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Abstract

We study a number of multi-route cut problems: given a
graph G = (V, E) and connectivity thresholds k, .y on
pairs of nodes, the goal is to find a minimum cost set of
edges or vertices the removal of which reduces the con-
nectivity between every pair (u,v) to strictly below its
given threshold. These problems arise in the context of
reliability in communication networks; They are natu-
ral generalizations of traditional minimum cut problems
where the thresholds are either 1 (we want to completely
separate the pair) or co (we don’t care about the con-
nectivity for the pair). We provide the first non-trivial
approximations to a number of variants of the prob-
lem including for both node-disjoint and edge-disjoint
connectivity thresholds. A main contribution of our
work is an extension of the region growing technique for
approximating minimum multicuts to the multi-route
setting. When the connectivity thresholds are either
2 or oo (the “2-route cut” case), we obtain polyloga-
rithmic approximations while satisfying the thresholds
exactly. For arbitrary connectivity thresholds this ap-
proach leads to bicriteria approximations where we ap-
proximately satisfy the thresholds and approximately
minimize the cost. We present a number of different al-
gorithms achieving different cost-connectivity tradeoffs.

1 Introduction

Finding small cuts in graphs is one of the most funda-
mental combinatorial optimization problems and there
is a large literature on exact and approximate algo-
rithms for various versions of this problem. Cut prob-
lems have numerous applications; One of the foremost
among these is finding bottlenecks in communication
networks. For example, the celebrated max-flow min-
cut theorem states that the size of the minimum s-t
cut in a network is equal to the maximum flow that
can be routed between s and ¢. Similar (but weaker)
duality theorems hold for more general communication
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patterns, for example, relating the maximum multicom-
modity flow to the minimum multicut.

From the point of view of reliability of service in
the face of edge or node failures, a natural extension
to finding the maximum flow in a network is to find
a large flow that is spread out across multiple disjoint
paths. Such a flow is called a multi-route flow. Multi-
route flows can be related back to cuts via Menger’s
theorem [13]: a pair of terminals in a network admits a
k-route flow (i.e. is k-edge-connected) if and only if the
minimum cut between the terminals contains at least
k edges. This suggests the following natural question:
what is the minimum cost set of edges or vertices the
removal of which reduces the connectivity of terminal
pairs in the network to below a certain threshold? This
is the minimum multi-route cut problem.

In this paper we provide approximation algorithms
for multi-route cut problems. Like traditional cut prob-
lems, multi-route cut problems come in multiple flavors
depending on whether we are allowed to remove edges or
vertices, the desired connectivity (s-t cut, multiway cut,
multicut, etc.), and whether the connectivity is in terms
of edge-disjoint or node-disjoint paths. We provide con-
stant and polylogarithmic approximations to several of
these variants.

It is easy to see that multi-route cut problems are
at least as hard as their 1-route counterparts, but they
can sometimes be much harder. For example, as noted
in [8], a reduction from (1-route) multiway cut shows
that single-source multi-sink 2-route cut is APX-hard,
whereas the corresponding 1-route version is equivalent
to minimum s-¢ cut and is poly-time solvable. Likewise,
we show in Section 6 that the following “red-blue”
version of s-t k-route cut is NP-hard for large k.! In
the red-blue s-t cut problem, the edge set is divided into
red edges and blue edges; The red edges are associated
with certain connectivities and the blue edges with
certain costs; The goal is to find a minimum cost s-¢
cut with total connectivity below a certain threshold.
This version is equivalent to k-route s-t cut when all
the edge connectivities are polynomially bounded.

Multi-route flows were introduced by Kishi-
moto [10], and have found a number of applications in

TThe problem is polynomial time solvable for constant k.
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communication networks [2, 3, 5]. In a series of pa-
pers Kishimoto and others [10, 11, 1] developed efficient
algorithms for finding multi-route flows, as well as ex-
plored approximate max-flow min-cut theorems in this
setting. For example, Bagchi et al. [4] showed a strong
duality theorem for multi-route flows and cuts in the
single-source single-sink case under a non-standard def-
inition of the cost of a cut. More recently, Bruhn et
al. [7] considered the single-source uniform costs ver-
sion of the problem, that is where each edge has a cost
of 1. They showed that the gap between a maximum
k-route flow and a traditional (1-route) maximum flow
is at most a factor of 2(1 — 1/k). This in turn implies
a simple 2(k — 1) approximation for the single-source k-
route cut problem. Bruhn et al. left open the question of
designing sub-polynomial approximation algorithms for
multi-route cut problems. Note that unlike for 1-route
cut problems, in the multi-route case, the uniform cost
assumption is not without loss of generality. In partic-
ular, replacing an edge of cost ¢ with ¢ parallel edges of
cost 1 each can potentially change connectivity between
terminal pairs. Therefore Bruhn et al.’s approximation
does not extend to a general single-source multi-route
cut problem.

The first non-trivial approximations for general
multi-route cut problems were developed by Chekuri
and Khanna [8]. Chekuri et al. gave LP-rounding
based polylogarithmic approximations for the special
case of 2-route cuts. In addition to improving upon
their approximation factors we solve the two main
open problems mentioned in their work—obtaining a
polylogarithmic approximation for the 2-route node-
disjoint multicut problem, as well as the first non-trivial
approximations for k-route cuts with £ > 3. Moreover,
while Chekuri and Khanna’s algorithms are based on a
specialized rounding scheme, a main contribution of our
work is to develop a general approach based on region
growing to solve multi-route cut problems.

Our results and techniques We consider a natural
LP relaxation for multi-route cut problems and extend
the “region growing” technique of Garg, Vazirani, and
Yannakakis [9] (see also [12, 14]) to this case, provid-
ing improved approximations for several versions of the
2-route cut problem and the first non-trivial approxi-
mations for k-route cut problems.

In a traditional multicut problem the region grow-
ing technique guarantees the existence of a cut around
every terminal of cost no more than a logarithmic factor
larger than the total contribution to the LP objective of
edges strictly inside the cut; a logarithmic bound on the
approximation factor then follows from the disjointness
of the cuts constructed. Consider a version of the multi-

410

route cut problem in which every edge has cost either 1
or 00.2 Then our region growing lemma guarantees the
existence of a cut around every terminal that has few
infinity-cost edges crossing it, while having cost at most
a logarithmic factor larger than the contribution to the
LP objective of the 1-cost edges inside the cut.

