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Abstract
We consider the following well-known problem, which is
called the edge-disjoint paths problem.
Input: A graph G with n vertices and m edges, k pairs of
vertices (s1, t1), (s2, t2), . . . , (sk, tk) in G.
Output : Edge-disjoint paths P1, P2, . . . , Pk in G such that
Pi joins si and ti for i = 1, 2, . . . , k.

Robertson and Seymour’s graph minor project gives rise
to an O(m3) algorithm for this problem for any fixed k, but
their proof of the correctness needs the whole Graph Minor
project, spanning 23 papers and at least 500 pages proof.

We give a faster algorithm and a simpler proof of the
correctness for the edge-disjoint paths problem for any fixed
k. Our results can be summarized as follows:

1. If an input graph G is either 4-edge-connected or
Eulerian, then our algorithm only needs to look for
the following three simple reductions: (i) Excluding
vertices of high degree. (ii) Excluding ≤ 3-edge-cuts.
(iii) Excluding large clique minors.

2. When an input graph G is either 4-edge-connected
or Eulerian, the number of terminals k is allowed to
be non-trivially superconstant number, up to k =

O((log log log n)
1
2−ε) for any ε > 0. Thus our hid-

den constant in this case is dramatically smaller than
Robertson-Seymour’s. In addition, if an input graph G
is either 4-edge-connected planar or Eulerian planar, k

is allowed to be O((log n)
1
2−ε) for any ε > 0. The same

thing holds for bounded genus graphs. Moreover, if an
input graph is either 4-edge-connected H-minor-free or
Eulerian H-minor-free for fixed graph H, k is allowed

to be O((log log n)
1
2−ε) for any ε > 0.

3. We also give our own algorithm for the edge-disjoint
paths problem in general graphs. We basically follow
Robertson-Seymour’s algorithm, but we cut half of the
proof of the correctness for their algorithm. In addition,
the time complexity of our algorithm is O(n2), which
is faster than Robertson and Seymour’s.

1 Introduction

1.1 Background of the disjoint paths problem
In the edge- (vertex-) disjoint paths problem, we are
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given a graph G and a set of k pairs of vertices in G,
and we have to decide whether or not G has k edge-
(vertex-) disjoint paths connecting given pairs of termi-
nals. This is certainly a central problem in algorithmic
graph theory and combinatorial optimization. See the
surveys [9, 28]. It has attracted attention in the con-
texts of transportation networks, VLSI layout and vir-
tual circuit routing in high-speed networks or internet.
A basic technical problem here is to interconnect certain
prescribed “channels” on the chip such that wires be-
longing to different pins do not touch each other. In this
simplest form, the problem mathematically amounts to
finding disjoint trees in a graph or disjoint paths in a
graph, each connecting a given set of vertices.

Let us give previous known results on the edge-
disjoint paths problem. If k is a part of the input of
the problem, then this is one of Karp’s NP-complete
problems [13], and it remains NP-complete even if G is
constrained to be planar [18]. In fact, even for series-
parallel graphs (allowing multiple edges), it remains NP-
complete [21]. This is one of the few problems that are
known to be NP-complete for series parallel graphs or
bounded tree-width graphs. Let us observe that the
vertex-disjoint paths problem is solvable for bounded
tree-width graphs (and hence for series parallel graphs),
see [25].

On the positive side, the seminal work of Robertson
and Seymour says that there is a polynomial time
algorithm for the edge-disjoint paths problem when
the number of terminals, k, is fixed. Actually, this
algorithm is one of the spin-offs of their groundbreaking
work on Graph Minor project, spanning 23 papers, and
giving several deep and profound results and techniques
in discrete mathematics. The running time of their
algorithm has the form O(f(k)m3), where m is the
number of edges of an input graph and f is an extremely
rapidly growing function. Actually this function f
depends on the size of grid minor in Robertson-Seymour
structure theorem. It is believed to have very large
bounds (see [12]).

The edge-disjoint paths problem receive consider-
able attention in view of approximation algorithms and
hardness results, too. A c-approximation algorithm for
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this problem is a polynomial time algorithm that finds
at least 1

c of the maximum possible pairs of the edge-
disjoint paths. Despite a significant amount of research
in this area, there are wide gaps in our understanding
of the approximability of the edge-disjoint paths prob-
lem. It is known that no polynomial time algorithm
can achieve an approximation guarantee of O(m1/2−ε)
on directed graphs with m edges [10], unless P = NP ,
but the result is intrinsically based on intractabilities
for the directed case (specifically, hardness with just
two terminals pair) that do not have analogues in the
undirected case. The current strongest hardness of ap-
proximation bound is very recent results of Andrews,
Chuzhoy, Khanna and Zhang [1], leading to a lower
bound of Ω((log m)1/2−ε). But for planar graphs, there
are better approximation algorithms, e.g, [4, 5, 16, 17].

