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Abstract
The minimum latency problem(MLP) is a well-studied variant of
the traveling salesman problem(TSP). In the MLP, the server’s
goal is to minimize the average latency that the clients experience
prior to being served, rather than the total latency experienced by
the server (as in the TSP). The MLP sometimes goes by other
names, such as thetraveling repairman problem, or thedeliveryman
problem. Unlike most combinatorial optimization problems, the
MLP is NP-hard even on trees (Sitters, 2001). Our main result is
an improved approximation algorithm for the MLP on trees, upon
which we build improved approximation algorithms for a much
wider class of graphs.

The MLP on trees is interesting for several reasons. First,
many of the aspects that make the problem difficult on general
graphs are already present in the tree case. Second, all existing
approximation algorithms for general graphs are built on approxi-
mation algorithms for the tree case. Third, there has been no im-
provement for the tree case since the 3.59-approximation of Goe-
mans and Kleinberg, first introduced 14 years ago in 1996. Fourth,
in the intervening period, the best ratio for general metrics has been
improved to match the 3.59 for trees (Chaudhuri et al., 2003).

In this paper, we improve the approximation ratio for trees
to 3.03. In fact, our 3.03-approximation algorithm works for any
class of graphs in which the relatedprize-collecting stroll(PCS)
problem is solvable in polynomial time, such as graphs of constant
treewidth. More generally, for any class of graphs that admit a
Lagrangian-preservingβ-approximation algorithm, we can use this
algorithm as a black box to achieve a3.03β-approximation for the
MLP. Sadly, this does not immediately improve the ratio of 3.59 for
general graphs, because the current best value ofβ for that case is
2.

One interesting piece of our analysis is the solution of an
infinite-dimensional linear program, used to analyze a finite-
dimensional factor-revealing linear program (FRLP). We believe
that our methods may hold promise for easing the analysis of other
FRLPs encountered in the literature.

1 Introduction

Given a metric spaceM on a setV of n nodes with a root
r ∈ V , the famoustraveling salesman problem(TSP) asks
for a tour of minimum total cost that visits every node inV ,
starting and finishing atr. If the distances between nodes
are viewed as travel times for a salesman based atr, then the
TSP aims to minimize the total travel time required for the
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salesman to visit all of his customers (located at the other
nodes inV ) and return back home tor. In contrast to this
salesman-oriented approach, theminimum latency problem
(MLP) takes a customer-oriented approach, asking for a tour
starting atr and visiting every other node inV in a way that
minimizes the average arrival time at all of the customer sites
(equivalently, the sum of the arrival times). Formally, the
“arrival time” for nodev is called thelatencyof v, and is
equal to the distance traveled before first arriving atv. The
MLP is sometimes called thetraveling repairman problem,
evoking the image of a plumber planning her route so as to
minimize the average time her customers have to deal with
their leaking pipes. For the weighted version, where each
node has a non-negative weight and we wish to minimize
the sum of the weighted latencies, Koutsoupias et al. [23]
and Ausiello et al. [5] give another motivation. If there is
a treasure located at one unknown node of a graph and we
set the weight of each node to be the probability that the
treasure is located there, then we minimize the expected time
to find the treasure by following the tour that minimizes the
weighted latency.

In our view, the MLP is just as natural and fundamental
a problem as the TSP. It has received plenty of attention,
but much less than the TSP. We speculate that this owes
primarily to historical accident and inertia, and perhaps to
the MLP’s having been more resistant to progress.

The MLP is known to be NP-hard [29], and even Max-
SNP hard [7, 27] for general metric spaces. While most
combinatorial optimization problems are trivial on trees, the
MLP is NP-hard even on trees [31]. When we refer to
the MLP on a graph, we mean the shortest path metric
on a graph with arbitrary costs on its edges. The best
approximation ratio known prior to this work, for both
the general case and the tree case, is 3.59 [15, 14, 10].
(More precisely, it isρ(1), whereρ(a) is defined to be the
solution to ρ log ρ = ρ + a.) In the present paper, we
improve the approximation ratio toρ( 1

3 ) ≈ 3.03 for the
MLP on trees, the first improvement for this problem in 14
years. This algorithm actually applies to any metric space in
which we can solve the relatedprize-collecting stroll(PCS)
problem in polynomial time. This is a much larger class
than just trees, including all graphs of constant treewidth,
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for instance. Moreover, for any class of graphs that admit a
Lagrangian-preservingβ-approximation algorithm for PCS,
we can adapt our algorithm to use the PCS algorithm as a
black box to achieve a3.03β-approximation for the MLP.

The MLP on trees is interesting for two main reasons.
First, as Kleinberg [22] pointed out, much of the difficulty of
the general problem seems to be captured by trees of depth
two. For any childv of the root noder, it is clear that the
children ofv should be visited in order of increasing edge
length fromv. But the tough question is: each time the tour
descends from the root node tov, how many ofv’s children
should it visit before ascending back tor?

Second, all of the constant-factor approximation algo-
rithms for the MLP on general graphs are based on approx-
imation algorithms for trees.1 Blum et al. [7] gave an8β-
approximation for the MLP on general metrics by combining
an 8-approximation algorithm for the MLP on trees with any
β-approximation for thek-tree problem, used as a black box.
Goemans and Kleinberg [14] used a variant of this method to
improve the ratio to3.59β. We henceforth refer to this algo-
rithm as GK. Chaudhuri et al. [10] improved the ratio to 3.59
for general graphs, thereby matching the GK result for trees.
Their algorithm is still based largely on the GK algorithm for
trees.

Our algorithm builds upon the ideas of Blum et al., GK,
and Chaudhuri et al. The Blum et al. and GK algorithms
exploit the relationship between the MLP and thek-tree
problem (sometimes calledk-MST), which asks for the tree
of minimum cost spanningk nodes, including the root node
r. They generate optimalk-trees for eachk = 2, . . . , n
(which can be done efficiently since the input graph is a tree),
select a particular subsequence of them, and do a depth-first
traversal of each selected tree, in order (which we refer to
as concatenatingthe trees). By always including then-
tree in the sequence, they ensure that all nodes are visited
eventually. Since the cost of the minimumk-tree is a lower
bound on the latency of thekth node visited in any tour, the
sum of thek-tree costs is a lower bound onOPT . We call
this thetree bound. They prove that the total latency of their
tour is at most 8 (for Blum et al.) or 3.59 (for GK) times
the tree bound. The improvement from 8 to 3.59 comes
from selecting a different subsequence to concatenate, and
a particular depth-first traversal of each tree. Chaudhuri et
al. observe that the cheapestpathvisiting k nodes, called the
minimumk-stroll, is a stronger lower bound on the latency
of the kth node in any tour, so their sum gives a stronger
lower bound onOPT . For eachk, they generate ak-tree in
G whose cost is at most that of the minimumk-stroll, then
concatenate a subset of these trees exactly as GK does. Thus,

1It is a common misconception that there is a reduction from the general
case to the tree case. This is not true, and we do not mean to imply it here.

they are not using the GK black-box result directly,2 but they
are recycling the major piece.

Our algorithm for the MLP on trees also uses the stroll
bound, and starts by generating some (but not all) of the min-
imum k-strolls (again, this can be done efficiently, since the
input graph is a tree). We then select some subsequence of
them to concatenate, but both the selection and concatena-
tion processes differ from GK.

When GK concatenates a tree, it must traverse every
edge of thek-tree twice, in order to return to the rootr to
be ready to concatenate the nextk-tree. Thus, GK travels
twice the length of each concatenated tree. In contrast, one
can traverse a stroll directly from root to tail while traveling
only the length of the stroll. The problem with ending
up at the tail of the stroll is that we cannot immediately
traverse the next stroll in the same way. We first observe
that we can still traverse a stroll more efficiently than GK
traverses a tree, provided that we start at some node inside
the stroll. However, there is no reason why the tail of one
of our strolls must lie inside the next stroll in our sequence.
Therefore, to take advantage of the improved concatenation
method, we also need to have some upper bound on the
total distance required to move from the tail of one stroll
in our concatenation sequence to the nearest node in the
next stroll. We guarantee such a bound by using Lagrangian
relaxation to generate our original set of strolls by solving
the PCS problem, rather than the minimumk-stroll problem.
In our view, this is one of the most subtle and interesting
parts of our result. We combine these ideas to achieve our
approximation ratio of 3.03.

The idea of using Lagrangian relaxation is not new
to algorithms for the MLP, but we use it in new ways.
Archer et al. [3] used the Lagrangian connection between
thek-tree problem and the prize-collecting Steiner tree prob-
lem [11, 16] to show that GK doesn’t really need to start
with minimum k-trees forall values ofk; rather it is suffi-
cient to have only thek-trees that are also a minimum prize-
collecting tree for some value of the prize parameterλ. The
Lagrangian relaxation connection comes in because asingle
optimal prize-collecting tree provides lower bounds on the
minimumk-treefor all values ofk.

We use an analogous connection betweenk-strolls and
PCSs. However, we exploit this connection more deeply than
in [3], because we use the PCSs in two orthogonal ways. The
first way is analogous to [3]: we bound the cost of our MLP
tour not against the stroll bound itself, but rather against
the the lower envelope of the minimumk-strolls (a weaker
bound). Our second critical use is to obtain an appropriate
upper bound on the cost to get from the tail of one stroll in
our concatenation to the nearest node in the next stroll.