In a traditional multicut setting, an approxima-
tion can be obtained by applying region growing suc-
cessively at each terminal until all terminal pairs are
disconnected; In particular, every region has diameter
less than 1 and therefore cannot contain more than one
terminal belonging to the same terminal pair. In the
multi-route setting there are two problems with this ap-
proach. First, our LP relaxation defines h different met-
rics over the graph, one for each terminal pair. Regions
are grown with respect to the metric corresponding to
the terminal under consideration. Therefore, we can no
longer ensure that no terminal pairs survive within a
region, and are forced to recurse within regions. This
leads to a further logarithmic loss in the approximation
factor. Second, as we remove successive regions from the
graph, since we do not remove all the boundary edges
(specifically, the infinite cost ones), some paths through
these regions survive and it becomes tricky to analyze
the final connectivity between terminal pairs.

We are able to overcome all of these difficulties
for the case of 2-route cuts, and provide O(log?h)
approximations to 2-route multicut and multiway cut,
where the previous best known approximations due to
Chekuri et al. [8] were O(log® nlog h) and O(log n log h)
respectively. Here h is the number of terminals, and n is
the number of vertices in the graph. Furthermore, while
Chekuri et al.’s technique does not extend to the node-
disjoint version of 2-route multicut, ours extends easily
and naturally giving the same approximation factors.

While our region growing lemma extends to the
case of k-route problems with arbitrary k, overcoming
the difficulties outlined above appears to require signifi-
cantly new techniques. In fact, for general connectivity
thresholds k > 2, the integrality gap of our LP relax-
ation can be as large as k (see Section 5.1). We there-
fore explore bicriteria approximations. Straightforward
applications of region growing lead to a (2,2h) and a
(2h,2) bicriteria approximation, where the first factor
refers to the approximation in thresholds, and the sec-
ond to the approximation in cost. By avoiding overlap
between successive cuts more carefully, we show how to
obtain a (6, 0(v/hlogh)) approximation. These are the
first non-trivial approximations in the k-route cut case,
for k > 3. We also consider some special cases of the

2This version in fact captures arbitrary cost multi-route cut

problems without loss of generality.
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l Problem [ Previous best result [ Our result ‘
SS-2-EDRC, SS-2-NDRC O(logn) [8] O(log h)
MW-2-EDRC, MW-2-NDRC O(lognlogh) [8] O(log? h)
MC-2-EDRC O(log® nlogh) [8)] O(log? h)
MC-2-NDRC - O(log? h)
SS-k-EDRC - (6,0(vVhInh))
SS-EDRC-Uniform - (2,4)
SS-k-EDRC (constant h) - (4,4)

Table 1: A summary of our main results. See Section 2 for definitions of the problems. h is the number of

terminals, and n is the number of nodes in the graph.

problem. When h is constant or when all the edges have
equal cost, we can obtain a (4,4) and a (2,4) approx-
imation respectively. The last result holds even when
different terminals have different connectivity thresh-
olds.

While our exposition focuses on edge-weighted
multi-edge-disjoint-route cuts, all of our algorithms and
analyses extend with little effort to the node weighted
and node-disjoint versions as well. We detail the
changes required for the node-weighted node-disjoint
version in Section 3.2; The other two combinations are
identical.

We summarize our main results in Table 1. See
Section 2 for precise definitions of the various instances
of multi-route cut.

2 Problem set-up

Given a graph G = (V, E), a pair of nodes u,v € V
are called k-edge-connected if there are k edge-disjoint
paths between v and v in G, and are called k-node-
connected if there are k node-disjoint paths between u
and v in G. In multi-route cut problems our goal is
to remove a small number (or more generally a low cost
set) of edges or nodes from a given graph so as to reduce
the connectivity of given pairs of nodes to below certain
thresholds.

Like traditional cut problems multi-route cut prob-
lems come in different flavors. We begin by for-
mally defining the most general versions we consider.
The input to the multicut version of the edge-disjoint-
route-cut problem (MC-EDRC) is a graph G with
costs c. on edges, h pairs of vertices called terminals,
{(s1,t1), (s2,t2), -+, (Sn,tn)}, and connectivity thresh-
olds, k; for pair (s;,t;). The goal is to produce a mini-
mum cost set of edges £/ C FE, such that for each i, s;
and t; are at most (k; — 1)-edge-connected in the graph
(V,E\ E’). Note that in the traditional multicut prob-
lem k; =1 for all 4. In the node-disjoint-route multicut
(MC-NDRC) problem the goal is to produce a set of
edges ' C FE, such that for each 7, s; and t; are at most

411

(k; — 1)-node-connected in the graph (V, E\ E’). Note
that although we will mostly talk about edge weighted
versions of the problem, our techniques and analyses
extend to the node weighted versions as well.

We further study the following special cases:

e k-EDRC or k-NDRC: here all the connectivity
thresholds are equal to a common value k.

e 2-EDRC or 2-NDRC: a special case of the above
with k£ = 2.

¢ MW-EDRC or MW-NDRC (MultiWay multi-route
cut): we are given a set T = {t1,---,tn} of
terminals with a common connectivity threshold &
for every pair (t;,t;) € T x T.

e SS-EDRC or SS-NDRC (Single Source multiple
sink multi-route cut): we are given a single source
s and a set T = {t1, - ,tp} of terminals with
connectivity thresholds k; for the pair (s, ;).

e SS-EDRC-Uniform: the version of SS-EDRC where
every edge has a cost of 1.

LP relaxation

Z = min Z TeCe s.t. (ED-LP)
ecE
Syl <ki—1 Vi € [h]
ecE
d'(u,v) = ze + 1! Vi € [h],e = (u,v) € E
d" is a metric Vi € [h]
d'(si ts) > 1 Vi € [h]

The LP above is a relaxation of the MC-EDRC.
Other edge-disjoint cut problems have similar LP relax-
ations. In any integral solution to this LP, edges with
z. = 1 are cut, and the (at most) (k; — 1) edges with
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y! = 1 represent an s;-t; cut of size at most (k; — 1) in
the residual graph. Note that the LP defines h different
shortest path metrics on the graph.

We remark that the algorithms developed by
Chekuri et al. [8] were based on a similar but weaker
LP. The LP relaxation for the node-disjoint version MC-
NDRC is similar (see Section 3.2).

Notation We now develop some notation useful in our
analysis.

e For a given subset of vertices, S C V', G[S] denotes
the subgraph induced by S.

e d’ denotes the shortest path metric obtained when
edge lengths are given by /.. We use d* as short-

hand for the metric d*1¥".

o B4(u,r) = {v]|d(u,v) < r} denotes a ball of radius
r around u under metric d. We use B¢ as short-
hand for B4,

e Foraset SCV,d(5)={(u,v) ]| (u,v) € E, |SN
{u,v}| = 1} is the set of boundary edges of S.
e For S C V, E(S) = {(u,v) | (u,v) € E, |SN

{u,v}| > 1} is the set of all edges incident on S.
We use E*(u,r) as short-hand for E(B*(u,r)).

e For aset S, the “k-cost” of S, denoted I'*(S), is the
total cost of all but the £ — 1 most expensive edges

in 8(S): T*(S) = minpcs(s)|Fi<i—1ees(s)\F Ce-

e Finally, for 8 > 0, the “(3,x)-volume” of a set S
measures the total contribution of all the edges inci-
dent on the set to the objective function: V% (S) =

B+ Ycen(s) Tele-

3 Region growing for multi-route cuts

Our main tool for constructing approximations to multi-
route cut problems is a region growing lemma. The
lemma states that given a feasible solution to the
program (ED-LP), we can find a cut with low 2k-cost.

