of A has at least 2 vertices.

In the first case, we can simply return the paths of
the correct parity. In the second case, we recurse on
G− v. In the third case, we replace U by a set of edges
and P3’s between the vertices of X depending on the
parity of the paths which exist between the vertices of
X in U .

To find one of these three outputs, we apply the
Main Structural Result.

If G has a large odd clique minor then we simply use
some of the vertex images of the minor as two disjoint
odd cycles and others as a “crossbar” to get variable
length paths. Note that by definition, any three vertex
images of an odd clique minor gives an odd cycle. Thus,
if we are able to find the paths from the terminals to
the large odd minor, we found variable length paths. If
not, we can find an irrelevant vertex inside the large odd
minor.

If G has a large clique minor but no large odd clique
minor then we apply Theorem 6.3 which states that such
graphs are nearly bipartite (up to 1-cuts after removing
a finite set of vertices). We then attempt to route paths
between si and ti through the large clique minor. We
further require that these paths go through a block
containing an odd cycle. If such paths exist then we
have found variable length paths. If not, we can find a
small cutset separating A and the blocks from the large
clique minor. In this case, we can find an irrelevant
vertex.

If G contains a large flat wall then we either find
variable length paths or an irrelevant vertex away from
the perimeter of the flat wall. This is the case that will
require the most work.

3.2 Totally odd-K4-subdivision Again, we apply
the Main Structural Result.

If the input graph G has low treewidth, we can
easily solve the problem in linear time by using dynamic
programming or by determining the satisfiability of a
LinEMSOL formula.

If G has a large odd clique minor then we simply use
some of the vertex images of the minor as odd cycle and
others as vertex images of K4. This allows us to find 6
variable lengths paths between our vertex images.

If G has a large clique minor but no large odd
clique minor, then we apply Theorem 6.3 which states
that such graphs are nearly bipartite (up to 1-cuts after
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removing a finite set of vertices). We then attempt to
route paths between 6-tuples of blocks and the clique
minor. If we succeed, we again use these cycles to form 6
variable length paths for the totally odd-K4-subdivision
and use other vertex images of the large clique minor
for vertex images of the K4. If we fail, we find a small
cutset separating the odd cycles from the large clique
minor. This allows us to find an irrelevant vertex inside
the large clique minor.

If G contains a large flat wall, we look for an
irrelevant vertex away from the perimeter of the flat wall
and show that we can find a totally odd-K4-subdivision
when such vertex does not exist. Again, this is the case
that will require the most work.

3.3 Parity cycle through specified elements and

paths of different parity between sets of vertices

As we mentioned in section 1, we shall prove Theorems
1.3 and 1.4 simultaneously. We sketch these algorithms
in this section.

We extend the approach used by Reed [38] for
building a tree decomposition of width at most 4k in
a graph of tree width k.

We construct a special tree-decomposition, but not
necessarily the one for graphs of bounded tree-width.
Each bag Wt of the decomposition is required to have
be either

• a graph of bounded size, or

• a “nearly” bipartite graph (i.e, there is a vertex
set X of order at most f(k) (for some function of
k, to be determined later) whose removal yields a
bipartite piece).

Our tree decomposition still requires adjacent nodes
to intersect in a bounded number of vertices.

To build our special tree decomposition, we start
by putting all vertices of the graph G in a single root
node. We then iteratively divide the leaf nodes in
half. However, in some cases, we apply a reduction.
That is, we locally replace a subgraph by a smaller
subgraph, throwing away many (at least half) vertices
of the original graph. The reduction that we apply will
depend on the structure of Wt.

If a leaf has bounded size or is “nearly” bipartite,
we mark it so that we no longer consider it in the future.

We complete each iteration in O(mα(m, n))
Thus we can construct the tree-decomposition in
O(mα(m, n) log n) time, because at each iteration the
leaves of the decomposition are halved (or no longer
need to be considered) so that after 2 logn iterations,
all the leaves have bounded size.

We then use dynamic programming to solve our
problems using the tree-decomposition in O(n2) time.

We now describe the algorithm which either divides
a leaf Wt or finds a reduction inside Wt. We abuse
notation and write Wt to also mean the graph induced
by the vertices in Wt. We note that our algorithm never
considers the internal nodes of the tree-decomposition.
This is one of the important points. We only consider
the leaves of the tree-decomposition.