2Since thek-tree problem is NP-hard for general graphs, there is no 1-
approximation algorithm unless P=NP.

435 Copyright © by SIAM. 
Unauthorized reproduction of this article is prohibited.



The crucial difficulty in our algorithm and analysis is
bounding the total distance required to move from the tail
of one stroll in our concatenation sequence to the nearest
node in the next stroll. Using the upper bound given by the
PCSs wins only half the battle – we also need to pick our
strolls more carefully than in previous algorithms. Previous
algorithms select the next tree to concatenate based only on
its size and cost, and the size of the previous one, irrespective
of how the sets of nodes spanned by the previous trees
overlap each other. In contrast, we get mileage (quantified
in Lemma 2.18) out of the fact that when these sets are not
nested, the number of nodes already visited is strictly larger
than the size of the prevous tree. Without this extra slack, our
analysis would not go through. It is our use of Lagrangian
relaxation that enables us to prove (in Theorem 2.16) that the
extra slack swamps the extra cost incurred by moving from
the tail of one stroll to the nearest node in the next stroll.

Our algorithm is not restricted to trees. Rather, it works
for any metric in which we can solve the PCS problem
in polynomial time. In fact, it is fairly straightforward to
extend our algorithm to obtain a3.03β-approximation on
any metric for which we have a Lagrangian-preservingβ-
approximation algorithm for the PCS problem. For general
metrics, this does not immediately improve the ratio of 3.59
because the current best value ofβ is 2 [10]. However, there
are large, important classes of graphs for whichβ = 1: we
show in Section 8 that this includes all graphs with constant
treewidth. Moreover, we emphasize that the Blum et al. and
GK black-box lossy reductions from MLP tok-tree came
beforethe first constant-factor approximation algorithm for
k-tree [13], yet they ultimately led to the current champion
MLP algorithm. Thus, we are optimistic that our methods
will play a future role in improving the approximation ratio
for general graphs.

We wish to highlight one additional part of our analysis,
where we solve an infinite-dimensional linear program. Both
Blum et al. and GK select trees to concatenate by creating a
geometric sequence of bucket breakpoints, and choosing the
tree in each bucket with largest cost. Goemans and Kleinberg
observe that an even better concatenation sequence could
be identified via a shortest path calculation in an associated
graph (theconcatenation graph of Definition 2.6, with
a=1). Implicit in their discussion is that an alternate way
to derive their approximation ratio would be to analyze
a certainfactor-revealing linear program(FRLP), whose
solution defines the concatenation graph that produces the
worst possible approximation bound. However, since they
fortuitously achieved this same bound via other means (i.e.,
bucketing), they chose not to pursue this avenue. We view
the use of the FRLP as a more natural route to prove the
bound, and an interesting technical challenge. The FRLP
depends on the number of nodesn = |V |. For finite
n, it is unclear how to find the optimal solution of the

FRLP analytically. Our insight is that by taking the limit as
n → ∞, the FRLP turns into an infinite-dimensional linear
program that turns out to be easy to solve. We use this route
to prove our Theorem 2.9.

We could have proved Theorem 2.9 by using bucketing
similar to [14], but doing the analysis via FRLPs sheds more
light on the GK algorithm, and resolves a mystery from a
paper by Arora and Karakostas [4]. The analysis of GK
in [14] shows that GK obtains a deterministic approximation
ratio of 3.59 if the concatenation sequence is chosen via
a shortest path calculation in the concatenation graph, and
an expected ratio of 3.59 if it is chosen via their bucketing
procedure (which applies a random shift to the buckets).
Both of these procedures areadaptive, depending on the
costs of the trees. Our analysis via the FRLP shows that one
can select a certainrandomsequencek1 < k2 < · · · <
ki = n before even knowing the input, and still obtain
an approximation ratio of 3.59, in expectation. This helps
explain the discovery of Arora and Karakostas where they
fix a subsequence ofk-trees without any knowledge of their
costs, and still manage to prove a constant factor of 5.828 for
the MLP on trees (Theorem 4.11 of [4]).

The use of FRLPs to help prove approximation ratios
was first advocated by Jain et al. [20], although it was
implicit in Chvatal’s analysis of the greedy algorithm for set
cover [12]. It has since been applied repeatedly in various
contexts such as [24, 25, 6, 18, 19, 2]. It can often be difficult
to analyze an FRLP, and we believe that our technique of
explicitly analyzing the limiting infinite-dimensional FRLP
will make this task easier for future researchers encountering
FRLPs in other contexts.

This paper is structured as follows. Section 2 gives a
simpler version of our main algorithm, yielding an approx-
imation ratio of 3.18. In Section 3, we modify our algo-
rithm (using randomization) to improve the ratio to 3.03 (in
expectation). We derandomize it in Section 6. Section 5
discusses how to extend it to a3.03β-approximation, us-
ing a Lagrangian-preservingβ-approximation for PCS as a
black box. The proof of the key Theorem 2.9 using infinite-
dimensional FRLPs appears in Section 4. Section 7 shows
how to solve the PCS problem for trees inO(n) time via
a simple dynamic program, and how to efficiently compute
the entire lower stroll envelope in timeO(n2). Finally, in
Section 8 we give an algorithm for computing the optimal
PCS in any graph with constant treewidth inO(n) time, and
the entire lower stroll envelope onO(n2) time. This demon-
strates that our improved approximation ratio applies to a
much larger class of graphs than just trees. The overall run-
ning time for the algorithm isO(n2) in these metrics, being
dominated by the time to compute the lower stroll envelope.
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2 Approximation Algorithm

In this section, we give a 3.18-approximation algorithm for
the MLP on trees, graphs of constant treewidth, and any
other graphs where we can solve the relatedprize-collecting
stroll problem in polynomial time.

Recall that we are given a finite metric space on a setV
of n nodes, plus a rootr ∈ V , and we would like to find a
tourT with minimum total latency, starting atr and visiting
all nodes ofV . The latency of a node is the total distance
traveled inT before arriving at that node, and the latency
of T is the sum of all the node latencies. The latency ofr
is zero, since we start there. It will be easiest to describe
the construction of a tour that may revisit some nodes, but
the latency of a node is based only on the first visit. After
describing this version of the tour, we can shortcut repeated
nodes to arrive at the final tour, which visits each node
exactly once. By the triangle inequality, the shortcutting
does not increase the latency of any node.

It can be useful to rewrite the total latency as

n−1∑
i=1

(n− i)c(vi, vi+1)

wherec(vi, vi+1) is the cost of traveling from theith node to
the(i+1)th node visited in the tour. This gives a convenient
way to amortize the total latency among sections of the tour
because we can compute the latency of a section without
knowing details of the rest of the tour.

DEFINITION 2.1. Given a tourT = v1...vn, and a sub-path
W = vivi+1...vj , we define

lat(W ) =
j−1∑
k=i

(n− k)c(vk, vk+1),

and say thatW addslat(W ) to the latency ofT . Although
lat(W ) depends on whereW lies withinT , we suppress this
dependence in the notation. Whenever we refer tolat(W ),
W will be one option for the next segment of the tour that we
are in the middle of constructing.

Our algorithm produces a tour by traversing a sequence
of strolls. A k-stroll is a path visitingk distinct nodes,
starting at the rootr. The cost of a strollS, denotedc(S), is
the sum of the distances between each pair of consecutive
nodes in the stroll. The minimumk-stroll is thek-stroll
with minimum cost. Throughout the paper we will denote
the minimumk-stroll asSk and the minimum(n− k)-stroll
asRk. The letterR is a mnemonic to remind the reader that
there arek nodesremaining. Note thatS1 = Rn−1 is the
trivial stroll, consisting only of the root noder and having
cost 0. LetV (S) denote the set of nodes visited by strollS.
Thetail of a stroll is the end that is notr.

OBSERVATION 2.2. For the shortest path metric of a tree or
any graph with constant tree width, the minimumk-stroll can
be computed in polynomial time.

We record this observation here to give an inkling of
why k-strolls may be algorithmically useful, but omit the
proof because we will not use Observation 2.2 directly.

How dok-strolls relate to the MLP? In any tourT , the
initial segment visiting the firstk nodes is ak-stroll, and its
cost is the latency of thekth node inT . Therefore, the cost
of the minimumk-stroll is a lower bound on the latency of
the kth node in the optimal MLP tour, and summing them
gives a lower bound onOPT .

OBSERVATION 2.3.
∑n

k=2 c(Sk) ≤ OPT whereOPT is
the total latency of the minimum latency tour.

Our algorithm will traverse a sequence of minimumk-
strolls in a certain way, and we will bound its approximation
ratio by comparing against the stroll lower bound of Obser-
vation 2.3. We now derive the relevant bounds.

DEFINITION 2.4. Given a strollS and a start nodev in
S, let Wrt(S, v) be the walk that starts atv, follows the
stroll backwards tor, then traverses the stroll forwards,
ending at the tail. (The subscriptrt stands for “root-tail.”)
Let Wtr(S, v) (“tail-root”) be the walk that starts atv,
completes the stroll to the tail, and then follows the stroll
backwards, ending at the root.