We begin by presenting the lemma for the edge-
disjoint version of the problem. The following subsec-
tion shows the modifications necesary to obtain a ver-
sion of the lemma for the node-disjoint case.

3.1 The edge-disjoint case The intuition behind
the region growing approach of Garg, Vazirani, and
Yannakakis [9] is as follows. We grow a ball around
a terminal, and track the increase in volume of the ball,
where the volume is defined to be the total contribution
to the objective value of the edges in the ball. The
size of any cut defined by such a ball is equivalent to
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the “surface area” of the ball, and is the rate at which
the volume grows. Since the total volume in the entire
graph is small (equal to the LP value), it cannot be
the case that for every radius r, the surface area of the
corresponding cut is large. This implies the existence
of a small cut. While we can still carry out a similar
argument in the muti-route case, we additionally have to
ensure that the cut we produce has few “y-edges”. We
ensure this by using Markov’s inequality. Essentially,
the fraction of radii for which the number of y-edges is
no less than twice the average is at most 1/2. In the case
of k =1, we assert that at most half the radii can have
at least two y-edges. The rest of the radii (a majority)
have at most one y-edge. Using this approach we incur
a loss of a factor of 2 in connectivity in general, but
no loss when k£ = 1. We now present a few different
versions of region growing formally.

LEMMA 3.1. Let G = (V,E) be a graph with costs
ce on edges and terminals s and t, and © and y be
vectors of lengths on edges, such that d*Y(s,t) > 1
and Y ye < k —1. Then for any 3 > 0 there exists a
radius r < 1 such that for S = B*tY(s,r), the 2(k —1)-
cost of S, T2k=1)(8) is no more than aV?*(S), where
a=2In (V" (V)/B).

Proof. We assume without loss of generality that for
every edge e, exactly one of x, or y. is non-zero. We
can ensure this by replacing any edge e = (u1,us) by a
new vertex v. and two edges (u1,ve) and (ve,u2), each
with a cost of ¢.. Then, setting the z-value of (u1,v,)
to z, and y-value to 0, and the z-value of (v.,uz) to 0
and y-value to y. gives us a solution feasible for the new
graph and with the same cost. It therefore suffices to
prove the lemma for this new graph.

Let 6%(S) = {e € 6(S)|ze > 0} denote the set of
edges with non-zero x value, and §¥(S) = 6(5) \ 6*(5)
as the set of edges in §(S) with non-zero y-value. (We
can simply remove from the graph all edges with total
x + y value zero.)

For radius r € [0,1] let B(r) = B*¥(s,r), and
I'(r) = T2k=1D(B(r)). Also for an implicit radius r,
we define ¢, the “fraction” of edge e in the ball B(r),
as follows. Edges with both endpoints in B(r) have g,
equal to one; those with both endpoints outside B(r)
have g = 0. For an edge e = (u,v) in 6(B(r)) such that
u is closer to s than v we set

B r—d"Y(s,u)
e = d*tY(s,v) —d* Y (s, u)

Using this, we define the fractional (83, z)-volume as
VBe(r) = B+ 2 ecE(B(r)) TeCefe- Hence “change in

volume”, dl}ﬁ’w(r) = z.cedge = Zeetgm(B(T)) CeTedqe.
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Next, we note that for most radii r, the set §(B(r))
contains few edges with non-zero y-values. Formally,
let Q(r) be the indicator function for the event that
[0¥(B(r))| < 2(k —1). The following lemma shows that
Q(r) =1 for a subset of measure at least 1/2.

1
LEMMA 3.2. / Q(r)dr > 1/2.
0

Proof. We will show that [, (1 — Q(r)) dr < 1/2. By
definition we have:

/ |5y(3(7“))\d7“2/ 6Y(B(r)) x (1 —Q(r)) dr
0 0
>2(k—1)/0 (1= Q) dr

On the other hand, the following sequence of in-
equalities follows from the triangle inequality and ED-

LP
1
[amenar= 3 s - a s
0 (u,v)€EE:
y(u,v)>0

S Z y(u,v) Sk_l

(u,w)EE
Therefore the lemma follows.

Next we relate the function Q(r) to the change in
volume dVA7(r).

LEMMA 3.3. For any r € [0,1], [6(B(r))| < 2(k — 1)
implies AV (r) > T'(r)dr.

Proof. Recall that for any edge only one of x or y
is non-zero. So if |§¥(B(r))] < 2(k — 1) we have
I'(r) < Zeeam(B(r))Ce since we can drop all y-edges
from consideration while computing the sum I'(r). On
the other hand, for an edge e = (u,v) € §*(B(r)),
zodge > |dMY(s,v) — d"TY(s,u)|dg. = dr, using
triangle inequality and the definition of g.. Therefore,
ave=(r) > Dees (B(ry) Cedr = T'(r)dr.

Combining the lemma with the definition of Q(r)
we get the following corollary.

COROLLARY 3.1. For all r € [0,1] we have dVP%(r) >
Q(r)T'(r)dr.

Finally, assume for the sake of contradiction that
for all » € [0,1], T(r) > aV?»*(B(r)). Since
VOE(B(r)) > V() for all € [0,1], we get
VP2 (r) > aQ(r)V?* (r)dr, which implies that

VIE(V) qB.a 1
/ M > a/ Q(r) dr
8 Ve(r) 0
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This leads to a contradiction as the left hand side of the
inequality is In (V#*(V)/3) and the right hand side by
Lemma 3.2 and the value of «, is at least that much.

This concludes the proof of the region growing
lemma.

While the above lemma suffices to construct approx-
imate solutions to the SS-EDRC, for the multicut ver-
sion we require additional properties from cuts in our
algorithms and so need to consider cuts around both s;
and t; for a terminal pair (s;,t;). We therefore develop
the following “two-sided” region growing lemma which
shows that we can simultaneously find good disjoint cuts
for both s; and t;.

LEMMA 3.4. Let G = (V,E) be a graph with costs
ce on edges and terminals s and t, and x and y be
vectors of lengths on edges, such that d*¥(s,t) > 1 and
YocYe < k—1. Then for every 8 > 0, there exist radii
r1 < 1 and ro > 11 such that for Sy = B®tY(s,r1), and
Sy =V \ B*tY(s,13), we have for a = 2InV*(V)/3:

o T2(k=1)(5)) < 2aV%7(8)), and,
o T2(k=1)(8,) < 2aV07(S,).