1.2 Our contributions We consider the k-edge-
disjoint paths problem for fixed k. As mentioned above,
Robertson and Seymour’s graph minor project gives rise
to an O(m3) algorithm for this problem, but their proof
of the correctness needs the whole Graph Minor project,
spanning 23 papers and at least 500 pages proof. On
the other hand, Robertson and Seymour focused on the
vertex-disjoint paths problem, thus if we only consider
the edge-disjoint paths problem, we may be able to give
a shorter proof. This is, indeed, the case.

We now summarize our main results here:

1. If an input graph G is either 4-edge-connected or
Eulerian, then we only need to look for a simple
reduction (see below).

2. When an input graph G is either 4-edge-connected
or Eulerian, the number of terminals k is allowed
to be non-trivially superconstant number, up to
k = O((log log log n)

1
2−ε) for any ε > 0. Thus

our hidden constant in this case is dramatically
smaller than Robertson-Seymour’s. In addition,
if an input graph G is either 4-edge-connected
planar or Eulerian planar, then k is allowed to be
O((log n)

1
2−ε) for any ε > 0. The same thing holds

for bounded genus graphs. Moreover, if an input
graph is either 4-edge-connected H-minor-free or
Eulerian H-minor-free for fixed graph H, then k is
allowed to be O((log log n)

1
2−ε) for any ε > 0. For

more details, see in Section 6.

3. We also give our own algorithm for the edge-disjoint
paths problem. We basically follow Robertson-
Seymour’s algorithm, but almost all of the proofs
in Graph Minors XXII [31] are not necessary for
the edge-disjoint paths problem. Thus we cut
half of the proof of the correctness for Robertson-
Seymour’s algorithm of the vertex-disjoint paths

problem. In addition, the time complexity of our
algorithm is O(n2), which is faster than Robertson
and Seymour’s O(m3) time algorithm. For more
details, see in Section 6.3.

By a simple reduction, we mean the following three
reductions:

1. Excluding vertices of high degree.

2. Excluding ≤ 3-edge-cuts.

3. Excluding large clique minors.

All the three reductions are now well-known and well-
understood. So we consider them as a very simple
reduction.

In order to give our results, we need to give a
structural result. It is too technical to mention here
(see Theorem 4.1), but at a high level, we can conclude
that one of the following happens.

(a) A simple reduction.

(b) G has bounded tree-width.

(c) There is a disk D such that G has an induced
subgraph S that is embedded in D. Thus S is a
plane graph embedded in D. Moreover, S has a
huge elementary wall, and each vertex in S, except
for the vertices in the boundary of D, has degree
exactly three and is not adjacent to the outside of
S.

Our algorithm for the edge-disjoint paths problem
in general graphs basically follows Robertson-Seymour’s
algorithm, but (c) allows us to give a simpler proof of
the correctness for our algorithm of the edge-disjoint
paths problem. More precisely, we do not need almost
all the proofs in Graph Minors XXII [31], which is
essential in the proof of the correctness for the algorithm
of Robertson and Seymour of the vertex-disjoint paths
problem. For more details, see Section 6.3. It is easy
to see that if an input graph is 4-edge-connected or
Eulerian, then (c) does not happen. Thus in these cases,
we just need to look for a simple reduction (or we are
done by (b)).

Let us remark why Eulerian graphs play a role in
the edge-disjoint paths problem. First, let us mention
that there are many exactly solvable special cases for
the edge-disjoint paths problem in planar graphs, but
almost all require some type of Eulerian assumption
(e.g. [22, 35]). For more details, see [9, 33]. Also,
Kleinberg [15] gave a better approximation algorithm
for the maximization problem in Eulerian planar graphs.
But on the other hand, if k is as a part of input, then

351 Copyright © by SIAM. 
Unauthorized reproduction of this article is prohibited.



the edge-disjoint paths problem is NP-complete even for
4-edge-connected graphs or Eulerian graphs [19].

We now observe that if a graph is Eulerian, then
there is no edge-cut of odd order. It is easy to deal with
a 2-edge-cut for the edge-disjoint paths problem. Thus
we can essentially work on a 4-edge-connected graph.