LEMMA 2.5. Suppose we are partially through a tour, at
nodev. LetV0 be the set of nodes left to visit, and letS be a
stroll such thatv ∈ V (S). Let j = |V0|, i = |V0 − V (S)|,
ands = c(S). Then

min(lat(Wrt(S, v)), lat(Wtr(S, v)))

≤ 1
2
(lat(Wrt(S, v)) + lat(Wtr(S, v))

≤ s(j +
i

2
).

That is, the expected latency of a uniform random choice
between a root-tail and tail-root traversal (and hence the
better of the two) is at mosts(j + i

2 ).

Proof. Let Sr be the first portion of the strollS starting from
r and going tov, and letSt be the portion ofS starting at
v and ending att. Let sr andst be the costs of the paths
Sr andSt respectively. Also, letkr = |V0 ∩ V (Sr)| and
kt = |V0 ∩ V (St)|, respectively. In other words,kr, kt

are the number of nodes in each section that we have not
already visited in the tour. Sincev /∈ V0, we havekr + kt =
|V0 ∩ V (S)| = j − i. First we upper boundlat(Wrt).

The traversal fromv to r and back tov adds at most
sr latency to thekr new nodes inSr, and2sr latency to
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the i + kt nodes still left to visit. The traversal fromv to t
adds at mostst latency to thekt new nodes inSt and the
i nodes still left to visit. Adding these giveslat(Wrt) ≤
krsr + 2(i + kt)sr + ktst + ist. A symmetric calculation
giveslat(Wtr) ≤ ktst +2(i+kr)st +krsr + isr. Thus, the
average is

1
2
(lat(Wrt)+lat(Wtr))

≤ 1
2
(2kr(sr + st) + 2kt(sr + st)

+ 3i(sr + st))

= (kr + kt)(sr + st) +
3i

2
(sr + st)

= (j − i)s +
3i

2
s = s(j +

i

2
)

2.1 A Special Case: Nestedk-strolls If it so happens that
all of the minimumk-strolls arenested(i.e.,V (Si) ⊆ V (Sj)
for all i < j) then Lemma 2.5 is almost enough to give us
an improved approximation algorithm. We explain this very
special case as a warm-up for the general case.

Recall thatRi denotes the minimum(n − i)-stroll, and
let si be its cost. Suppose we have a sequence of nested
strollsRj1 , Rj2 , . . . , Rjm

, wherej1 > j2 > . . . > jm = 0
(so Rjm = Sn spans all ofV ). We can build a tour by
first traversing strollRj1 , from r to its tail v, then traversing
whichever ofWrt(Rj2 , v) or Wtr(Rj2 , v) has lower latency,
and so on. Since the strolls are nested, after visiting the
new nodes inRj(i−1) , we are at a node inRji

and we have
exactlyj(i−1) nodes left to visit. Therefore, traversingRji

adds at mostsji
(j(i−1) + ji

2 ) to the latency of the tour, by
Lemma 2.5. BecauseSn = Rjm

is one of the strolls in our
sequence, the tour eventually visits every node. Summing
the contribution of each stroll upper bounds the latency of
our tour by

∑m
k=1 sjk

(jk−1 + jk

2 ) (wherej0 = n). All that is
left is to choose the sequence of strolls to traverse. Choosing
the best sequence reduces to a shortest path computation in
a certain graph.

DEFINITION 2.6. Given a real numbera and a decreasing
sequences = (s0, s1, ...sn−1) of real numbers, theconcate-
nation graph,CG(s, a) has node setV = {0, 1, ..n − 1},
directed arcsE = {(j, i) : j > i}, and edge costscji =
si(j + ai) for all (j, i) ∈ E.

Node j in the concatenation graph representsRj , the
minimum(n− j)-stroll. Any path from noden− 1 to node
0 in the graph represents a concatenation of strolls that visits
all the nodes in our metric space. Ifa = 1/2 and the strolls
are nested, then the cost of any(n − 1)  0 path will be
an upper bound on the latency of the resulting tour. The

reason for formulating the concatenation graph witha as
a parameter is that later we will encounter a concatenation
graph with a = 1/3; moreover, the Goemans-Kleinberg
approximation algorithm usesa = 1.

DEFINITION 2.7. For a ≥ 0, letρ(a) be the unique solution
to ρ ln ρ = ρ + a.

DEFINITION 2.8. Let SP (s, a) denote the shortest(n −
1) 0 path inCG(s, a), andc(SP (s, a)) its cost.

THEOREM 2.9. (LENGTH OFSHORTESTPATH) For all n
and all (s0, . . . , sn−1), c(SP (s, a)) ≤ ρ(a)

∑n−1
i=0 si.

If we apply Theorem 2.9 toCG(s, 1/2) wheresi =
c(Ri) and the strolls happen to be nested, then it gives us
an approximation ratio ofρ(1/2) ≈ 3.18, Observation 2.3
and Lemma 2.5.

Goemans and Kleinberg [14] proved the case of Theo-
rem 2.9 whena = 1, and their methods can easily be ex-
tended to handle alla ≥ 0. In Section 4, we provide an alter-
nate proof using infinite-dimensional factor-revealing linear
programs that lends a fresh perspective on the result, and
solves a mystery raised by Arora and Karakostas [4].

2.2 The General CaseThere is no reason for the optimal
k-strolls to be nested, so in general we will need a slightly
different algorithm. Rather than consider all minimumk-
strolls, we will consider a special subset of minimum strolls
that have additional structure. Given a penaltypv for each
nodev ∈ V , theprize-collecting stroll (PCS)problem asks
for the strollS that minimizesc(S) +

∑
v/∈V (S) pv. In other

words, it is the stroll that minimizes the cost of the edges
traversed plus a penalty incurred for each node not visited by
the stroll.3 Throughout this paper, when we refer to the PCS
problem, we will mean the version with uniform penalties,
i.e., pv = λ for all v. Let S(λ) denote the minimum PCS
with uniform penaltiesλ.

The PCS problem is closely related to the minimumk-
stroll problem, in that PCS is a Lagrangian relaxation ofk-
stroll.

OBSERVATION 2.10. For all λ ≥ 0, k = 1, . . . , n, we have
c(Sk) ≥ c(S(λ)) + λ(k − |V (S(λ))|).

Proof. Otherwise,Sk would be a better PCS thanS(λ).

Applying Observation 2.10 withk = |S(λ)| implies that
for all λ, S(λ) is the minimum|V (S(λ))|-stroll. Thus, the
set of optimal PCSs{S(λ) : λ ≥ 0} constitute a subset of
the minimumk-strolls.

3The prize-collectingdescriptor originates from an equivalent problem
of maximizing the totalpv value collected minus the cost of the edges
traversed, but this complementary version of the objective function is more
traditional.
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Figure 1 graphically illustrates the relationship between
the optimalk-strolls and the optimal PCSs. Each possible
stroll S in the graph is represented by a dot in the figure, with
coordinates(n−|V (S)|, c(S)). The minimumk-stroll is the
lowest dot with x-coordinate(n − k). The dotted line, of
slope−λ, passes through the point representingS(λ), and
its height at x-coordinatei represents the lower bound on
si = c(Ri) given by Observation 2.10. If we consider all of
the lower bounds generated for allsi via all possible values
of λ, we get the lower envelope shown by the three solid
segments in the figure. The set of optimal prize-collecting
strolls, i.e.,{S(λ) : λ ≥ 0}, corresponds to the four corner
points of this lower envelope.

0 1 2 3 n-2 n-1

Nodes not spanned by S

C
os

t o
f s

tro
ll 

S

......
0

i

Figure 1: Lower envelope of thek-strolls.

LEMMA 2.11. For the shortest path metric of any tree or
any graph with constant tree width, the lower stroll envelope
and the strolls corresponding to its corner points can be
computed in polynomial time.

We prove Lemma 2.11 in Section 8. Before giving our
approximation algorithm based on PCSs, we provide the
following lemma that is necessary for the algorithm to be
well-defined.

LEMMA 2.12. (CORNERPOINT ROUNDING) Given a de-
creasing, piecewise linear functionf , anya ≥ 0, and any
k ∈ {0, . . . , n − 1}, the shortestk  0 path in graph
CG((f(0), f(1), .., f(n− 1)), a) uses only corner points of
f (except perhaps fork itself).

If f is the lower stroll envelope (plotted in Figure 1),
then the lemma implies that a shortest path will use only
optimal PCSs.

Proof. It is enough to show that the first hop in the shortest
k  0 path must go to a corner point. Since 0 is a corner
point, we are fine if the shortest path goes directly to zero.
Otherwise, we examine the first two hops:k → j → i

(with k > j > i). The total cost of these two hops

is C(j) def= f(j)(k + aj) + f(i)(j + ai). Suppose for
contradiction that(j, f(j)) is not a corner point, so it lies in
the interior of a line segment of slope−λ, for someλ > 0.

Let (l, f(l)) and (u, f(u)) be the corner points sand-
wiching j (with l < j < u). We will show that movingj
to eitherL = max(l, i) or R =min(u, k) strictly decreases
the cost of the path, yielding a contradiction. If we movej
to coincide withi or k, we can then eliminate the self loop,
further decreasing the cost of the path. To determine what
value ofj minimizesC(j), we take the derivative with re-
spect toj: C ′(j) = f ′(j)(k + aj) + f(j)a + f(i). This
is well-defined on the intervalI = [L,R]. Moreover, since
f ′(j) = −λ is constant onI, C ′ is decreasing and therefore
C is strictly concave onI. Thus,C obtains its minimum at
an endpoint of the interval, at a value strictly less thanC(j).