Proof. The proof is mnearly identical to that of
Lemma 3.1. Once again we consider balls centered at
s, and let Q(r) denote the characteristice function de-
noting the radii where the ball has few (< 2(k — 1))
“y-edges”. As before, the integral of () is at least 1/2.
Consider the balls corresponding to the first half of (2’s
support. That is, we can find a break point p such that
both, [/ Q(r) dr and fpl Q(r) dr are at least 1/4

A volume argument identical to the one used previ-
ously shows that for a radius r € [0, p], we must have
I'(ry) < 2aV7%(rq).

In order to find ro we consider the remaining
interval [p,1] in reverse order. That is, set B'(r) =
V \ B(r). We can again reapply the volume argument
to get a set B’(j) satisfying the required properties;
ro would then be 1 — j. In particular the 2(k — 1)
cost of the set is no more than (5, z)-volume inside
it (or outside the corresponding ball B(1 — j)). By
construction ro > r1, so we are done.

Finally, we note that if we are allowed to charge
the cost of a cut to the volume of the entire graph and
not just of the cut itself, then we can obtain a stronger
version of the region growing lemma:

LEMMA 3.5. Let G = (V,E) be a graph with costs
ce on edges and terminals s and t, and x and y be
vectors of lengths on edges, such that d*Y(s,t) > 1
and Y ye < k —1. Then, for every B > 0, there
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erists a radius r < 1 such that for S = B*TY(s,r),
the 2(k — 1)-cost of S, T'?*=1(S), is no more than
2057 (B (s, 1)).

Proof. The proof is similar to that of Lemma 3.1. Again
we consider balls centered at s, and let characteristic
function () denote the radii of balls with few (<
2(k — 1)) “y-edges”. As before, the integral of ) is at
least 1/2.

We continue to use the same notation. Thus
for 0 < r < 1, we have B(r) = B*TY(s,7),
I(r) = T2k =D(B(r)), fractional volume V7%(r) =
6 + ZeeE(B(r))xece%a and change in volume,
Avha(r) = Yeese(n(r)) CeTedge.  Note that we can
bound the total increment in volume as follows:

VA (1 ~
/ AVA () < V= (BT (5, 1)).
0

As before we also have dVP#(r) > Q(r)D(r)dr,
for all r. Combining the last two inequalities we get
Jy QrT(r) dr < V3= (B4 (s, 1),

Say I'(p) is the minimum value of I'(r). This implies

r(p) / Q(r) dr < V(B (s, 1))

Using Lemma 3.2 we get that there is a radius such that
[(p) < 2V (BT1Y(s,1)).

3.2 Region growing for node-weighted node-
disjoint-route cuts We next consider the version of
multi-route cut where we are required to produce mini-
mum weight node cuts, and satisfy thresholds on node-
disjoint paths. The LP relaxation for the node-disjoint
version MC-NDRC is very similar to program (ED-
LP). Here P; is the set of all paths between s; and
t;. Although this LP is exponential in size, it has an
equivalent polynomial-size formulation as above.

Z=min»_ xyc, st (ND-LP)
veV
Sy <ki—1 Vi € [h]
veV
> (@ tyy) =1 VP € P;, Vi€ [h]

Region growing works almost in the same way for
node-disjoint-route cuts as for edge-disjoint-route cuts.
Most importantly, while for the edge weighted case we
used a continuous volume growth argument, in the node
weighted case we necessarily need to use a discrete
version of the argument. The discrete version is nearly
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identical and the interested reader can find details at
[6]. We sketch below some of the definitional changes
required to incorporate node-disjointness as well as node
costs:

o d®™' is the shortest path metric where the length
of a path is the sum of the z, and y;, values of
vertices present in it (both end points included).

As before we use d' as short-hand for the metric
a"tv.

e As before B4 (u, ) denotes a ball of radius r around
w under metric d, and B? is short-hand for B4".

e For a set S C V, the set of boundary vertices of S,
A(S) is defined as {v € S | I(u,v) € §(S)} where
4(S) are the boundary edges of S.

e For a set S, I'*(S) denotes the total cost of all
but the & — 1 most expensive vertices in A(S):

T*(S) = minpca(s)|Fi<k—1 Lpea(S)\F Co-

e For 3 > 0, we define the “(3,x)-volume” of a set
S to be the total contribution of all the vertices
in the set to the objective function: V%7(S) =

ﬁ + ZUGS LyCy-

We therefore get the following node-disjoint ana-
logue of Lemma 3.4. The other two lemmas have similar
analogues.

LEMMA 3.6. Let G = (V, E) be a graph with costs ¢, on
vertices and terminals s and t, and x and y be vectors
of weights on wvertices, such that d*tY(s,t) > 1 and
Yw Yo < k—1. Then for every 8 > 0, there exist radii
r1 < 1 and ro > 11 such that for Sy = B*tY(s,r1), and
Sy =V \ B*HY(s,19), we have for a = 2In V3 (V)/j3:

o T2k=1)(8)) < 2aVP7(S}), and,
[ FQ(kil) (SQ) < QOéVﬁ’m(SQ).

4 2-route cuts

We now apply the region growing technique to 2-
route cut problems. A key difference from how the
technique is used to find (1-route) multicuts is that
we are now working with h different metrics and grow
successive regions under different metrics. Nevertheless,
in the single-source multi-sink case we can use region
growing in much the same way as it is used to find
(1-route) multicuts: we successively find small cuts
around terminals, remove them from the graph, and
recurse on the remaining graph. Unfortunately this
simple approach does not work for the more general
multicut version of the problem. In particular, while for
a traditional multicut no region contains two terminals
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Input: Graph G = (V, E) with costs cc, source s, terminals T' = {t1,--- , 5}, fractional solution (z,y) with >_, yt <1 for
all i € [h] and d*¥' (s,¢;) > 1 for all i € [h]. 2= Y"_zece and a = 2In(h + 1).
Output: A set of edges E’ of cost at most aZ such that for all i € [h] s and ¢; are at most 1-edge-connected in (V, E\ E').

1. Initialize 77 « T and V' « V.

o

and the ball B (t;,r) is defined over G[V'].
Set S; « B'(t;,r;) and update V' « V' \ S;.

Repeat steps (2) to (5) until 7" = 0.

N ok @

Pick an arbitrary terminal ¢; from 7. For the rest of the iteration we consider lengths of edges only under metric d’

Let 3 = Z/h. Pick a radius r; € [0,1) such that ['*(B(t;,7;)) is no more than aV?* (B (t;,r:)).
Let T” be the set of terminals that are connected to s in G[V'].