We now mention how 4-edge-connected graphs play
a role in the edge-disjoint paths problem. It helps to
consider the following point. Consider the edge-disjoint
paths problem in planar graphs with all terminal pairs
on the outer face boundary. If every vertex has degree
at most 3, then the edge-disjoint paths problem and the
vertex-disjoint problem are essentially same (not only
for planar graphs, but also for general graphs), thus
there is a topological obstruction. On the other hand,
if a given graph is 4-edge-connected, we can produce
large sets of mutually crossing paths, which can act
as “switching” structures for connecting up terminal
pairs. Thus the edge-disjoint paths problem seems more
tractable if an input graph is 4-edge-connected.

It is natural to ask at this point why we do
not consider the weaker condition that the minimum
degree being at least four. This assumption plays the
same role to create a cross for sure, but in fact this
weaker restriction would not gain us anything. Consider
an instance of the edge-disjoint paths problem on an
arbitrary graph G that may have degree three vertices.
Then attach by two edges to each node in G a constant-
sized graph of high minimum degree. This new graph
G′ has minimum degree high, but the resulting instance
of the edge-disjoint paths problem is clearly equivalent
to the original one in G. This example shows that 4-
edge-connectivity is necessary. Thus we really need to
stick the 4-edge-connectivity in our proof.

2 Preliminary

In this paper, n and m always mean the numbers of
vertices and edges of a given graph, respectively. A pair
of subgraphs (A,B) is a separation if G = A ∪ B and
there are no edges between A−B and B−A. The order
of the separation (A,B) is |V (A)∩ V (B)|. For a vertex
set X in a graph G = (V,E), let δ(X) be the set of
edges between X and V \ X, and such an edge set is
called an edge-cut.

For a graph G = (V,E), its line graph L(G) is the
graph whose vertex set is E such that two vertices of
L(G) are adjacent if and only if their corresponding
edges share a common endpoint in G. To simplify
the description, when we consider the line graph of a
graph with terminals, we assume that exactly one edge
is incident to each terminal by adding a new terminal
and an edge to G. Let s̃1, . . . , s̃k, t̃1, . . . , t̃k be the edges
incident with the terminals s1, . . . , sk, t1, . . . , tk in G,

respectively. Then, one can see that the edge-disjoint
paths problem in G with respect to the terminals
s1, . . . , sk, t1, . . . , tk is equivalent to the vertex-disjoint
paths problem in L(G) with respect to the terminals
s̃1, . . . , s̃k, t̃1, . . . , t̃k.

We now look at definitions of the tree-width and
wall.

Tree-width Tree-width was introduced by Halin
in [11], but it went unnoticed until it was rediscovered
by Robertson and Seymour [26] and, independently, by
Arnborg and Proskurowski [2]. A tree decomposition of
a graph G consists of a tree T and a subtree Sv of T for
each vertex v of G such that if uv is an edge of G then Su

and Sv intersect. For each node t of the tree, we let Wt

be the set of vertices v of G such that t ∈ Sv. We let Ht

be the graph obtained from the subgraph of G induced
by Wt by adding an edge between x and y if there is
some s such that x, y ∈ Ws ∩ Wt. The width of a tree
decomposition is the maximum of |Wt| over the nodes t
of T . The tree-width of a graph is the minimum width
among all possible tree decompositions of the graph.

We can apply dynamic programming to solve prob-
lems on graphs of bounded tree-width, in the same way
that we apply it to trees (see e.g. [2]), provided that we
are given a bounded width tree decomposition. Robert-
son and Seymour developed the first polynomial time al-
gorithm for constructing a tree decomposition of a graph
of bounded width [29], and eventually came up with
an algorithm which runs in O(n2) time, for this prob-
lem. Reed [24] developed an algorithm for the problem
which runs in O(n log n) time, and then Bodlaender [3]
developed a linear time algorithm. This algorithm was
further improved in [23].

Theorem 2.1. For an integer w, there exists a
(wO(w))nO(1) time algorithm that, given a graph G, ei-
ther finds a tree-decomposition of G of width w or con-
cludes that the tree-width of G is more than w. Further-
more, if w is fixed, there exists an O(n) time algorithm.

If the tree-width and the number of terminals are
small, by a standard dynamic programming technique,
the k-edge-disjoint paths problem can be solved effi-
ciently (see e.g. [2]).

Theorem 2.2. For integers w and k, there exists a
(wO(kw))nO(1) time algorithm for the k-edge-disjoint
paths problem in graphs of tree-width w. Furthermore, if
w and k are fixed, there exists an O(n) time algorithm.