We now derive a technical corollary of Lemma 2.12 that
is crucial for dealing with non-nested strolls.

DEFINITION 2.13. Let −λ+
j be the slope of the lower en-

velope immediately to the left ofj, and−λ−j be its slope
immediately to the right ofj.

OBSERVATION 2.14. For each j, λ−j ≤ λ+
j , with the

inequality being strict iffj is a corner point. Ifi < j then
λ−i ≥ λ+

j .

Observation 2.14 holds because the lower hull is convex.
Another way to see this is that whenλ increases, the optimal
PCS will span at least as many nodes, so(n − |V (S(λ))|)
decreases.

COROLLARY 2.15. Suppose the shortest pathk  0 in
CG(s, a) begins with the two hopsk → j → i (where
k > j > i). ThenC ′(j+), the right-hand derivative ofC ′ at
j, satisfiesC ′(j+) = −λ−j (k + aj) + f(j)a + f(i) ≥ 0.

Proof. Becausej is on the shortest path, perturbingj cannot
decreaseC(j), soC ′(j+) ≥ 0.

Algorithm 1 with a = 1
2 gives our pseudocode for

constructing a 3.18-approximate MLP tour. The algorithm
builds on the one for the nested case, with two key differ-
ences. Rather than determine a sequence of strolls at the
start we do it dynamically: to decide which stroll to traverse
next, we determine the numberx of nodes left to visit, then
traverse the next strollS on the shortest path fromx to 0 in
the concatenation graph. In the nested case,x will always be
the number of nodes unspanned by the previous stroll. The
other difference is that before traversing eitherWrt(S, v) or
Wtr(S, v), we may need to move to a node insideS. The
main difficulty in the proof is showing that this extra cost is
not too large.
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Algorithm 1 MLP Approximation Algorithm
1: Input: a finite metric spaceM on a setV of n vertices,

and a parametera ≥ 0.
2: f ← lower envelope of optimal PCSs ofV on M . //

Compute according to Lemma 2.11.
3: si ← f(i), i = 0, . . . , (n− 1).
4: CG ← CG((s0, s2, ..., sn−1), a). // This is the only

place where we use parametera.
5: Compute the shortest path from nodei to node0 in CG

for i ∈ {1, . . . , (n− 1)}.
6: N(i) ← the first node afteri in the shortest path fromi

to 0.
7: x← n− 1. // x is the number of distinct nodes we have

left to visit in the tour.
8: S′ ← the trivial stroll, starting and ending atr.
9: v ← root noder. // v is the last node we visited in the

previous tour.
10: while x > 0 do
11: S ← RN(x). // By Lemma 2.12,N(x) is a corner

point off , soRN(x) = S(λ−N(x)).
12: u ← the first node inS that we reach, starting from

v and backtracking alongS′ towardr. // Sincer is in
both strolls there always exists such a node.

13: Travel fromv to u.
14: if lat(Wrt(S, u)) ≤ lat(Wtr(S, u)) then Traverse

Wrt(S, u) elseTraverseWtr(S, u).
15: x ← number of distinct nodes still unvisited after

traversingS.
16: v ← last node visited in the traversal ofS. // Will be

eitherr or the tail ofS
17: S′ ← S
18: end while

THEOREM 2.16. (FIRST MAIN RESULT) Algorithm 1 with
a = 1

2 gives aρ( 1
2 ) ≈ 3.18-approximation for the MLP

in metric spaces for which the PCS lower envelope can be
computed in polynomial time.

Instead of substitutinga = 1
2 , we will carry the parame-

ter a throughout the analysis below, so that we can recycle
the analysis later in Section 3. Since

∑
si is a lower bound

on OPT it suffices to show that the tour we construct has la-
tency at mostρ(a)

∑
si. We first analyze the case where the

PCSs happen to be nested, then the non-nested case.

Proof. [Nested Case] If the PCSs are nested, then after
traversingRN(x) we will have exactlyN(x) nodes left to
visit. Therefore, the algorithm traverses exactly those strolls
in the shortest pathSP (s, a). Additionally, since our strolls
are nested,v will always lie inside our next stroll, sou = v
and we incur no extra latency in step 13 of the algorithm.
Thus, traversing strollRN(x) after stroll Rx contributes
exactlycx,N(x) to the latency of the tour. By Theorem 2.9,

the cost of our tour is at mostρ(a)
∑n−1

i=0 si, as advertised.

If the strolls are not nested, then there is an additional
contribution to the total latency whenever we must backtrack
from the end of our previous strollS′ to a node in the next
stroll S that we want to traverse (line 13 of the algorithm).
The upside is that when we finish traversing strollS we
will have visited strictly more than|V (S)| nodes because
S′ contained some nodes thatS did not. This benefits us in
two ways. First, Lemma 2.5 gives a smaller bound on the
cost of our traversal ofS. Second, the remaining cost to
complete the algorithm is lower, as quantified by the shortest
path potentials inCG. We will show that these bonuses more
than make up for the extra backtracking cost. ThatS is an
optimal PCS with penaltiesλ−N(x) is critical here, because it
allows us to bound the extra latency incurred in terms of the
number of extra nodes we visit.

DEFINITION 2.17. For i ∈ {0, . . . , (n− 1)}, letπ(i) be the
cost of the shortesti 0 path inCG(s, a).

LEMMA 2.18. The shortest path potentialsπ(·) are strictly
increasing. In fact, if0 < x ≤ y, thenπ(x) ≤ π(y) − (y −
x)sN(y).

Proof. Because the edge inCG(s, a) from i to any nodez
costs less than that from(i + 1) to z, π is increasing.

Observe that the definition ofπ implies:

π(y)− (y − x)sN(y)

= sN(y)(y + aN(y)) + π(N(y))− (y − x)sN(y)

= sN(y)(x + aN(y)) + π(N(y))

If N(y) < x, then the RHS is precisely the cost of the hop
x → N(y) plus the shortestN(y)  0 path inCG(s, a),
and is hence an upper bound onπ(x). If N(y) ≥ x, then
π(N(y)) ≥ π(x), sinceπ is increasing.

Before proving Theorem 2.16 in the general case, we
provide an informal outline of the argument, which we find
useful for understanding the big picture. Each iteration
of the while loop essentially corresponds to one hop in
CG(s, a). When we find ourselves at nodex, we attempt
to hop toN(x) by traversing strollRN(x). However, due
to non-nestedness, we may instead land at some nodez <
N(x). This can only help us, unless we had to incur a
backtracking cost before traversingRN(x). In this case, the
backtracking cost is at mostλ−y x|P | (wherey is defined in
the proof below), but we save at leastsN(x)a|P | in traversing
RN(x) andsN(N(x))|P | in CG(s, a) shortest path potential,
compared to what we expected. Properties of the lower stroll
envelope andCG shortest path as distilled in Corollary 2.15
imply that the savings exceeds the backtracking cost.
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Proof. [Theorem 2.16, General Case] Recall that, just prior
to each stroll traversal,x denotes the number of nodes left
to visit. Let l(x) denote the additional latency incurred by
our algorithm from this point on. We prove by induction on
x that l(x) ≤ π(x) (for all values ofx encountered by the
algorithm). Hence, the total latency of our tour is at most
π(n−1), which immediately implies an approximation ratio
of ρ(a), as before.

The algorithm terminates whenx = 0, so l(0) =
π(0) = 0. We split the inductive step into two cases. Since
we havex nodes left to visit,S = RN(x). In both cases, we
need to showl(x) ≤ π(x) = sN(x)(x+aN(x))+π(N(x)).
Case 1:(S contains nodev)

The argument here is identical to the nested case.
Case 2:(S does not contain nodev)

Let x, v, u, S, andS′ be defined as at the end of step 12
in the while loop, whereS′ = Ry for somey ≥ x that is
a corner point off . The latencyl(x) incurred by finishing
the algorithm consists of three parts: backtracking fromv to
u (step 13), traversingRN(x) (step 14), and the remaining
iterations of the while loop.

We consider the contribution to the latency from the
nodes traversed in the next while loop, and then we use the
inductive hypothesis to upper bound the contribution of the
nodes traversed in the remaining while loops. LetP be the
path fromv to u in S′, and|P | denote the number of edges
in P . Since strollS′ = Ry, wherey is a corner point of the
lower envelopef , we haveS′ = S(λ) for all λ ∈ [λ−y , λ+

y ].
If we were to prune away the entire pathP from stroll S′

(except for nodeu), the resulting PCS would savec(P ) in
stroll cost, but incur an extraλ−y |P | penalty for the|P | extra
nodes it is missing. SinceS′ is already optimal forλ−y , we
must havec(P ) ≤ λ−y |P |. Hence, traveling from nodev to
u contributes at mostλ−y x|P | to the total latency.