Let the partitions generated in the previous steps be S through S;. Let 6’(Si) the set of edges crossing S; and present

in G[V \ U2} S;]. Return the set E' = UL, (8(Si) \ {e"*}), where e"*® is the maximum cost edge in &'(S;).

Figure 1: Algorithm SS-2EDRC—Algorithm for single-source multi-sink 2-EDRC

belonging to the same pair, in our setting it can. We
therefore cannot simply remove subgraphs and ignore
them; we must recursively produce cuts within each
subgraph. We show how to do this repeated cutting
at most log i times in each subgraph, leading to a final
approximation factor of O(log? h).

4.1 Single-source multiple-sink 2-route cuts
Once again we will focus on the edge-disjoint case; our
algorithm and analysis for the node-disjoint case is iden-
tical. Recall that program (ED-LP) provides a frac-
tional solution (x,y) to the problem with cost ), cexe,
and ) .y. < 1 for all ¢ € [h]. This fractional solu-
tion defines h different shortest-path metrics d° with
d'(e) =z, +y. foralli € [h] and e € E.

Our algorithm for SS-2-EDRC is given in Figure 1.
The algorithm starts with an optimal fractional solution
to the program (ED-LP). At every step it picks an
arbitrary terminal still connected to the source, uses
the region growing lemma to find an appropriate cut
around the terminal, and removes the entire cut from
the graph. It continues until no terminals are left. Then
for every cut found, it puts back in the graph the most
expensive edge in the cut.

To analyze the algorithm we first note that for
all i € [h] the vectors (z,y’) together satisfy the
conditions in Lemma 3.1 with £ = 2, and moreover,
2In (VP=(V)/B) < 2In((B + 2)/B) = 2In(h + 1) =
«a. Therefore, we can always find a radius satisfying
the conditions of step (3) in the algorithm and the
algorithm terminates. It remains to prove that the set
E’ generated by the algorithm is a legitimate 2-route
cut, and analyze its cost. We do this next.
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LEMMA 4.1. Given a graph G = (V, E) with terminal
set T let E' be the set of edges selected by algorithm SS-
2EDRC then in the graph H = (V, E\ E') the universal
source s is at most 1-edge-connected to any terminal
present in T

Proof. We claim that in graph H = (V, E\ E’) any path
from the sink s to a vertex v contained in partition .S,
for some a must cross ej;'*".

The proof is by induction over a. For the base case
we consider a vertex v in S7. S7 is a cut separating v and
s, so any path from v to s must intersect §(S;) = 6’(S1).
But §'(S1) \ E' = {e"**}, therefore our claim holds.

By the induction hypothesis we assume that the
claim is true for all vertices in all partitions S7 to S,_1.
Now consider a vertex v in S,. Consider any path P
in H = (V,E\ E') from v to s, and let ¢ be the
first edge (starting from v) on P that is contained in
0(Ss). For the sake of contradiction assume that P
does not contain €'**, so € # e'**. This implies
e & §'(Sa) because §'(S,) \ B/ = {e"**}. Therefore,
€' € 0(S,)\0'(Sy). This means that ¢’ got removed from
consideration when some partition S; was removed with
j < a. One of the vertices of €’ survived to be included
in S, thus ¢’ € 6’(S;). But the only edge of ¢'(S;)
present in £\ £’ (that is in H) is e]"**, so e’ = e}'*®
and P must now go from a vertex inside S; to s without
recrossing e}***. This is contradicted by the induction
hypothesis.

To prove the lemma first note that the above claim
immediately implies that any terminal contained in
some partition S; is at most 1l-connected to s in H.
Finally we consider terminals ¢ in the final subgraph
G[V \ U_, ;] disconnected from s. Consider any path
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Input: Graph G =

and E’. (Initially p = 0 and E' = 0.)

(V, E) with costs ce, a set of source-sink pairs T' = {(s;,
and y. (one for each source sink pair in T'). 2 =3 _zccCe, 3

t;)} along with metric weights on edges: x.

=Z/h, and a = 2In(h + 1). Also given are global variables p

Output: A set of edges E’ such that for all (s;,t;) € T, s; and t; are at most 1-edge-connected in (V, E \ E’).

1. If T is empty, stop.

2. Pick a source-sink pair (s;,t;) from 7.

3. Find radii 71 € [0,1) and 72 € (r1, 1] such that I2(B(s;,71)) < 2aV?%(B(s;,71)) and T2 (B’ (s;,72)) < 22V (V \
B (sj,72)). Note that B’(s;,71) and V' \ B?(s;,r2) do not intersect.

4. Increment the global index count: p «— p + 1.

5. If the number of connected source-sink pairs in G[B’ (s5,71)] is less than the number of connected source-sink pairs
in G[V \ B’ (sj,r2)] then the pth cut, Sp, is chosen to be B?(s;,r1), otherwise it is chosen to be V' \ B’ (s;,r2).

6. Let ;""" = argmax,cs/(g,)Ce, Where §'(Sp) is defined to be the set of boundary edges of S), present in the graph in

the current recursive call.

7. Update the global set of edges, E' «— E’ U (§'(S,

)\ {ep"™ D)

8. Recurse on G[S,] with terminal set being the source-sink pairs connected in G[S,] and on G[V \ Sp] with terminal set

being the of source-sink pairs connected in it.

Figure 2: Algorithm MC-2EDRC—Algorithm for 2-EDRC Multicut

from such a terminal to s in H, say € is the first edge
(starting at ¢) on P which has exactly one of its vertices
in some partition S;. Since t is disconnected from s in
the final subgraph such an edge must exist. Note that
€ € §'(S;). The only way that € is not in E’ is that it
is e[*** but for the rest of the path to be in H, P must
connect a vertex contained in S; to s without crossing
€% which by our claim is not possible. Thus terminals
which are present in the final subgraph G[V \ U_, S]]
disconnected from s remain disconnected from s in H.

Finally we can analyze the cost of the solution. Note
that by construction the [ edge sets E(Sl) E(S2), ---,
E(S)) are pairwise disjoint. Therefore, Z VPE(S;) <
Bl+ 3 ecpTeCe < Bh+ Z = 2Z. The cost of the final
set B’ generated by the algorithm is exactly >, ['*(S;),
which is at most a Y, V»*(S;) < 2aZ by construction.
The theorem below now follows from noting that Z is no
more than the cost of the optimal 2-route cut.

THEOREM 4.1. Algorithm SS-2EDRC generates a 2-
edge-route cut of cost no more than 41n(h + 1) times
the optimal.

4.2 2-route multicuts We now consider the multi-
cut version of 2-EDRC. As before our algorithm suc-
cessively uses region growing to construct cuts around
terminals. However, instead of recursing only on the re-
maining graph as in the single-source case, this time we
need to recurse on both the components in the graph.
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We show below that by constructing the cuts appro-
priately, the depth of recursion is at most logh, and
therefore we can find a 2-route cut of cost no more than
O(log® h) times the optimal.