Wall An elementary wall of height eight is depicted
in Figure 1. An elementary wall of height h for h ≥ 2
is similar. It consists of h levels each containing h
bricks, where a brick is a cycle of length six. A wall of
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Figure 1: An elementary wall of height 8

height h is obtained from an elementary wall of height
h by subdividing some of the edges, i.e. replacing the
edges with internally vertex disjoint paths with the
same endpoints. The nails of a wall are the vertices
of degree three within it. Any wall has a unique planar
embedding. We define a distance function dW on the
vertices of W so that dW (x, y) is the minimum number
of regions of this embedding that an arc in the plane
with endpoints x and y intersects. We define the
distance between two subgraphs W1,W2 of W by

dW (W1,W2) = min{dW (x, y) | x ∈ V (W1), y ∈ V (W2)}.

The perimeter of a wall W , denoted per(W ), is the
boundary of the unique face in this embedding which
contains more than six vertices of the original elemen-
tary wall. For any wall W in a given graph G, there
is a unique component U of G − per(W ) containing
W − per(W ). The compass of W , denoted comp(W ),
consists of the graph with vertex set V (U)∪V (per(W ))
and edge set

E(U) ∪ E(per(W )) ∪ {xy | x ∈ V (U), y ∈ V (per(W ))}.

A subwall of a wall W is a wall which is a subgraph of
W . A subwall of W of height h is proper if it consists
of h consecutive bricks from each of h consecutive rows
of W . For a subgraph H, we say a proper subwall W ′

is dividing in H if H contains W ′ and the compass of
W ′ in H is disjoint from (W − W ′) ∩ H. A wall is
flat if its compass does not contain two vertex-disjoint
paths connecting the diagonally opposite corners. Note
that if the compass of W has a planar embedding whose
infinite face is bounded by the perimeter of W then W
is clearly flat. Seymour [34], Thomassen [36], and others
have characterized precisely which walls are flat.

One of the most important results concerning the
tree-width is the main result of Graph Minors. V [27]
which says the following.

Theorem 2.3. For any t, there exists a constant f1(t)
such that if G has tree-width at least f1(t), then G
contains a wall W of height t.

The best known upper bound for f1(t) is 202t5 ,
see [8, 25, 32]. The best known lower bound is
Θ(t2 log t), see [32]. Furthermore, such a wall can be
found efficiently.

Theorem 2.4. In a graph G with tree-width at
least f1(t), we can find a wall W of height t in
(f1(t)O(f1(t)))nO(1) time. Furthermore, if t is fixed,
there exists an O(m) time algorithm.

The first half of the theorem is obtained from [29,
32]. Here we give an outline of the linear time algorithm.
By the algorithm in [23], we can find in linear time a
subgraph G′ of G of tree-width at least f1(t) and a tree
decomposition of G′ of width at most 2f1(t). Then,
since G′ has a wall of height t, it can be found in linear
time by the dynamic programming method [3].

3 Simple reductions

In this section, we consider three simple reductions of
the edge-disjoint paths problem. The first reduction is
applied when the graph has a vertex of high degree, the
second one is applied when the graph has an edge-cut
of size at most three, and the third one is applied when
the graph or its line graph has a large clique minor.

3.1 Vertices of high degree Suppose that G
has a vertex v of degree at least 2k. We con-
struct a new graph by adding a vertex u and edges
(u, s1), . . . , (u, sk), (u, t1), . . . , (u, tk) to G. Then, we de-
tect 2k edge-disjoint paths from u to v in the new graph.
If such paths exist, we can immediately find desired
edge-disjoint paths. Otherwise, there is an edge-cut
δ(X) such that |δ(X)| ≤ 2k − 1, v ∈ X, and u ̸∈ X.
Let δ(X) be the minimum u-v cut such that |X| is as
small as possible. In this case, in the subgraph induced
by X, we can link up each edge of δ(X) and v by |δ(X)|
edge-disjoint paths. Therefore, by contracting X to a
single vertex in G, we obtain a new instance of the edge-
disjoint paths problem that is equivalent to the original
one. Note that this reduction can be done in O(km)
time.

3.2 ≤ 3-edge-cuts The second reduction is the fol-
lowing. Suppose that X is a vertex set containing no
terminals such that |X| ≥ 2, |δ(X)| ≤ 3, and the sub-
graph induced by X is connected. Then, we shrink X
to a single vertex. One can easily see that the obtained
problem is equivalent to the original one. This reduc-
tion can be done in O(m) time if we are given a vertex
in X.