Let z be the number of nodes still left to visit after we
traverseS = RN(x). There areN(x) nodes not inS, but
at least|P | of them were visited when we traversedS′, so
z ≤ N(x)− |P |. Thus, by Lemma 2.5, traversingS adds at
mostsN(x)(x + a(N(x) − |P |)) latency. By induction, the
remainder of the algorithm adds at mostπ(z) latency. But
Lemma 2.18 impliesπ(z) ≤ π(N(x))− sN(N(x))|P |.

Summing these three contributions and using the fact
thatπ(x) = sN(x)(x + aN(x)) + π(N(x)) gives

l(x) ≤ λ−y x|P |
+ sN(x)(x + aN(x)− a|P |)
+ π(N(x))− sN(N(x))|P |

= π(x) + λ−y x|P | − a|P |sN(x) − sN(N(x))|P |

We wish to provel(x) ≤ π(x), so it suffices to show that
−λ−y x + asN(x) + sN(N(x)) ≥ 0.

Applying Corollary 2.15 to the two hopsx→ N(x)→
N(N(x)) in CG gives−λ−N(x) (x + aN(x)) + asN(x) +

sN(N(x)) ≥ 0. Thus, it suffices to show

λ−y x ≤ λ−N(x)(x + aN(x)). (2.1)

Sincey ≥ x > N(x), Observation 2.14 givesλ−y < λ+
y ≤

λ−N(x), implying (2.1) sincex, a,N(x) ≥ 0.

3 An improved algorithm

In proving the bound of Theorem 2.16, we made the worst-
case assumption that nodev might always be the tail of the
previous stroll we traversed. However, our traversal can end
either at the root or tail of the previous stroll. If we end at
the root and havej nodes left to visit, we can simply traverse
the next strollRi from root to tail and add onlysij to our
latency, which is generally much better thansi(j + i

2 ).
We improve the algorithm by keeping track of whether

we end the stroll at the root or tail. If we end at the tail of the
previous strollS′, then after backtracking alongS′ to node
u, we can follow either walkWrt(S, u) or Wtr(S, u). We
call the first option thetail-tail (TT) traversal, since we start
at the tail ofS′ and end at the tail ofS. We call the second
option thetail-root (TR) traversal. When we finishS′ at the
root r, we may instead choose the cheaper RT traversal.

We can view Algorithm 1 as choosing randomly be-
tween the TR and TT traversal ofS at each stage, then deran-
domizing each traversal choice individually. This no longer
works in the presence of the RT option, because an RT or
TT traversal precludes the next traversal from being RT. To
circumvent this difficulty, we select our sequence of strolls
based on the cost of a certain random concatenation, then
derandomize the entire concatenation sequence at the very
end, in a coordinated fashion.

LEMMA 3.1. Suppose we are part-way through a random
tour at nodev, wherev is the root with probability1

3 , and
the tail of the previous stroll with probability23 . LetV0 be the
set of nodes left to visit,S be a stroll with costs, andv ∈ S.
Let j = |V0| and i = |V0 − V (S)|. LetW be the following
random traversal: ifv = r, W is the RT traversal; ifv is the
tail, thenW is theTR traversal or theTT traversal, with
probability 1

2 each. The expected latency ofW is at most
s(j + i

3 ).

Proof. If v is the tail then our expected latency is at most
s(j + i

2 ), exactly as given in Lemma 2.5. Ifv = r then the
latency is only at mostsj. The expectation is then

2
3
s(j +

i

2
) +

1
3
sj = s(j +

i

3
). (3.2)

The transition probabilities that determine the traversal
W in Lemma 3.1 yield a steady-state distribution of1

3 root
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and 2
3 tail. The tour begins atr, which is both the root and

tail of the trivial strollS1. Thus, we can declare it to be the
root with probability1

3 and a tail with probability23 , thereby
placing the process directly in its steady-state distribution.
Notice that (3.2) is exactly the cost of the edgej → i
in CG((s0, . . . , s(n−1)), 1

3 ). Thus, if the optimal prize-
collecting strolls happen to be nested, then we immediately
get a randomizedρ( 1

3 ) ≈ 3.03-approximation algorithm (in
expectation), by concatenating strolls as given by the shortest
(n− 1) 0 path inCG(s, 1

3 ). The argument is the same as
before.

For the general case, we simply run Algorithm 1 with
a = 1

3 , and in step 1 we traverseWrt(S, r) wheneverv = r,
and otherwise randomize uniformly betweenWrt(S, u) and
Wtr(S, u).

THEOREM 3.2. (MAIN RESULT) The randomized MLP al-
gorithm described above gives an approximation ratio of
ρ( 1

3 ) ≈ 3.03 (in expectation), for any metric space in which
the stroll lower envelope can be computed in polynomial
time.

Proof. Notice that the sequence of strolls chosen by the
algorithm is independent of the coin flips. Consequently, the
proof is exactly the same as that of Theorem 2.16, with one
exception. In thev /∈ S case, we need to backtrack only in
the event of a TR or TT traversal, so the expected latency
from backtracking is at most23λ′x|P | instead ofλ′x|P |,
which only helps.

THEOREM 3.3. The 3.03-approximation algorithm can be
de-randomized in an additionalO(n2) time.

Once the sequence of strolls has been chosen, the traver-
sals can be derandomized using a shortest path calculation in
a graph resemblingCG(s, a). We defer the proof of Theo-
rem 3.3 to Section 6.

4 Analyzing the concatenation graph using
factor-revealing linear programs

Theorem 2.9 states thatc(SP (s, a)), the cost of the shortest
path from noden − 1 to 0 in CG(s, a), is never larger
than ρ(a)

∑n−1
j=0 sj , even if an adversary choosesn and

(s0, . . . , sn−1). This statement is purely graph-theoretic,
and thus it holds regardless of whether there is an MLP
instance wheresi = c(Ri). For any particular choice of
s, we can formulate the shortest path via a minimization
LP in the standard way, using flow. By taking its dual,
we can reformulate it as a maximization LP. Letting thesi

be variables, we see that the worst vectors for a particular
value ofn (after scaling downs so that

∑
j sj = 1) can be

computed as the solution to the following factor-revealing

linear program (FRLP).

maximizeπn−1

subject to:

πj ≤ πi + (j + ai)si ∀0 ≤ i < j ≤ n− 1 (4.3)
n−1∑
j=0

sj = 1 (4.4)

s ≥ 0, π0 = 0

The (j + ai)si term is the cost of the edge fromj to i
in CG(s, a), and πi represents the length of the shortest
path fromi to 0, so (4.3) is the familiar triangle inequality
constraint. Let LPn denote this FRLP, andval(LPn) its
optimal value. Our goal is to prove that

lim sup
n→∞

val(LPn) ≤ ρ(a). (4.5)

We will actually prove that (4.5) holds with equality, but
the inequality is enough to immediately imply Theorem 2.9.
Sincesn−1 appears only in the normalization constraint, the
optimal solution always setssn−1 = 0. If we setsn−2 = 0
in LPn+1, it reduces to LPn. Hence,val(LPn) increases
monotonically withn. For any finiten, we can solve LPn
numerically, but we want to obtain the limit. This suggests
looking at the “limiting” LP asn → ∞, which will be an
infinite-dimensionalcontinuousLP.

Since we are interested in obtaining the upper
bound (4.5), we need to look at DLPn, the dual of LPn:

minimizeν

subject to:∑
l:l<n−1

fn−1,l = 1 (4.6)

∑
g:g>i

fgi =
∑
l:l<i

fil ∀i = 1, . . . , n− 2 (4.7)

ν ≥
∑

g:g>i

(ai + g)fgi ∀i = 0, . . . , n− 2 (4.8)

f ≥ 0, ν free

In DLPn, the variablefji denotes a flow on edge(j, i) in
graphCG(s, a). Constraint (4.6) says that the total flow
out of noden − 1 must be 1, and constraint (4.7) imposes
flow conservation at each intermediate node. Together, (4.6)
and (4.7) imply that the flow into 0 is also 1. Constraint (4.8)
is the interesting one. It imposes a lower bound onν in terms
of a weighted sum of the edge flows coming intoi, where the
weight of a flow equals the coefficient ofsi in the cost of the
edge inCG(s, a) that is carrying the flow. Since each weight
is Ω(i), the total flow through nodei at optimality must be
O( 1

i ). Thus, noden−1 must spread its out-flow over at least
a constant fraction of the other nodes.
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In the limit, s and π become functions on the closed
interval[0, 1]. The continuous LP, CLP, is fairly straightfor-
ward:

maximizeπ(1)
subject to:

π(y) ≤ π(x) + (y + ax)s(x) ∀0 ≤ x < y ≤ 1 (4.9)∫
[0,1]

sdµ = 1 (4.10)

s ≥ 0, π(0) = 0,

where theµ in (4.10) is Lebesgue measure. Constraints (4.9)
and (4.10) correspond to (4.3) and (4.4) in LPn.