The algorithm for 2-EDRC multicut is given in
Figure 2. We first note that the vectors (x,y") satisfy
the conditions of Lemma 3.4 for terminals (s;,¢;) and
therefore we can always find radii 1 and ro satisfying
the conditions in Step (3). Next we show that the
cost of the final set E’ is not too large. Let S =
{S1,89,---,5;}, where [ is the total number of cuts
formed. We claim that every cut in S is contained in no
more than log h other cuts in §. This follows by noting
that, by construction, for any two sets S, C Sp in S,
the number of terminal pairs in G[S,] is no more than
half the number of terminal pairs in G[S,]. We therefore
have the following lemma.

LEMMA 4.2. For a given edge e € E there are at most
logh cuts in S such that e € E(S;).

Proof. Note that cuts in S form a laminar family that
is for S;,5; € S either one is contained in the other or
they do not intersect at all. Now consider the following
collection of cuts S = {S | S € S, e € E(5)}, and
let I, = |Sc|. Since all the cuts in S, intersect we
have the following chain of containments over them:
Sp, € Spi, 1 © Sp,, where p; is the cut index of
the ith cut. By our earlier argument the length of such
a containment chain can be no more than log h.

Copyright © by SIAM.
Unauthorized reproduction of this article is prohibited.



Finally, in order to bound the cost, as before
we have Y T?(S,) < 2a) VH(S,) = 2a(Bh +
Zp ZeeE(SP) Zece). Unlike in the single-source case, the
edges sets E(S,) are not disjoint, however, by Lemma
4.2 we have > VAe(S,) < Bh+1loghY.cp®ece <
(logh + 1)z. Therefore, the cost of our cut is bounded
by O(log? h) times 2.

It remains to prove that we obtain the desired
connectivity among terminal pairs; For this we establish
the following useful lemma. We say that a pair of
vertices w,v are first separated by a cut S; € S, if
|S; N {u,v}| =1 and for all j < i, |S; N {u,v}| # 1.

LEMMA 4.3. Given S; € S, let u,v be a pair of vertices
first separated by S;. Then any u-v path P in H =
(V,E\ E') must contain el***.

Proof. The proof is by induction over the cut index 1.
For the base case suppose that v € Sy and v ¢ 5.
Now any path P from u to v must contain an edge from
0(S1), say e is the first such edge (starting from wu).
When S; is constructed by MC-2EDRC, the subgraph
under consideration is G itself, so §'(S1) = §(S1). The
only edge of ¢’(S1) present in E \ E’ is e]*** so e must
be e***.

Next we prove the claim for S;. Let u,v be a pair
of vertices first separated by S; such that u € S; and
v ¢ S;. Now for contradiction assume that there exists
a path P from u to v in H = (V,E \ E’) such that
e"@ ¢ P. Now P must contain an edge in 6(S;); Say
e = (u/,v") is the first such edge in P (starting from u),
with «' € S; and v' ¢ S;. Again it is easy to see that
e € §(S;) \ 0'(S;). This implies that by the time .S; was
constructed ¢’ had been removed from the graph. Thus

e € ¢'(S;) for some j < i. Since P is in H we have
e = emax
e,

Next we show that S; first separates v’ and v but by

(strong) induction hypothesis there is no path from v’ to
v that does not contain €***, which implies that P can
not proceed from v’ to v in H. Say we label the vertices
in P as follows P =u — u; — uy — ..t/ = v — ....v.
Here v through v’ are in S; and v’ ¢ S;. Now consider
the point of time at which the algorithm constructed
S;. The graph under consideration at that time was
gz (‘g’}f \/ (Ui;lﬁ.’(Sk)‘). We knj)w that e = (u/,v") €

\ (Uz—10"(Sk)) since it is in §'(S;). Also the path
u — u; — ... — u’ is present in G; This follows from
the fact that all cuts in S constructed before S; either
contain no vertex of S; or contain all the vertices in S;.
Moreover there is a path between w and v until S; is
constructed (it is the lowest index cut separating « and
v), so there is path from v’ to v in G. In other words
no cut before j separates v’ and v. Moreover until we
get to the construction of S; the path between v’ and
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v is intact. But e € ¢'(S;), so S; separates u’ and v'.
Thus S; separates v’ and v. This implies that S; first
separates v’ and v, and we are done.

COROLLARY 4.1. All source-sink pairs (s;,t;) in T at
most 1-connected in H = (V,E'\ E').

Proof. If we have some cut in S separating source-
sink pair (s;,t;), then we consider the lowest index
cut separating s; and t;; Say it is S;, that is, S; first
separates s; and t;. Then by the previous lemma any
path from s; to ¢; must pass through ej* . This
by Menger’s Theorem implies that s; and ¢; are 1-
connected.

Note that there might be a source-sink pair (s;, ;)
that gets disconnected (MC-2EDRC continues till all
the source-sink pair get disconnected) but no cut in
S separates them. We show that such a pair remains
disconnected in H hence proving the corollary.

For contradiction assume there is a path P from s;
to t; in H. Since s; and t; are disconnected at the end
of algorithm’s execution, P must contain an edge from
0'(S;) for some j € [l]. Say é = (u,?) is the first edge
(starting from s;) on P such that é € §'(S;). P isin H
so for € to be in '\ £ we must have € = e]'**. Next we
show that S; first separates © and ¢; so by the previous

lemma, P can not proceed from v to ¢; without crossing
max

€] again, giving rise to a contradiction.
Say we label the path as follows P = s; — w; —
wy — ... — 4 — ¥ — ..t;. Note that all the edges on P

before é = (@, ¥) are present in H. Thus none of these
edges belong to any ¢'(S;) for ¢ € [I]. Since € € 6'(S;)
and all edges on P between s; and u are present in H
we have that S; separates s; and v. Then since no cut
in S separates s; and t;, we have that S; separates v
and t;. Moreover we claim that no cut with a smaller
index separates ¥ and t;. To see this, suppose that Sy
for k < j separates v and t;. Since Sy does not separate
s; and t; (no cut does) we have that Sy separates s;
and v. But this implies that we must have an edge of
0(Sk) on every path between s; and o; In particular the
segment of P connecting s; to © must contain an edge
from 6’(Sy). But this contradicts the assumption that &
was the first edge on P contained in some §'(S). Thus
no path in H connects s; and t;.

From the cost analysis and Corollary 4.1 we get the
following theorem.