We try to split Wt so that each child has at most
half of the vertices of Wt. If we are successful, we repeat
this process in the next iteration. The only time we fail
is when the tree-width of Wt is too large. In that case,
Wt contains a wall of huge height [10, 39, 43, 47]. Using
this wall, we either get a nearly bipartite graph in Wt,
which allows us to split Wt or stop (because the leaf
is already in the final desired form), or we are able to
make a reduction where we delete half the vertices of
Wt. To make a reduction, we need a wall in Wt which
is “attached” to a specific highly connected part of the
graph Wt. This is done using Reed’s result[38] together
with a related algorithmic result, [28].

We now sketch the algorithm used when Wt has
large tree-width.

We either make a reduction to throw away half of
the vertices of Wt, or notice that we can stop splitting
Wt. To do so, we apply the Main Structural Result to
Wt.

In all cases, the structure we obtain from the Main
Structural Result (e.g., a minor or a wall) is “attached”
to a specific highly connected part of Wt. This is what
allows us to throw away almost half of the vertices of
Wt in the case of a reduction.

Suppose Wt contains a huge odd clique minor. We
show that either there are a desired parity cycle and
desired parity disjoint paths, or there is a reduction we
can make using the odd clique minor to throw away half
of the vertices of Wt. In case we make a reduction, we
use the fact that the huge odd clique minor is “attached”
to a specific highly connected part of the graph Wt.

Suppose Wt contains a huge clique minor, but no
huge odd clique minor. In this case, we can conclude
that a graph N in Wt, which is “attached” to a specific
highly connected part of the graph Wt is “essentially”
bipartite. N becomes an internal node t in the tree-
decomposition. Since N is attached to a specific highly
connected part of the graph Wt, all the non-bipartite
subgraphs in Wt are cut off by small separation from
N , and moreover, each of these subgraphs contains at
most half of the vertices of Wt. Thus each of these
components becomes a child of t.

Finally, suppose Wt contains a huge flat wall W ,
which is “attached” to a specific highly connected part
of the graph Wt. In this case, we can find such a wall
in linear time[29]. In this case, we further distinguish
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between the following two cases.

(a) Wt contains a flat wall of huge height with many
disjoint odd faces, or

(b) Wt contains a bipartite flat wall of huge height,
with many disjoint “parity breaking” paths.

In case (a), Wt has many disjoint odd faces so either
a desired parity cycle and desired parity disjoint paths
exist, or we can make a reduction, throwing away half
of the vertices of Wt, as we did for the huge odd clique
minor case.

In case (b), Wt contains a huge flat proper subwall
W ′ of W , which is bipartite. In this case, by [13], either
the graph “attached” to a specific highly connected part
of Wt is “essentially” bipartite in Wt in which case we
stop splitting Wt, or there are many parity breaking
paths, each joining two points on the perimeter of W ′

in Wt. By a parity breaking path, we mean a path P
with endpoints on the perimeter of the wall W ′ such
that the path P together with the wall W ′ yields an
odd cycle. In the first case, this allows us to continue
to construct the tree-decomposition, as we did when Wt

contains a huge odd clique minor. In the second case,
either a desired parity cycle and desired parity disjoint
paths exist, or we can make a reduction, throwing away
half of the vertices of Wt, as we did for the huge odd
clique minor case.

With some technical details found in [30], we can
apply reductions to all leaves simultaneously. This
allows us to construct a tree-decomposition such that
each piece is either nearly bipartite or of bounded size,
in O(mα(m, n) log n) time.

In order to find an odd clique minor or parity break-
ing paths, we need to find an augmenting path f(k)
times for some function f of k. As we show in Sec-
tion 5, finding an augmenting path takes O(mα(m, n)).
Thus, since we need at most 2 logn iterations, the to-
tal running time building the special tree decomposition
O(mα(m, n) log n).

We now describe the algorithm which makes use of
the special tree decomposition we built in O(n2) time.

This algorithm recursively solves the “all pairs
parity disjoint rooted path” problem. That is, given a
graph G and a set T of terminals, for all partitions of T
into sets of size two (s1, t1), . . . , (sk, tk) and all parities
ℓ1, . . . , ℓk, we wish to know if there are vertex disjoint
paths of parity ℓi between si and ti.

The terminals change depending on the node of our
special tree decomposition under consideration. How-
ever, in all cases, the number of terminals is bounded
(by some global bound to be determined later).

Our ultimate goal is to obtain the solution to all
pairs parity disjoint rooted path where the graph is the
input graph to our original problem and

• T is A ∪ B if the original problem consists of
determining if vertex disjoint paths, all of the same
parity, exist between A and B, or

• T is the endpoints of the edges e1, . . . , ek if we
were asked for a cycle of specified parity through
e1, . . . , ek.