The continuous dual LP, CDLP, is a bit trickier. In
the limit, f becomes aunit leftward flow measureon the
product space(0, 1]2 (defined formally by constraints (4.11),
(4.12), and (4.14) below). Informally, ifA andB are Borel
sets withA lying entirely to the left ofB, thenf(B × A)
is the amount of flow going directly fromB into A. Let
T = {(x, y) ∈ (0, 1]2) : x > y}. Then CDLP is:

minimizeν

subject to:

f({1} × (0, 1)) = 1 (4.11)

f([M, 1]× (m,M)) = f((m,M)× (0,m])
∀0 < m < M < 1

(4.12)

νµ(I) ≥
∫

(0,1]×I

(y + ax)df(y, x)

∀ intervalsI ⊆ (0, 1]
(4.13)

f(T̄ ) = 0. (4.14)

Constraints (4.11) and (4.12) correspond to constraints
(4.6) and (4.7) in DLPn. Constraint (4.14) says thatf is
supported onT ; in other words, all of the flow is moving to
the left. This corresponds to the fact that the flow variable
fji exists in DLPn only when j > i. The interesting
constraint is (4.13), which corresponds to constraint (4.8) in
DLPn. We cannot write this constraint in terms of a flow
density function on(0, 1]2, because such a density may not
exist. In fact, we will later discover an optimal solution
to CDLP where the flow measure is supported on a set
of Lebesgue measure zero, and hence no Radon-Nikodym
derivative exists, i.e.,f cannot be represented by a density.4

Now that we have formulated the continuous FRLPs, we
need to relate them to the finite ones. First we relate CDLP
to DLPn.

LEMMA 4.1. Fix n, and let Ij = ( j
n , j+1

n ] for j =
0, . . . , n − 1. If (f(·), ν) is a feasible solution to CDLP,

4For a thorough primer on Radon-Nikodym derivatives, see [28, Ch. 6].

then((fji), ν) is a feasible solution to DLPn with the same
objective function value, wherefji = f(Ij × Ii), and(fji)
is the vector of these flows.

Proof. Since the objective functions of CLP and DLPn are
both justν, we need only verify that((fji), ν) is feasible for
DLPn. Letting I = (0, n−1

n ] = ∪n−2
j=0 Ij andJ = (n−1

n , 1),
we see that the total flow out of noden− 1 is∑

l:l<n−1

fn−1,l =
∑

l:l<n−1

f(In−1 × Il)

= f(In−1 × I)
= f({1} × I) + f(J × I)
= f({1} × I) + f({1} × J) (4.15)

= f({1} × (0, 1)) = 1,

where (4.15) follows from the flow conservation constraint
(4.12), the last equality follows from (4.11), and the others
follow from the definition offji and the additivity of mea-
sures. Hence, constraint (4.6) is satisfied. The discrete flow
conservation constraints (4.7) follow directly from the con-
tinuous ones (4.12). Finally, constraint (4.13) withI = Ii

implies

ν ≥ 1
µ(Ii)

∫
(0,1]×Ii

(y + ax)df(y, x)

≥ n
∑
j:j>i

∫
Ij×Ii

(y + ax)df(y, x) (4.16)

≥ n
∑
j:j>i

∫
Ij×Ii

(
j

n
+ a

i

n
)df(y, x) (4.17)

=
∑
j:j>i

(j + ai)f(Ij × Ii) =
∑
j:j>i

(j + ai)fji,

where (4.16) holds becauseµ(Ii) = 1
n andf is supported

on T , and (4.17) holds becausex > i
n for all x ∈ Ii (and

similarly for y andIj).

Now we relate CLP to LPn. It is easy to show that every
feasible solution for CLP is dominated by one in whichs(·)
is continuous and monotone decreasing on[0, 1], while π(·)
is continuous (and monotone increasing). Thus, we need
worry about projecting only solutions of this form.

LEMMA 4.2. Suppose(s(·), π(·)) is feasible for CLP,
where both functions are continuous ands(·) is decreasing.
Let si = s(i/n), πi = π(i/n), and Nn =

∑
i si. Then

(( si

Nn
), ( πi

Nn
)) is a feasible solution for LPn, and its value

approachesπ(1) asn→∞.

Proof. The solution((si), (πi)) is feasible for the triangle
inequality constraints (4.3), because these are simply con-
straints (4.9) restricted tox, y ∈ {0, 1

n , . . . , n−1
n }. Di-

viding by Nn satisfies the normalization constraint (4.4),
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yielding a solution to LPn of value π(n−1
n )/Nn. Since

monotone functions are Riemann integrable andNn =∑
i si is just the upper Riemann sum approximation of∫ 1

0
s(x)dx =

∫
[0,1]

sdµ = 1, we haveNn → 1 asn → ∞.
Thus, in the limit, our projected primal solution has value
limn→∞ π(n−1

n )/Nn = π(1), matching the value of our so-
lution to CLP.

Now we look for an optimal solution to CDLP. Solving
LPn numerically for some small values ofn (like n = 100)
suggests that the optimal dual solution is a “leapfrogging
flow.” That is, noden − 1 spreads its unit of out-flow over
nodesn− 2, . . . , i, for somei, in such a way that constraint
(4.8) is tight for eachi′ > i. Now, since noden− 2 receives
some flow fromn−1, it needs to send some flow leftward to
satisfy flow conservation. It picks up where noden − 1 left
off, first adding flow to nodei until constraint (4.8) is tight
for i, then possibly letting some flow spill over toi− 1. We
then continue propagating flow from noden− 3, and so on.
The total flow through each intermediate nodei increases
as i decreases, because constraint (4.8) is tight for eachi
and the(j + ai) multiplier in this constraint is decreasing
asi decreases (sincea > 0, and asi decreases, the nodesj
sending flow intoi are decreasing). Thus, aside from node
n−1, no node spreads its out-flow over more than 2 receiving
nodes. This suggests that in the limit, each pointx in (0, 1)
has a flow densityd(x) such that the total amount of flow
going through a small intervalI aroundx is approximately
d(x) times the width ofI, each pointx receives all of its flow
density from a single pointh(x) > x, h(·) is increasing and
d(·) is decreasing. Leth1 = inf{x : h(x) = 1}. Under these
assumptions, the constraints in CDLP become∫

(x,h(x))

d(x)dµ = 1 ∀x ∈ (0, h1) (4.18)

ν ≥ (h(x) + ax)d(x) ∀x ∈ (0, 1). (4.19)

If infinite-dimensional LPs acted like finite-dimensional
ones, then since (4.19) is the constraint corresponding to the
primal “variable”s(x) and we expects(x) > 0 for all x < 1,
complementary slackness would imply that (4.19) should be
tight for all x ∈ (0, 1). However, the strong duality theorem
does not hold for all infinite-dimensional LPs [1]. In particu-
lar, it happens to fail for this one, so we do not actually need
to make (4.19) tight over the entire interval.

However, it is still good intuition that we should make
(4.19) tight wherever we can, and in fact it is easy to do so
on (0, h1). If we fix someb > 1 and set

h(x) = min(bx, 1), (4.20)

which implies h1 = 1
b , then (h(x) + ax) = (a + b)x

on (0, h1), so takingd(x) ∝ 1
x makes the RHS of (4.19)

constant on(0, h1). It is decreasing forx ∈ [h1, 1], so those

values ofx do not interfere with the feasibility ofν. Plugging
into (4.18) to solve ford’s constant of proportionality, we
find that

d(x) =
1

x ln b
, (4.21)

and hence the smallest value we can take forν is b+a
ln b . By

calculus, we find that the optimal choice forb is ρ(a), which
also impliesν = ρ(a). We have thus proven:

THEOREM 4.3. The optimal value of CDLP is at mostρ(a).

Applying Lemma 4.1, we get Corollary 4.4, which, by
the initial discussion in this section, implies Theorem 2.9.

COROLLARY 4.4. For eachn, the optimal value of DLPn
(and, by weak duality, LPn) is at mostρ(a).

We will refer to the flow measure above asf∗, and will
prove presently that it is indeed optimal. If we could exhibit a
feasible solution to CLP of valueρ(a), it would prove thatf∗

really is optimal for CDLP. However, it turns out that there
is no optimal solution to CLP, so we will instead exhibit a
family of solutions with values arbitrarily close toρ(a).

Fix any ε > 0. Let sε(x) = min( 1
x , 1

ε ) and Nε =∫ 1

0
sε(x) = 1+ln 1

ε . Letπε(x) = ρ(a) ln x
ε −a for x ∈ [ε, 1]

and πε(x) = 0 for x ∈ [0, ε). Using the fact that the
expressiona + z − ρ(a) ln z attains a minimum of zero (at
z = ρ(a)), it is easy to verify that( sε(·)

Nε
, πε(·)

Nε
) is a feasible

solution to CLP. This solution has value

πε(1)
Nε

=
ρ(a) ln 1

ε − a

1 + ln 1
ε

→ ρ(a) asε→ 0.

Thus, this family of primal solutions proves that the dual
solution we exhibited above is indeed optimal. Notice that
as ε → 0, the measure induced on[0, 1] by integratingsε

converges to a point mass at 0.

THEOREM 4.5. The optimal value of CDLP is exactlyρ(a).

Goemans and Kleinberg, in effect, proved an upper
bound ofρ(1) for LPn with a = 1, but they did so via
their random bucketing algorithm, which does not give a
solution to DLPn [14]. They proved their analysis was
tight by exhibiting a family of solutions to LPn, with values
approachingρ(1). Their solution is essentially what one gets
from projecting our solutions1/n(·), in the special case when
a = 1.

