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Abstract

In the capacitated vehicle routing problem, introduced by
Dantzig and Ramser in 1959, we are given the locations of
n customers and a depot, along with a vehicle of capacity k,
and wish to find a minimum length collection of tours, each
starting from the depot and visiting at most k£ customers,
whose union covers all the customers. We give a quasi-
polynomial time approximation scheme for the setting where
the customers and the depot are on the plane, and distances

are given by the FEuclidean metric.

1 Introduction

Dantzig and Ramser introduced the vehicle routing
problem (VRP) in 1959 and gave a linear program-
ming based algorithm whose “calculations may be read-
ily performed by hand or automatic digital computing
machine”[10]. Since its introduction, VRP has come to
describe a class of problems where the objective is to
find low cost delivery routes from depots to customers
using a vehicle of limited capacity. The VRP has been
widely studied by researchers in Operations Research
and Computer Science and several books (see [22], [14]
and [12], among others) have been written on the prob-
lems. VRP problems have direct application to business
delivery routing in various industries where transporta-
tion costs matter such as food and beverage distribu-
tion, and package and newspaper delivery. Toth and
Vigo report on several businesses that have saved be-
tween 5 and 20% of total costs by solving VRP problems
via computerized models [22].

Capacitated vehicle routing problem. We study
the most basic form of the vehicle routing problem, the
capacitated version (CVRP), where the input consists of
an integer k representing the capacity of the vehicle, and
n + 1 points representing the locations of n customers
and one depot. The objective is to find a collection of
tours, each starting at the depot and visiting at most
k customers, whose union cover all n customers, such
that the sum of the lengths of the tours is minimized.
The CVRP is also called the k-tours problem in the
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Computer Science literature [2, 5]. We study the
Euclidean version of the problem where customers and
the depot are on the Euclidean plane.

Popular CVRP heuristics. The CVRP has several
well-known heuristics, each with many variations. In
its basic version, the “savings” algorithm of [8] starts
with the simplest feasible solution, a set of n tours
each visiting a single point and repeatedly chooses two
tours and “merges” them, going directly from the last
location of the first tour to the first location of the
second tour, thus shortcutting one trip to the depot.
The algorithm is greedy; each iteration merges the two
tours yielding the largest savings. The “sweep” heuristic
of [11] is similar to the Jarvis convex hull algorithm. The
“seeding” procedure of [13] places seeds at well-chosen
locations in the plane, associates at most k locations
to each seed so as to minimize the total distance from
locations to associated seeds, and finally builds one
tour for each seed. General-purpose heuristics such as
local search, Tabu search, genetic algorithms, neural
networks and ant colony optimization schemes have also
been applied to this problem. See [17, 22] for details.
The above heuristics seem to perform well on com-
mon test beds [17] however their worst case behavior
(i.e. approximation factors) have not been pinned down
yet. Simple examples show that the basic version of the
above heuristics are not approximation schemes even
on the Euclidean plane. Larson and Odoni [18] give an
example (figure 6.3.2) where the savings algorithm pro-
duces a solution that is 11% more than OPT. Figure 1
shows an example where the sweep heuristic performs
arbitrarily worse than OPT and one where the seeding
algorithm’s tour has length 50% more than OPT.

Approximation algorithms for CVRP. Partial
results are known about the approximability of CVRP.
When the capacity of the vehicle & is 2, the problem can
be solved using minimum weight matching. The metric
case was shown to be APX-complete for all k& > 3.
Asano et al. presented a reduction from H-matching
for k¥ = O(1) and there is a simple reduction from
the traveling salesman problem (TSP) for larger k [6].
Constant factor approximation with performance (14+a«)
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