3.3 Large clique minors The objective of this sub-
section is to reduce the graph G to a smaller graph when
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G or L(G) has a large clique minor. One can see that if
G has a clique minor of size t, then L(G) also contains a
clique minor of size t. Hence, we only consider the case
when L(G) has a large clique minor.

For the reduction of the edge-disjoint paths prob-
lem, we use a theorem of Robertson and Seymour on the
vertex-disjoint paths problem. Recall that G has edge-
disjoint paths if and only if L(G) has vertex-disjoint
paths.

Theorem 3.1. (Theorem (5.4) in [29]) Let
s1, . . . , sk, t1, . . . , tk be the terminals in a given G.
If there is a clique minor of order at least 3k in G, and
there is no separation (A,B) of order at most 2k − 1
in G such that A contains all the terminals and B − A
contains at least one node of the clique minor, then
there are vertex-disjoint paths Pi with two ends in si, ti
for i = 1, . . . , k.

Let (A,B) be a separation of minimum order such
that A contains all the terminals and B − A contains
at least one node of the clique minor. Furthermore,
we assume that |B| is minimal among such separations.
Even if the order of (A,B) is at most 2k − 1, we can
reduce the vertex-disjoint paths problem to a smaller
problem. This is because, we can apply Theorem 3.1 to
B (in place of G) with the terminals in A∩B (in place of
s1, . . . , sk, t1, . . . , tk). The formal arguments are given
in Section 6 of [29]. Here we describe the reduction of
the edge-disjoint paths problem.

Theorem 3.2. If a clique minor of order at least 3k
is given in L(G), then we can reduce the edge-disjoint
paths problem in G to a smaller problem in O(k2m)
time.

Proof. We apply Theorem 3.1 to L(G). If we find de-
sired k vertex-disjoint paths in L(G), then the corre-
sponding paths in G are desired edge-disjoint paths.
Otherwise, let (A,B) be a separation of minimum or-
der such that A contains all the terminals and B − A
contains at least one node of the clique minor. Fur-
thermore, we assume that V (B) is minimal among such
separations. Then (A, B) is a separation of order at
most 2k − 1 such that we can link up vertices of A ∩ B
in any desired way in B. Suppose that the vertex set
of A ∩ B corresponds to an edge-cut δ(X) in G, where
the edges incident with X correspond to the vertices in
B. Then, by contracting X to a single vertex, we can
reduce the edge-disjoint paths problem to a smaller one.
Note that the subgraph induced by X is connected by
the definition of (A,B). Such δ(X) can be found by
using a standard flow algorithm for each node of the
clique minor, and it can be done in O(k2m) time.

4 Main results

We have already seen that, by the simple reductions
in Section 3, any instance of the k-edge-disjoint paths
problem can be reduced to an instance satisfying the
following conditions:

(R1) All vertices have degree at most 2k − 1.

(R2) G has no vertex set X such that |X| ≥ 2, X
contains no terminals, and |δ(X)| ≤ 3.

(R3) G and L(G) has no clique minor of size 3k.

Although it is easy to find a vertex of high degree and
a ≤ 3-edge-cut in a given graph, it is not easy to find a
large clique minor.

The following theorem, which is our main result,
characterizes the instances of the edge-disjoint paths
problem, and shows a way to find a large clique minor.
Its proof is given in Section 5.

Theorem 4.1. For any instance of the k-edge-disjoint
paths problem and for any integer h ≥ 2, there exists
an integer f(k, h) = 2(2O(k2)hO(1)) such that one of the
following holds:

(A) The instance violates at least one of (R1), (R2),
and (R3). That is, one of the simple reductions in
Section 3 can be applied to the instance.

(B) The input graph has tree-width at most f(k, h).

(C) The input graph contains a flat wall W of height
h such that every vertex of comp(W ) has degree
at most three, and comp(W ) can be embedded in a
plane so that its infinite face is bounded by per(W ).

Furthermore, if the instance satisfies (R1) and (R2), but
does not satisfy (B) and (C), then we can find a clique
minor of size 3k in G or L(G) in (f(k, h)O(f(k,h)))nO(1)

time. Moreover, if k and h are fixed, there exists an
O(m) time algorithm.

Based on this theorem, if the input graph G is 4-
edge-connected or Eulerian, then the edge-disjoint paths
problem in G can be solved efficiently.

Theorem 4.2. Suppose that the input graph G is 4-
edge-connected or Eulerian, which has n vertices. For
any ε > 0, if k = O((log log log n)

1
2−ε), then the k-edge-

disjoint paths problem in G is solvable in polynomial
time of n. In particular, if k is fixed, the problem is
solvable in O(n2) time.