We asserted above that no optimal solution to CLP
exists. Here is a sketch of the proof. It is possible to
perturb the solutionf∗ to a different flow measurêf in such
a way that(f̂ , ν) is still feasible for CDLP (and hence is
still optimal), but such that (4.13) is loose for every interval
I, although it is tight in the limit for intervals approaching
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0. Suppose there were an optimal solutions∗(·) to CLP.5

The continuous version of complementary slackness says
that the optimal primal and dual solutions must satisfy
complementary slackness almost everywhere. But since dual
constraint (4.13) is tight nowhere, our hypothetical optimal
primal solutions∗(·) must be zero almost everywhere, which
contradicts (4.10).

In light of this argument, it is logical that the family of
solutionssε(·)/Nε converges to a point mass at zero, because
the complementary slackness conditions tell us that this is the
only “solution” that would be complementary slack witĥf .
The problem is that this limiting primal “solution” is not in
our domain of feasible solutions.

Another interesting note is that if we apply the continu-
ous analog of the random bucketing algorithm of Goemans
and Kleinberg to the primal solutionsε(·), the flow measure
that results matchesf∗, except of course on(0, 1]× (0, ε].

Arora and Karakostas gave a 5.828-approximation algo-
rithm for the MLP on trees, which involves concatenating a
fixedsequence of trees, the first of which contains more than
n/2 nodes [4]. They remarked that this result “seems to go
against the received intuition of ‘visit the nodes closest to
the start node first’ ” [4, p. 1319]. This used to be mysteri-
ous, but viewing their result through the lens of CDLP now
clarifies things. Our optimal dual flow measuref∗ can be
viewed as a random path that jumps from 1 to a random point
x0 ∈ [ 1

ρ(a) , 1) (with probability densityd(x)), then proceeds
to make an infinite sequence of further deterministic hops,
x1, x2, . . . , wherexi = x0ρ(a)−i. CalculatingE[x0] gives
ρ(a)−1
ρ(a)+a . Fora = 1, E[x0] ≈ 0.564. Thus, the first tree cho-
sen by our random path would, on average, contain about
0.436n nodes.

Thus, the random path represented by the flow measure
f∗ shares some of the salient aspects of both the adaptive
GK random bucketing algorithm and the Arora-Karakostas
fixed concatenation sequence. Like Arora-Karakostas but
unlike GK, our path is oblivious tos. Moreover, the GK
random bucketing algorithm reduces to our path on worst-
case inputs. Hence, our non-adaptive random path can be
viewed as a common thread tying together the seemingly
disparate GK and Arora-Karakostas algorithms.

5 MLP approximations from Lagrangian-preserving
PCS approximations

Our Theorem 3.2 can be extended to apply to any met-
ric space, with a somewhat weaker approximation guaran-
tee. In particular, Theorem 5.3 shows how to transform any
“pinpointable” Lagrangian-preservingβ-approximation al-
gorithm for PCS into a3.03β-approximation for the MLP.
The best Lagrangian-preservingβ-approximation algorithm

5Here, we are implicitly taking theπ function to be the shortest path
potential corresponding tos∗(·).

for general metric spaces hasβ = 2, and appears in
Chaudhuri et al. [10], the same paper that gives a 3.59-
approximation algorithm for the MLP on general metrics.
Unfortunately, our method thus gives a6.06-approximation
for general metrics, which does not improve on the 3.59.
However, just as there are large classes of metrics for which
β = 1 (i.e., on which PCS is solvable in polynomial time;
see Section 8), there may be some intermediate classes of
metrics that admit someβ ∈ (1, 1.18), in which case Theo-
rem 5.3 would give an improvement.

The basic idea of our3.03β-approximation algorithm is
to construct aβ-approximation of the lower stroll envelope,
and run the original algorithm using its corner points. To do
this, we need corresponding primal solutions corresponding
to the corner points, and moreover we need them to satisfy
a “tail” property that will allow us to properly bound the
backtracking cost from step 13 of Algorithm 1. Satisfying
the tail property will require doing a bit of surgery on the
strolls and some modification of the approximate lower stroll
envelope to accomodate the surgery.

DEFINITION 5.1. A stroll satisfies theα-tail property if,
for each integerz, pruning the lastz nodes in the stroll
decreases the stroll cost by at mostαz.

Note that any optimal PCS with penaltiesλ satisfies
the λ-tail property, but this need not be the case forβ-
approximation strolls. Also, notice that theα-tail guarantee
becomes stronger asα decreases.

The following definition encapsulates exactly what we
need from the lower envelope and corresponding corner
point strolls to extend our algorithm.

DEFINITION 5.2. Given a finite metric spaceM on a set
V of n nodes, with root noder, we define ananchoredβ-
envelopeto be a piecewise-linear convex functionf such
that f(k) is a lower bound on the minimum(n − k)-stroll
(for k = 0, . . . , (n − 1)), and for each corner pointk of f
there exists:

• an (n− k)-stroll Rk with cost at mostβf(k), and

• Rk satisfies the(βλ+
k )-tail property, where−λ+

k is the
slope off just to the left of corner pointk.

The strollsRk corresponding to the corner pointsk are
calledanchoring strollsfor the envelopef .

We previously definedλ+
k andλ−k in terms of the slope

of the lower stroll envelope atk (Definition 2.13). Our
redefinition of these symbols inside Definition 5.2 coincides
with the orginal definition whenβ = 1. Similarly, in
Section 2 we definedRk to be the minimum(n − k)-stroll,
although we actually used only the ones corresponding to
corner points of the lower stroll envelope. We can think
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of these as being the anchoring strolls of the anchoredβ-
envelope withβ = 1. Viewed in this way, the notation is
consistent. For the duration of this section, we will re-define
Rj , λ−j and λ+

j with respect to the anchoredβ-envelope
currently under consideration, rather than the lower stroll
envelope.

Notice that we require our anchoring stroll at corner
pointk to satisfy only theβλ+

k -tail property, not the stronger
βλ−k -tail property. In theβ = 1 case, the anchoring stroll
at corner pointk is the optimal PCS for every penalty
parameter in[λ−k , λ+

k ], so it actually satisfies the stronger
λ−k -tail property.

If we plot an anchoredβ-envelopef on top of Figure 1,
it would lie on or below the lower stroll envelope, and
its corner points may have different x-coordinates than the
corner points of the lower stroll envelope. For each corner
point of f , the anchoring stroll would appear as a dot with
the same x-coordinate and whose y-coordinate is within a
factor ofβ of the corner point.

3.03β-approximation algorithm Compute an an-
choredβ-lower envelopef and its anchoring strolls. Run
the 3.03-approximation algorithm from Section 3, usingf
rather than the actual lower stroll envelope, and its anchor-
ing β-approximate corner point strolls and their costs instead
of the optimal PCSs.

THEOREM 5.3. Given a finite metric spaceM on a setV
of n nodes, with root noder, for which we can compute
an anchoredβ-lower envelope and its anchoring strolls
in polynomial time, the previous algorithm gives a3.03β-
approximation to the MLP.

Proof. If our proof of Theorem 3.2 did not use the structure
of the PCS at all, then it is easy to see that if we just pretend
the lower bound curve represents our actual stroll costs,
then the analysis extends immediately when we multiply
all the costs byβ. The only part of the proof that uses
the structure of the stroll is the piece where we bound the
cost of backtracking for non-nested strolls. In that part,
we had just finished traversing strollRy for somey ≥ x,
and were backtracking along it in preparation for traversing
stroll RN(x). We used the fact thatRy satisfied theλ−y -tail
property; if we instead use the weakerλ+

y -tail property, the
proof of Theorem 2.16 goes through as-is. Since we are now
allowing all costs to be blown up by a factor ofβ, it suffices
for Ry to satisfy theβλ+

y -tail property, which is what the
anchoredβ-envelope gives us.

Now we discuss how to use Lagrangian-preserving ap-
proximation algorithms to produce anchoredβ-envelopes.
We begin with some definitions. If we have a PCS algorithm
A, letA(λ) denote the stroll output byA when the penalties
are set toλ.

DEFINITION 5.4. A PCS algorithmA is a Lagrangian-
preservingβ-approximation algorithmif, for everyλ ≥ 0,
it outputs a solutionA(λ) and a lower boundLB(λ) that
satisfy

c(A(λ)) + βλ(n− |V (A(λ))|) ≤ βLB(λ), (5.22)

whereLB(λ) is a lower bound on the cost of the optimal
PCS solution with penaltiesλ.

Lagrangian-preserving is defined this way because it
leads to an analog of Observation 2.10.

OBSERVATION 5.5. SupposeA is a Lagrangian-preserving
β-approximation algorithm. Letλ ≥ 0, and LB(λ) =
LB(λ) + λ(|V (A(λ))| − n). Thenc(A(λ)) ≤ βLB(λ) and
for all k ∈ {1, . . . , n},

c(Sk) ≥ LB(λ) + λ(k − |V (A(λ))|). (5.23)

Proof. Rearranging (5.22) gives

c(A(λ)) ≤ β(LB(λ) + λ(|V (A(λ))| − n)) = βLB(λ),

which proves the first part. For the second part, we start with
the definitions ofLB(λ) andLB(λ), then apply Observa-
tion 2.10:

LB(λ) ≤ c(S(λ)) + λ(n− |V (S(λ))|)
LB(λ) ≤ c(S(λ)) + λ (|V (A(λ))| − |V (S(λ))|)

≤ c(Sk) + λ (|V (A(λ))| − k)

which rearranges to (5.23).