THEOREM 4.2. Algorithm MC-2EDRC generates a 2-
edge-disjoint-route multicut of cost no more that
O(log? h) times the optimal.
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Figure 3: Integrality Gap example

5 k-route cuts

We now consider the EDRC and NDRC with larger
connectivity thresholds. In Subsection 5.1 it is shown
that (ED-LP) has a polynomial integrality gap even for
the simple case of an s-t k-EDRC. A similar example
can be constructed for (ND-LP). Given this large
integrality gap, we investigate bicriteria approximations
to the EDRC. An («a, 8) approximation for the k-EDRC
is a cut of cost at most 3 times the optimal and the
removal of which reduces the connectivity between the
terminal pair (s;,t;) to a(k; — 1) for every i.

5.1 Integrality gap for LP (ED-LP) We present
a graph where the optimal integral solution has cost
Q(k) times the optimal fractional solution. Consider
the graph in Figure 3 and suppose that we wish to find
a (k4 1)-route cut separating source s from sink ¢t. The
graph has k + 1 parallel edges between s and u, each
with cost oo, and 2k unit cost edges between u and ¢.
A feasible fractional solution with cost no more than
2 is obtained as follows: for every edge of infinite cost
set ye = kL_H and x, = 0, and, for all edges with unit
cost, that is edges between u and t, we set z, = %_H
and y. = 0. Note that ) _y. is no more than k and
Y. TeCe is less than 2. Also under the specified edge
lengths, the distance between s and ¢ is 1. So we have
a feasible fractional solution with cost no more than
2. However any integral solution with finite cost must
remove k of the edges between u and ¢t. Therefore any
optimal integral cut has cost k, giving us an integrality
gap of Q(k).

5.2 The difficulty of applying region growing
and some naive approximations As mentioned ear-
lier, although the region growing lemma works in the
k > 3 case as well, applying it successively for differ-
ent terminals leads to the connectivity thresholds being
violated by a large factor. Consider, for example, the
following algorithm for the single-source k-EDRC. We
solve ED-LP; then for each ¢, we successively apply re-
gion growing to the pair (s, ;) and remove the resulting
cut C; from the graph; our final cut is the collection
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of all but the k most expensive edges in each C;. The
cost of this cut can be bounded by O(logh %) using
Lemma 3.1. However, in the final graph, for any ter-
minal t; with cut C; there may be several paths to s
through cuts C; for ¢ < j that do not cross C;. There-
fore, the best bound we can obtain on the connectivity
between s and t; using this approach is (kK — 1)h/2. In
other words, we get an (O(h), O(log h)) approximation.

This approach can be modified slightly to obtain
an (O(h),2) approximation. In particular, we solve the
ED-LP and combine all the A metrics into a single
metric. That is, set y. to be Z?:l yt. The metric d,
defined by setting d(u,v) = x. + y. for all edges e =
(u,v), separates the source s from all the h terminals
— d(s,t;) > 1 for all ¢ € [h]. Moreover we have
YecpYe < kh. Thus by Lemma 3.5 we can find a
cut S which 2kh — 1 separates s from all the terminals
and has cost no more than 2Z. This gives us a (2h,2)
approximation.

One way of avoiding this increase in connectivity is
to find successive cuts in the original graph itself, in-
stead of throwing away the previously found cuts. This
ensures that connectivity thresholds are maintained to
within a factor of 2. However, the cost of the solution
can blow up to O(hZ), implying a (2,2h) approxima-
tion. Specifically, the (2,2h) approximation is obtained
by solving ED-LP and applying region growing in par-
allel to each pair (s,t;). Lemma 3.5 implies that for
each terminal ¢; we can find a cut S; which 2(k — 1)
separates the terminal from the source and for which
we have I2(k=1)(5,) < 2V52(B*+¥(¢;1)). Note that
VB« (B*+Y(t;,1)) is no more than Z and so the total
cost of the all such cuts is no more than 2hz. This gives
us a (2, 2h) approximation.

5.3 Single-source multiple-sink k-route cuts In
the remainder of this section, we focus on the single-
source case and present a number of different algo-
rithms. The first is a general (6, 0(v/hInh)) approxi-
mation that relies on a stronger LP (ED-LP+) defined
below. We then consider two special cases — in the first
the number of terminals is constant, and in the second
all edges in the graph have equal cost. We present a
(4,4) and a (2,4) approximation for these respectively.
These are the first non-trivial approximations for any
variant of the k-route cut problem with k& > 3.

A key observation that we use for each of these
algorithms is that the integral solution to SS-EDRC
forms a family of laminar cuts. In particular, let E’
be the set of edges removed in an integral solution. By
Menger’s Theorem we know that for each terminal t;
there exists a set of at most k; — 1 edges whose removal
disconnects ¢; from s in (V, E\ E’). Consider any such
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set of edges, and let C; be the set of vertices in the
connected component containing ¢; after these edges
have been removed. We call this set a witness for ¢;.
The following lemma shows that for any integral feasible
solution we can find a collection of witness sets that are
laminar, that is, no two of the sets cross.

LEMMA 5.1. For any integral feasible solution to the
SS-EDRC there exists a collection of witness sets that
s laminar. When all terminals have equal connectivity
thresholds, there exists a family of witness sets such that
each pair of sets is either identical or disjoint.

Proof. Let E’ be an integral solution for the given SS-
EDRC. Let H = (V, E\ E’), and note that by definition
for any ¢ € [h] the edge connectivity of ¢; and s in H
is no more than k; — 1. Of the witness sets for ¢; that
have the fewest edges crossing them, let C; be a smallest
set in terms of cardinality. We now show that no two
smallest witness sets C; and C; can cross.

Suppose for the sake of contradiction that C; and
Cj cross each other, that is, all three sets C;NC;j, C;\C}
and C;\C; are non-empty. We denote 67 (S) = {(u,v) €
E\E' | {u,v} NnS| = 1} and define the following
mutually disjoint sets of edges,

e 0; ={(u,v) € 6u(Cy) | {u,v}NC; =0}

e 0; = {(u,v) € du(Cy) | {u,0} N C; = 0}

o Ii = {(u,v) € 6u(Cy) | {u,v} N C5| =2}

o I; = {(u,v) € 6u(Cy) | {u,v} N Ci| =2}
There are three possible cases:

e Suppose that t; € C; \CJ and tj S OJ\OZ Then, if
|Z;| < |I;], then C;\ C; forms a smaller ¢;-s cut than
C;, contradicting the fact that C; is a witness for
t;. Likewise we cannot have |I;| < |I;|. Therefore
|I;| = |I;], but then C; \ Cj is a strictly smaller
witness set for ¢;, again contradicting our choice of
C.

e Suppose that t; € C; \ C; and t; € C; N C;. This
time we must have |I;| = |O;| but then C; N C;
forms a strictly smaller witness set for ¢;.

o Finally, suppose that ¢;,¢; € C; N C;. As before we
have |IZ| = |Oj‘ and ‘Ij| = |OZ| but then CZ N Cj
forms a strictly smaller witness set for both ¢; and
t;.