Proof. We consider the following algorithm.

Algorithm for the k-edge-disjoint paths problem
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Input: A graph G which is 4-edge-connected or
Eulerian, and the terminals s1, . . . , sk, t1, . . . , tk.

Output: k-edge-disjoint paths P1, . . . , Pk such that
Pi connects si and ti for i = 1, . . . , k.

Step 1. While the graph G has a vertex of degree
at least 2k, we reduce the problem as in Section 3.1.

Step 2. While the graph G violates the condition
(R2), we reduce the problem as in Section 3.2. (This
step is needed only when the Eulerlian graph G has an
edge-cut of size 2 or it is not connected.)

Step 3. Test whether or not the current graph
has tree-width at most f(k, 2), where f is as in The-
orem 4.1. If it has, then Theorem 2.1 gives rise to a
tree-decomposition of width at most f(k, 2). We then
use the standard dynamic programming technique to
solve the problem. If the graph has tree-width more
than f(k, 2), go to Step 4.

Step 4. Apply Theorem 4.1 to the graph to obtain
a K3k-minor. For the K3k-minor in G or L(G), we apply
the reduction as in Section 3.3, and go to Step 3.

When we exectute Step 4, the instance satisfies (R1)
and (R2), but does not satisfy (B). Furthermore, since
the graph is 4-edge-connected or Eulerian, it contains
no wall of height 2 satisfying the condition in (C). This
shows the correctness of Step 4. The correctness of the
other steps of the algorithm is obvious.

Now we estimate the running time. In Step 1, each
reduction can be done in O(km) time, and so the total
running time of Step 1 is O(knm). Similarly, Step 2
can be done in O(nm) time. Since Step 4 is executed at
most n times, by Theorem 4.1, the total running time
of Step 4 is (f(k, 2)O(f(k,2)))nO(1). Finally, the running
time of the standard dynamic programming technique
in Step 3 is (f(k, 2)O(kf(k,2)))nO(1) by Theorem 2.2.

When k = O((log log log n)
1
2−ε), f(k, 2) <

(log n)1−ε′
for some ε′ > 0 if n is large enough. Then,

f(k, 2)f(k,2) = O(n), and hence the total running time
is bounded by a polynomial of n.

When k is fixed, the above algorithm requires
O(nm) time by using linear time algorithms in Steps
3 and 4. In order to improve the running time from
O(nm) to O(n2), we use the result by Nagamochi
and Ibaraki [20]. They gave an algorithm to reduce
the number of edges from m to O(n) keeping the
connectivity of the graph. More precisely, for a graph
G = (V,E), their algorithm finds in O(m) time a
subgraph G′ = (V,E′) of G such that |E′| = O(|V |)
and λ(u, v; G) ≥ min{λ(u, v; G′), 2k}, where λ(u, v; G)
denotes the edge-connectivity between u and v in G.
By using G′ in every reduction procedure in Step 1, the
total running time of Step 1 becomes O(n2). When we

go to Step 2, since each vertex has degree at most 2k−1,
we have m = O(n). Thus the running time of Steps 2,
3, 4 is O(n2). This completes the proof.

5 Proof of Theorem 4.1

In this section, we give a proof of Theorem 4.1. To show
this, we use the following two theorems by Robertson
and Seymour [29].

Theorem 5.1. (By Theorem (9.1) in [29]) For
each k, there exist r and q satisfying the following. If
G has a wall W and its proper subwalls W1, . . . ,Wq

such that each Wi is dividing but not flat in G for
each i, and dW (Wi,Wj) ≥ r for each i, j, then G has
a K3k-minor. Furthermore, we can take r and q with
r = 2O(k2) and q = O(k2), and the K3k-minor can be
found in 2O(k2)m time.

Theorem 5.2. (Theorem (9.6) in [29] and [14])
For any s ≥ 1 and h′ ≥ 2, there is a computable
constant f2(k, s, h′) = 2O(k2)(s + h′)O(1) such that the
following can be done in (2O(k2)(s + h′)O(1))nO(1) time.
Furthermore, if k, s, and h′ are fixed, there exists an
O(m) time algorithm.

Input: A graph G, a wall W of height at least
f2(k, s, h′).

Output: Either

1. a K3k-minor, or

2. a subset X ⊆ V (G) of order at most
(
3k
2

)
and s

proper subwalls W1, . . . ,Ws of height h′ such that
each Wi is dividing and flat in G − X for each i,
and dW (Wi,Wj) ≥ r for each i, j, where r is as in
Theorem 5.1. Furthermore, a flat embedding in Wi

is also given for i = 1, . . . , s.