We now describe how we obtain this solution. Let Y
be either A∪B or the endpoints of e1, . . . , ek, depending
on the original problem.

Recall that for each node t of the special tree
decomposition, either

1. |Wt| ≤ f(k), or

2. Wt is nearly bipartite. More precisely, Wt − X is
bipartite for a vertex set X of order at most f(k).

Also, Wt ∩ Ws ⊆ X , where s is the parent of t in
the tree.

We now work our way up from the leaves of the
tree-decomposition. To solve the problem at t given the
solution for its children, we let T = (Ws∩Wt)∪(Y ∩Wt)
where s is the parent of t. In many cases, we can replace
the children by a graph of bounded size which gives the
same solution to the rooted problem.

If Wt has bounded size, we use the standard dy-
namic programming algorithm [4].

If Wt is “nearly” bipartite, we solve the disjoint
paths problem using known algorithms [29, 44] to re-
place the children of t by graphs of bounded size. Note
that we only need the non-parity version of the disjoint
paths problem for nearly bipartite graphs since |X | is
bounded and in the bipartite subgraph Wt − X , we do
not have to worry about the parity of the paths. More-
over, we only need to consider the case where all the
terminals are in X , and hence the number of terminals
is also bounded. Let us observe that at the moment, the
best known algorithm for the disjoint paths problem is
due to [29], which runs in O(n2) time.

Thus, we are able to solve the given problems using
dynamic programming on our special tree decomposi-
tion in O(n2).

A more detailed description of our algorithm is
provided in [30].

4 Finding a large flat wall in H-minor-free

graphs

In this section and the next two, we give an overview of
the proof of the Main Structural Result. First, we make
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use of a structural result of Robertson and Seymour for
graph with large treewidth with no large clique minor.
But to state their result, we need some definitions.

Definition 4.1. We say that G can be embedded into
a plane, up to 3-separations, if, for some k ≥ 0, there
is a partition of V (G) into C, A1, . . . , Ak such that

(1) for 1 ≤ i < j ≤ k, there is no edge between a vertex
of Ai and a vertex of Aj ,

(2) for 1 ≤ i ≤ k, |N(Ai)| ≤ 3,

(3) |C| > 0, and

(4) removing each Ai and adding all missing edges
between the vertices of N(Ai) yields a graph G′

which is embeddable in the plane.

Note that if G can be embedded in the plane up
to 3-separations then we can choose A1, . . . , Ak so that
whenever |Ai| = 3, N(Ai) is a facial triangle in G′.
Indeed, if N(Ai) is not a facial triangle then N(Ai)
is a 3-separation in G′ and we can add all but one
component of G′ − N(Ai) to the list as Ak+1, Ak+2, . . .
(but actually, there are at most two components since
G′ is planar).

Also note that G′ may not be a minor of G since a
vertex of degree 3 can be replaced by the triangle (the
so called Y − ∆ interchange). But in fact, this is the
only reason G′ would not be a minor of G. That is if
we do not allow |N(Ai)| = 3 and |Ai| = 1 for any i then
G′ is a minor of G.

Note that if the compass of W has a planar embed-
ding whose infinite face is bounded by the perimeter of
W then W is clearly flat. Seymour [50], Thomassen [58],
and others have characterized precisely which walls are
flat.

Theorem 4.1. [50, 58] If a wall W is flat then its com-
pass can be embedded in a plane, up to 3-separations, so
that its perimeter is the outer face boundary.

Finally, we are ready to state the main results of
this section.

Theorem 4.2. [44] For every pair of integers l and t
there exist integers w(l, t) > w′(l, t) > max(l, t) such
that the following holds. If the tree-width of a graph G
is at least w(l, t), and G has no clique minor of order t,
then there is a wall H of height w′(l, t), and for some
subset X of less than

(

t
2

)

vertices of G there is a proper
subwall W (of the wall H) of height l, which is disjoint
from X and is flat and dividing in G − X.

The algorithmic version of this theorem is as follows.

Theorem 4.3. [44] For any t ≥ 0 and h ≥ 2, there is a
computable constant f2(t, h) such that the following can
be done in O(mn) time, where m is the number of edges
of a give graph G.

Input: A graph G, a wall H of height at least
f2(t, h).

Output: Either

1. a Kt-minor, or

2. • a subset X ⊆ V (G) of order at most
(

t
2

)

,

• t2 proper subwalls H1, . . . , Ht2 of height h
which are flat and dividing in G − X, and

• a flat embedding of Hi (in G − X) for each i.