Therefore the witness sets form a laminar family of cuts.

Note that when all the connectivity thresholds are
equal, if there are witness sets C; and C; with C; C Cj,
C also forms a witness set for ¢;. Therefore the lemma
holds.
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5.3.1 An (6,0(vhlogh)) bicriteria approxima-
tion for single-source cuts In Figure 4 we present a
(6, O(Vh1n h)) bicriteria approximation algorithm for
SS-kEDRC with general edge costs. The algorithm re-

quires an optimal solution to an augmented version of
ED-LP denoted ED-LP+.

Z=min Y wece st (ED-LP+)
eckE
Sy <ki—1 Vi € [h]
eck
d (u,v) = e + yi Vi € [h],e = (u,v) € E
d" is a metric Vi € [h]
d'(si ts) > 1 Vi € [h)
d (u, t) + d (u, t;) > d* (i, t;) Vi,j € [h),u €V

(5.1)

Note that the new constraint (5.1) is a kind of
triangle-inequality constraint but involves two different
metrics—d’ and d’. Lemma 5.1 implies that the
optimal solution satisfies this constraint, and so ED-
LP+ is a valid relaxation of the SS-A-EDRC. We
note that the integrality gap instance of subsection 5.1
applies to this new LP as well. The new constraint is
primarily required in Lemma 5.3 to show that the sets
S found in Step 3 of the algorithm (that are constructed
under different metrics) are disjoint.

Let us now analyze the algorithm. We first argue
that we can always find the cuts required for Steps 2a
and 3a. For the first, note that if we set x. and y’
to be zero inside B'(t;,2/3) and scale them up by a
factor of 3 outside the ball, then the pair (s, ;) satisfies
the requirements of Lemma 3.1, and so we can find
the desired cut. For the second, if we scale x. and y!
by a factor of 3 inside B(t;,1/3) and set them to 0
outside the ball, then again the pair (s,t;) satisfies the
requirements of Lemma 3.1, and we can find the desired
cut.

Next we claim that the connectivity thresholds are
satisfied to within a factor of 6. To see this, consider for
any terminal ¢; the iteration in which ¢; is removed from
T and let S be the corresponding cut found. Then, S
separates ¢; from s and we remove all but 6(k —1) edges
from 6(S). Therefore our claim follows. Finally, we
present a cost analysis. We first show that the algorithm
has few iterations.

LEMMA 5.2. In each iteration of Steps 2 to 3 the size
of T decreases by an additive /'T.
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Input: Graph G = (V, E) with costs ce, source s, terminals T' = {t1,- - ,tx}, fractional solution (z,y) that is feasible for
ED-LP+ with connectivity thresholds k; = k Vi € [h]. 2= _xcc. and o = 2In(h + 1).
Output: A set of edges E’ of cost at most O(av/h)z such that for all i € [h], s and t; are at most 6(k — 1)-edge-connected

in (V,E\ E).

1. Initialize E « 0. Let 3 =%/h. Set T' « T.

2. If there is a terminal t; € T’ such that |7’ N B(t;,2/3)| > +/|T"], do:

(a) Pick a radius r; € [2/3,1) with S = B'(t;, ;) such that T5*~1(8) < 30V (9).
(b) Let F(S) be the 6(k — 1) most expensive edges in §(S). Set E' < E'U (6(S)\ F(9)); T« T\ S; T' «— T'\ S.

3. Otherwise, while T" # 0, do:

(a) Pick a terminal t; € T’, and a radius 7; € [0,1/3) with S = B(t;,7;) such that T°*~1(8) < 3aV?7(S).

(b) Let F(S) be the 6(k — 1) most expensive edges in (S5).

T T\ B'(t;,2/3).

Set ' «— E'"U(8(S)\ F(9)); T « T\ S;

4. f T # (), set T' « T and go to Step 2, otherwise return the cut E’.

Figure 4: Algorithm SS-kEDRC—Algorithm for single-source multi-sink k-EDRC

Proof. If Step 2 is executed the lemma follows immedi-
ately. Otherwise, note that in each inner loop of Step 3
we remove at most v/7” terminals from 7”. So the loop
gets executed at least /7" times. Each time we decrease
the size of T' by at least 1. Therefore the lemma follows.

A simple consequence of this lemma is that the al-
gorithm has at most O(v/h) iterations. The following
lemma bounds the cost of a single iteration and com-
pletes the analysis.

LEMMA 5.3. In any execution of Step 2 or Step 3 of the
algorithm the total cost of the edges included in E’ is no
more than 6az, where Z is the value of the ED-LP+-.

Proof. If Step 2 is executed then the total cost of the
edges included is T6*~1(S) which is no more than
3aV?7(S), which in turn is bounded by 3aZ.

Next consider Step 3, and let Sy,---,Sy be the
collection of cuts constructed in a single execution of
this step. Then we have that the cost of the edges
removed in this step is at most 3a )", Vhe(S,). We
claim that the sets S; are disjoint which implies that
> VPe(S;) < 2%, and the total cost for this step is
bounded by 6az.

To prove the claim, suppose that there are two
sets S; and S3, corresponding to terminals ¢; and tg,
picked in Step 3 such that S; N Ss # (). Then for some
u € Sy NSy, d(u,ty) < 1/3, and d*(u,tz) < 1/3, but
d'(t1,t2) > 2/3. This directly contradicts constraint
(5.1) in ED-LP+.

We therefore get the following theorem.
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5.3.2 The constant h case Recall from Lemma 5.1
that the witness sets for terminals in the SS-k-EDRC
are disjoint. When the number of terminals is constant,
we can guess the “correct” partition of terminals into
groups with identical witness sets. Incorporating this
information into the linear program, and finding a
good s-t k-route cut for every group gives us a (4,4)
approximation for the SS-k-EDRC.

We know from Lemma 5.1 that for the SS-kEDRC
the witness sets of terminals corresponding to any inte-
gral solution are laminar. In fact the collection forms
a partition, that is there is a collection of [ mutually
disjoint witness sets: {C1,...,C;}, such that each ter-
minal is contained in one of them. The collection im-
poses a partition on the terminals. We denote this par-
tition by P: P = {P1, P»,..., P}, where P; is the set
of terminals contained in C;. Moreover, in any inte-
gral solution, if terminals ¢, and ¢, are contained in the
same witness set, we have d%(t,,t,) = d’(ta,tp) = 0;
On the other hand if they are in different cuts we have
d%(ta,ty) = d°(ta,tp) = 1.

Next we present a linear program and the associated
algorithm (see Figure 5) which when given the partition
P imposed by an integral solution, produces a set
of edges that 4(k — 1) separates every terminal from
the source and has cost no more than four times the
integral solution. When h is constant we can apply the
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