Note that the upper bound for r is given by a simple
mathematical induction. If we improve this bound, the
running time in Theorem 4.2 is also improved. That is,
if r is improved to a polynomial of k, then k is allowed
up to O((log log n)

1
2−ε) in Theorem 4.2.

Now we are ready to show Theorem 4.1.

Proof of Theorem 4.1. Let h be a given constant in
Theorem 4.1. Let s =

(
3k
2

)
(2k − 1) + q + 2k and

h′ = h + 2, where q is as in Theorem 5.1, and let
f(k, h) = f1(f2(k, s, h′)) = 2(2O(k2)hO(1)), where f1 and
f2 are as in Theorems 2.3 and 5.2, respectively. Suppose
that a given instance satisfies (R1) and (R2), but does
not satisfy (B) and (C). It suffices to find a K3k-minor
in G or L(G) in (f(k, h)O(f(k,h)))nO(1) time.

By Theorem 2.4, we obtain a wall of height
f2(k, s, h′). Then, by applying Theorem 5.2 to this
wall, we obtain either a K3k-minor or a vertex set X
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and s proper subwalls of height h + 2. If we obtain
a K3k-minor, we are done. Otherwise, since the de-
gree of each vertex of X is at most 2k − 1, there exist
q + 2k proper subwalls W1, . . . ,Wq+2k of height h + 2
such that each Wi is dividing and flat in G for each i,
and dW (Wi,Wj) ≥ r for each i, j. We may assume that
comp(W1), . . . , comp(Wq) contain no terminals.

We show the following lemma.

Lemma 5.1. Let W1, . . . ,Wq be the subwalls of height
h + 2 as above. Then, comp(Wi) contains two edge-
disjoint paths connecting the diagonally opposite corners
of Wi for each i.

Proof. Let W ′
i be the subwall of Wi contained in

Wi − per(Wi) whose size is h. Assume that every ver-
tex in comp(W ′

i ) has degree at most three. Then, in
comp(W ′

i ), two paths are edge-disjoint if and only if
they are vertex-disjoint. Since W ′

i is flat, by the condi-
tion (R2) and the characterization of the feasibility of
the two vertex-disjoint paths problem in [34], comp(W ′

i )
can be embedded in a plane so that its infinite face
is bounded by per(W ′

i ), which contradicts (C). Hence,
comp(W ′

i ) contains a vertex of degree more than three.
Then, by the condition (R2) and the characteri-

zation of the feasibility of the two edge-disjoint paths
problem in [34], comp(Wi) contains two edge-disjoint
paths connecting the diagonally opposite corners of Wi.

By Lemma 5.1, L(W ) contains a wall satisfying the
conditions in Theorem 5.1. Then, we can find a K3k-
minor in L(G). The above procedures can be done in
(f(k, h)O(f(k,h)))nO(1) time, and if k and h are fixed,
then it can be done in O(m) time. This completes the
proof of Theorem 4.1.

6 Applications to other cases

6.1 Planar graphs Let us begin with the planar
case. For planar graphs, we can improve the “hidden”
constant in Theorem 4.2. Namely:

Theorem 6.1. Suppose that the input planar graph G
is 4-edge-connected or Eulerian, which has n vertices.
If k = O((log n)1/2−ε) for some ε > 0, then the k-edge-
disjoint paths problem in G is solvable in polynomial
time of n.

For the proof, we only use the following theorem
instead of Theorem 2.4.

Theorem 6.2. ([32], and [29] for an algorithm)
Let t be a positive integer. If a planar graph G has
tree-width more than 6t, then it contains a wall of
height t. Furthermore, such a wall can be found in
(tO(t2))nO(1) time.

Qi

Qj

Figure 2: Intersection of Qi and Qj .

We may assume that the instance satisfies the
conditions (R1) and (R2) by simple reductions. Recall
that the k-edge-disjoint paths problem in a graph of
tree-width w can be solved in (wO(kw))nO(1) time by
dynamic programming. Thus if the tree-width of G is
O(k) and k = O((log n)1/2−ε) for some ε > 0, then
the k-edge-disjoint paths problem in G is solvable in
polynomial time of n. With this observation, in order
to prove Theorem 6.1, it suffices to show that if the
tree-width of G is more than 54k, then the reduction in
Section 3.3 happens.