The running time of the algorithm in Theorem 4.3
has been improved to O(m) [29].

We can combine Theorem 4.3 and Theorem 2.3 to
obtain the following.

Corollary 4.1. For any t ≥ 0 and h ≥ 2, there is a
computable constant f3(t, h) such that the following can
be done in O(m) time, where m is the number of edges
of a give graph G.

Input: A graph G.
Output: Either

1. G has tree-width at most f3(t, h), or

2. a Kt-minor, or

3. • a subset X ⊆ V (G) of order at most
(

t
2

)

,

• t2 proper subwalls H1, . . . , Ht2 of height h
which are flat and dividing in G − X, and

• a flat embedding in Hi (in G− X) for each i.

5 Odd S-paths

We make use the following theorem both in the proof
of the Main Structural Result and the algorithms de-
scribed in Section 3.

Theorem 5.1. [13] For any set S of vertices of a graph
G, either

1. there are k disjoint odd S paths, i.e., k disjoint
paths each of which has an odd number of edges
and both its endpoints in S, or

2. there is a vertex set X of order at most 2k−2 such
that G − X contains no such paths.

The proof given in [13] actually gives a polynomial
time algorithm for finding either the paths or vertex set
in Theorem 5.1.

This algorithm runs in time O(kmα(m, n)) since
finding an augmenting path takes O(mα(m, n)) and we
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must do this k times (or fail at some point and find a
vertex set X).

In our algorithms, k is always fixed so we can obtain
one of the two outputs in nearly linear time.

6 Obtaining a huge odd clique minor

In this section, we use Theorem 5.1 to obtain a large odd
clique minor given a clique minor of order ℓ, controlled
by the bramble βG where ℓ ≥ 32k

√
log k.

We say that a Kℓ-model in G is even if the image of
Kℓ in G is bipartite. In this case, we say that G contains
an even Kℓ-minor.

We can now state the main result of this section.

Theorem 6.1. Suppose G has a K32k
√

log k-minor.
Then either G has an odd complete minor of order k
or G has a vertex set X with |X | < 8k such that the
(unique) block F intersecting all but at most 8k disjoint
trees of the even clique minor in G−X is an induced bi-
partite graph, and each odd cycle in G−X is contained
in either components of G − X that do not intersect F
or blocks with a cut vertex to the block F .

This theorem is differs from the one in [13] only in
the hypothesis. In [13], an even complete minor of order
16k is required.

Theorem 6.2. [13] Suppose G has an even complete
minor of order 16k. Then either G has an odd complete
minor of order k or G has a vertex set X with |X | < 8k
such that the (unique) block F intersecting all but at
most 8k disjoint trees of the even clique minor in G−X
induces a bipartite graph, and each odd cycle in G − X
is contained in either components of G−X that do not
intersect F or blocks with a cut vertex to the block F .

A simple combinatorial argument shows that a
sufficiently large complete minor contains a Kk even
minor, thus the assumption of Theorem 6.2, which
requires a large Kk even minor, can be changed to
assuming a sufficiently large complete minor. The
detailed proof is provided in [30].

If G contains a K32k
√

log k-minor but no odd
K16k-minor then there are at least 18k nodes of the
K32k

√
log k-minor that are contained in F since F inter-

sects all but 8k disjoint trees of the even K16k-minor in
G − X and |X | ≤ 8k,

Therefore we obtain the following which brings us
one step closer to our the Main Structural Result.

Theorem 6.3. Suppose G contains a K32k
√

log k-minor
then either

1. G has an odd-Kk-minor, or

2. G has a vertex set X of order at most 8k such that
the (unique) component R of G − X containing
an element of the bramble βG contains all but at
most 8k nodes of the K32k

√
log k. Moreover, the

component R can be written as F ∪ B1, . . . such
that the following holds:

(a) F is an induced bipartite graph and contains
at least at least 18k nodes of the K32k

√
log k-

minor, and

(b) each Bi contains an odd cycle.

Furthermore, we can find one of these structures in
O(mα(m, n)).

7 Conclusions

We are now ready to present the the Main Structural
Result. We just need to combine Theorem 6.3 and
Corollary 4.1, where t = 32k

√
log k in Corollary 4.1.

Theorem 7.1. For any fixed k and h ≥ 2, there is
a computable constant f4(k, h) Corollary such that the
following can be done in O(mα(m, n)).