Suppose that the tree-width of G is more than 54k.
Then, we can take a wall W of height 9k in G by
Theorem 6.2. Note that W can be found in polynomial
time of n, because t = 9k = O((log n)1/2−ε) for some
ε > 0. Since G is 4-edge-connected, by considering the
case of h = 0, Lemma 5.1 can be modified as follows:

Claim 6.1. Let W ′ be a wall of height 2. Then,
comp(W ′) contains two edge-disjoint paths connecting
the diagonally opposite corners of W ′.

Let Pi be the horizonal path in W separating the
i-th level of W and the (i + 1)-st level of W for each i.
Similarly, let P ′

i be the vertical path in W separating
the i-th column of W and the (i+1)-st column of W for
each i. Let Qi = P3i+1 ∪ P ′

3i+1 for i = 0, 1, . . . , 3k − 1.
We claim that each Qi can be modified so that the
corresponding vertex sets in L(G) form a clique minor
of size 3k.

We first observe that the intersection of Qi and Qj

consists of two paths, and each of them is the “center”
of a subwall W ′ of height 2 (Figure 2). Then we can
always make a “cross” in L(comp(W ′)) by Claim 6.1.
More precisely, let Q′

i, Q
′
j be the subpaths of Qi, Qj ,

respectively, in W ′. Then by Claim 6.1, the paths Q′
i, Q

′
j

can be modified in comp(W ′) so that they are edge-
disjoint and their endpoints are still same. In addition,
by the planarity of G, they share a common vertex.

We now perform the above operation for each
intersection of Qi and Qj for i ̸= j. Then clearly we can
modify Qi in comp(W ) so that each Qi is edge-disjoint
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from any other Qj , and any pair Qi and Qj share a
common vertex. Thus after contracting all vertices in
L(G) corresponding to the edges of the modified Qi, we
get a clique minor of order 3k in L(comp(W )). In this
case, we can apply the reduction in Section 3.3, which
completes the proof.

6.2 Bounded genus graphs and H-minor-free
graphs Similarly, we can prove the bounded genus case
as well.

Theorem 6.3. Suppose that the input graph G can be
embedded into a surface with Euler genus g, and is 4-
edge-connected or Eulerian with n vertices. For any
ε > 0, if k = O(min{(log n)1/2−ε, (log(n/g3/2))1−ε}),
then the k-edge-disjoint paths problem in G is solvable
in polynomial time of n.

The proof is almost identical to the planar case.
To prove Theorem 6.3, we need the following result
obtained by the results in [6, 37].

Suppose G can be embedded into a surface of
Euler genus g, and has no flat wall of height t.
Then G has tree-width at most O(tg3/2).

We can now follow the planar case if we get a flat
wall. Then we can prove Theorem 6.3.

Similarly, we can prove the H-minor-free case as
well.

Theorem 6.4. Suppose that the input graph G is 4-
edge-connected H-minor-free or Eulerian H-minor-free,
with n vertices, for fixed graph H. For some ε > 0,
if k = O((log log n)

1
2−ε), then the k-edge-disjoint paths

problem in G is solvable in polynomial time of n.

In order to prove Theorem 6.4, we need the follow-
ing [7]:

There exists a function f such that for an
integer t, a fixed graph H, and a H-minor-
free graph G, there is a tree-decomposition of
G of width w ≤ tf(|V (H)|) or a wall of height
t in G.

If we use this result instead of Theorem 2.4, the
proof of Theorem 4.2 leads to Theorem 6.4.

6.3 General graphs Finally, we describe our algo-
rithm for the edge-disjoint path problem more precisely.

Algorithm for the edge-disjoint paths problem

Step 1. We first apply Theorem 4.1. If (A) or (B)
in Theorem 4.1 happens, it is easy to deal with, as we

did. We just need either a simple reduction as in (A)
of Theorem 4.1 or the standard dynamic programming
when (B) happens. Suppose (C) happens.

Step 2. As proved in (3.1) in [31], if (C) happens,
it is possible to throw away a vertex in the deep inside
the wall W if h is large enough. This deletion does not
change the solution of the problem.

Then we just need to recurse our algorithm.

For the proof of the correctness for Step 2, we
only need the result described in Theorem (3.1) of [31].
Furthermore, it is not so hard to reduce the theorem to
the main result in [30]. In fact, if you look at (6) in the
proof of Theorem (3.1) in [31], Robertson and Seymour
reduce it to the main result in [30]. Thus we can claim
that the significant part of Graph Minors XXII [31]
is not necessary, and we only need the argument in
[30]. Technically, this means that the flat structure of
a given wall with bounded number of apex vertices is
still troublesome. If we find a disk and an embedded
graph in it with a large flat wall, then the proof of the
correctness for the algorithm is much easier.
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