Input: A graph G.
Output: Either

1. G has tree-width at most f4(k, h), or

2. G has an odd-Kk-minor, or

3. G has a vertex set X of order at most 8k such that
the (unique) component R of G − X containing
an element of the bramble βG contains all but at
most 8k nodes of the K32k

√
log k. Moreover, the

component R can be written as F ∪ B1, . . . such
that

(a) F is an induced bipartite graph and contains
at least at least 18k nodes of the K32k

√
log k-

minor, and

(b) each Bi contains an odd cycle, or

4. • a subset X ⊆ V (G) of order at most
(

32k
√

log k
2

)

,

• 500k2 log k proper subwalls H1, . . . , H500k2 log k

of height h which are flat and dividing in
G − X, and

• a flat embedding in Hi (in G− X) for each i.

Here f4(k, h) = f3(32k
√

log k, h) where f3 is the
same as in Corollary 4.1.

As we overviewed in Section 3, we use this theorem
to prove Theorems 1.1, 1.2, 1.3 and 1.4.

We are currently trying extend our algorithm to
solve the parity version of the disjoint paths problem
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for general k. This would generalize Robertson and
Seymour’s groundbreaking work. Recently, many re-
searchers became interested in the parity version of the
disjoint paths problem. This is since the problem relates
to many deep results and new theory.

It seems us that Theorem 7.1 helps a lot, but we
still need to extend all the arguments in graph minor
theory to a parity version. This would need a lot of
space and time.
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property for odd cycles on an orientable fixed surface,
Discrete Math. 307 (2007), 764–768.

[28] K. Kawarabayashi and B. Reed, A nearly linear time
algorithm for the half disjoint paths packing, ACM-
SIAM Symposium on Discrete Algorithms (SODA’08),
446–454.

[29] K. Kawarabayashi, Y. Kobayashi and B. Reed, The
disjoint paths problem in quaratic time, submitted.

[30] K. Kawarabayashi, Z. Li and B. Reed, Recognizing
a totally odd K4-subdivision, parity 2-disjoint rooted
paths and a parity cycle through specified elements
(journal version) in preparation (draft available at url)

[31] R. M. Karp, On the computational complexity of
combinatorial problems, Network, 5, (1975), 45–68.

[32] J. Kleinberg, Decision algorithms for unsplittable flows
and the half-disjoint paths problem, Proc. 30th ACM
Symposium on Theory of Computing, 1998. 530–539.

[33] A. Kostochka, Lower bound of the Hadwiger number
of graphs by their average degree, Combinatorica 4

(1984), 307–316.

332 Copyright © by SIAM. 
Unauthorized reproduction of this article is prohibited.



[34] A. Kostochka, The minimum Hadwiger number for
graphs with a given mean degree of vertices (in Rus-
sian), Metody Diskret. Analiz. 38 (1982), 37–58.

[35] M. Middendorf and F. Pfeiffer, On the complexity of
the disjoint paths problem, Combinatorica, 13 (1993),
97–107.

[36] B. Mohar and C. Thomassen, Graphs on Surfaces,
Johns Hopkins University Press, Baltimore, MD, 2001.

[37] L. Perkovic and B. Reed, An improved algorithm for
finding tree decompositions of small width; Interna-
tional Journal on the Foundations of Computing Sci-
ence., 11, (2000), 81–85.

[38] B. Reed, Finding approximate separators and com-
puting tree width quickly; STOC 1992, Victoria B.C.,
1992.

[39] B. Reed, Tree width and tangles: a new connectivity
measure and some applications, in “Surveys in Combi-
natorics, 1997 (London)”, London Math. Soc. Lecture
Note Ser. 241, Cambridge Univ. Press, Cambridge,
1997, pp. 87–162.

[40] B. Reed, Mangoes and blueberries, Combinatorica 19

(1999), 267–296.
[41] B. Reed, Rooted Routing via Graph Minors, to appear.
[42] N. Robertson and P. D. Seymour, Graph minors.

II. Algorithmic aspects of tree-width, J. Algorithm 7

(1986), 309–322.
[43] N. Robertson and P. D. Seymour, Graph minors. V.

Excluding a planar graph, J. Combin. Theory Ser. B
41 (1986), 92–114.

[44] N. Robertson and P. D. Seymour, Graph minors. XIII.
The disjoint paths problem, J. Combin. Theory Ser. B
63 (1995), 65–110.

[45] N. Robertson and P. D. Seymour, Graph minors. XVI.
Excluding a non-planar graph, J. Combin. Theory
Ser. B 89 (2003), 43–76.

[46] N. Robertson and P. D. Seymour, An outline of
a disjoint paths algorithm, in: “Paths, Flows, and
VLSI-Layout,” B. Korte, L. Lovász, H. J. Prömel,
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