In other words, when we runA with penaltiesλ, the
algorithm outputs a strollS of some sizei = |V (S)| and a
numberLB(λ) that is a lower bound onc(Si). The strollS
is a β-approximatei-stroll, because it is within a factor of
β of the lower boundLB(λ). Moreover, the lower bound
on c(Si) extends to a lower bound onc(Sk) for all k, via
a line of slopeλ. If we plot the x-coordinate of strollS
as (n − |V (S)|), then the lower bound line has slope−λ,
analogous to the dotted line in Figure 1, but likely lying
strictly below the lower stroll envelope.

Consider what happens toA(λ) as λ ranges continu-
ously over some interval. For some sub-intervals,A(λ) is
constant, but at some values ofλ, the solution changes. We
refer to such a value ofλ as acritical value. Whenλ is pre-
cisely at a critical valueλc, then the solution returned byA
depends on how the algorithm chooses to break ties. If it
chooses to always break ties as thoughλ = λ−c (i.e., infin-
itessimally smaller thanλc), then it will return the solution,
denotedA(λ−c ), corresponding to the interval immediately
to the left ofλc on the real number line; it if breaks ties as
thoughλ = λ+

c , then it returns the solution, denotedA(λ+
c ),

corresponding to the interval immediately to the right ofλc.
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DEFINITION 5.6. With respect to a PCS algorithmA, a
critical value λ spansthe interval [i, j] if |V (A(λ+))| =
n − i and |V (A(λ−))| = n − j (where i, j ∈ Z+ and
0 ≤ i < j ≤ (n − 1)). The critical value spansk if it
spans some interval[kL, kR] such thatkL < k ≤ kR.

Every approximation algorithm must exhibit similar
behavior asλ approaches 0 or∞. Whenλ = 0, the optimal
PCS is just the trivial stroll, spanning only the rootr and
having cost zero. Every approximation algorithm must also
produce this zero-cost solution, or else its approximation
ratio would be unbounded. Asλ→∞, every approximation
algorithm must span all nodes, in order to avoid paying even
a singleλ penalty, which would destroy the approximation
ratio. Thus, everyk ∈ {1, . . . , (n− 1)} is spanned by some
critical value ofλ.

DEFINITION 5.7. An algorithm for PCS ispinpointableif,
for eachk ∈ {1, . . . , (n − 1)}, we can find a critical value
of λ that spansk, in polynomial time.

Although it is difficult to imagine a PCS algorithm that
is not pinpointable, since we are treating the Lagrangian-
preservingβ-approximate PCS algorithm as a black box, we
need to add pinpointability as another technical condition.
However, we now demonstrate why you get pinpointability
for free, with just about any algorithm you can imagine.

Finding a critical value ofλ that spans a givenk can
usually be accomplished using either Megiddo’s paramet-
ric search technique [26], or ordinary binary search in con-
junction with the method of continued fractions (see e.g.,
[30, 17]). Megiddo’s technique involves running the algo-
rithm with λ explicitly treated as a variable. The method
works as long as every comparison involvingλ can be writ-
ten as testing the non-negativity of an affine function ofλ.
This condition is satisfied by every prize-collecting algo-
rithm that we are aware of for any problem (not just PCS al-
gorithms). The method of continued fractions works as long
as we can prove that the critical value we are searching for is
a rational number with denominator at most2poly(|I|), where
|I| is the size of the instance. Again, every prize-collecting
algorithm we have ever met satisfies this condition as well.

Now we are ready for the main technical result of this
section.

THEOREM 5.8. Given any pinpointableβ-approximation
algorithm for PCS, we can construct an anchoredβ-lower
envelope and its anchoring strolls in polynomial time.

Proof. We construct theβ-lower envelope and the corre-
sponding corner point strolls using the pinpointable PCS al-
gorithm in a black-box fashion.

• For eachk, find a criticalλ that spansk, along with
corresponding strolls visitingn − kL and n − kR

0 1 2 3 n-2 n-1
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C
os

t o
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Figure 2: Intervals of lower bounds generated by aβ-
approximate Lagrangian preserving PCS algorithm, along
with their corresponding strolls.

nodes with costsc(kL) and c(kR) respectively, and
the corresponding lower boundsLBL = LB(λ+) and
LBR = LB(λ−). The two strolls give lower bound
lines of slope−λ going through point(kL, LBL) and
(kR, LBR), respectively. The lines are parallel, so we
pick the better (higher) one, and we get an interval
[kL, kR] with lower bounds and two corresponding
strolls of sizes(n − kL) and(n − kL) whose costs are
within a factorβ of the lower bounds. If we do this
for all k, we generate a collection of line segments that
cover the line from0 to n becausen − kL > n − k.
Figure 2 depicts the segments of lower bounds as dotted
lines, marks each segment endpoint by an x, and depicts
each corresponding stroll as a dot directly above its x,
within aβ factor vertically.

• Take the lower convex hull of all of these segment
endpoints. Observe that every corner point of the
convex hull is a segment endpoint, and hence has a
corresponding stroll directly above it, within a factor
of β in cost. Figure 2 depicts the lower hull as a solid
polyline. At this point, we have all the elements of an
anchoredβ-envelope, except that our anchoring strolls
may not satisfy the appropriate tail property.

• We now move from left to right, amending the strolls
and the lower hull so that the strolls achieve theβλ+

k -
tail property. We start with the least corner pointk
strictly to the right of0. Let Rk be the corresponding
stroll and let z∗ be the largestz such that pruning
the lastz nodes decreases the cost ofRk by at least
βλ+

k z. Let the strollRk+z∗ be the result of pruning
the lastz∗ nodes fromRk. Notice thatRk+z∗ satisfies
the βλ+

k -tail property, by construction. Plot the point
corresponding to our new strollRk+z∗ . It is z∗ units
to the right and more thanz∗βλ+

k units down from
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Figure 3: Pruning the anchoring strolls to achieve theβλ+
k -

tail property.

the original point (k, c(Rk)). In Figure 3, this is
represented by the dash-dotted line segment pointing
from Rk to Rk+z∗ . This line should be at leastβ times
as steep as the dotted line (slope−βλ+

k vs. slope−λ+
k ).

• Extend the lower hull to the right ofk at slope−λ+
k .

Notice that it will remain within a factor of beta of the
new stroll, and will also still be a valid lower bound
(because the next segment of the original lower hull
lies strictly above it). Now, recompute the lower hull
from z + k to the right, and iterate this surgery process
with the next corner point in the new lower hull. In
Figure 3, recomputing the lower hull causes the dotted
segment and the dashed segment to replace the two
solid segments directly above them. Thus,i ceases to
be a corner point in the new hull, so the next corner
point we consider will bej.

After the last iteration of this surgery process, the re-
sulting lower hull is a anchoredβ-lower envelope, and the
corresponding corner point strolls are its anchors.

6 Derandomizing the 3.03-approximation algorithm

In this section, we show how to de-randomize theρ( 1
3 ) ≈

3.03-approximation algorithm of Section 3, proving Theo-
rem 3.3.

Deterministic 3.03-Approximation Algorithm Input:
A finite metric spaceM on setV of n vertices.

1. Run Algorithm 1 on M , with a = 1
3 . Let

Rp(1), Rp(2), . . . , Rp(k) be the sequence of strolls it se-
lects to concatenate.

2. Let cRT
i be the actual latency of theRT traversal

of Rp(i+1) after traversing the sequence of strolls
Rp(1), . . . , Rp(i). Similarly, letcTR

i andcTT
i be the la-

tency for theTR andTT traversals respectively, includ-

ing the latency induced by backtracking alongRp(i) to
reach the first node inRp(i+1).

3. Build a graphCGRT with nodesri and ti for i =
0, . . . , k, edges(ri, t(i+1)), (ti, t(i+1)), (ti, r(i+1)) for
i = 0, . . . , (k − 1), and edge costscRT

i , cTT
i , cTR

i

respectively.

4. Find the shortest path inCGRT from node
r0 to the closer of tk or rk, then concatenate
Rp(1), Rp(2), ..., Rp(k) according to which edges
were used in the shortest path. If edge(r(i−1), ti) is in
the path, then we traverseRp(i) with anRT traversal;
if edge (t(i−1), ri) (respectively, (t(i−1), ti)), then
after traversingRp(i−1) we backtrack until we are at
a node inRp(i), and then traverseRp(i) using the TR
(respectively, TT) traversal.

The key to understanding this derandomization is that
the actual latency of each RT, TR and TT traversal can be cal-
culated, because when we traverse strollRp(i+1), we know
exactly which strolls we have already traversed (namely
Rp(1), . . . , Rp(i)), and hence we know exactly which nodes
still have not been visited (namelyV − ∪i

j=1V (Rp(j))).
Thus, the cost of anyr0  rk or r0  tk path inCGRT is
precisely the latency of the corresponding tour. This is why
it is necessary to fix the sequence of strolls first, because
otherwise we cannot even compute the costs of the arcs in
CGRT .

7 Computing the lower stroll envelope for trees

This section deals exclusively with metric spaces that are
specified as the shortest path metric on a weighted tree,
rooted at noder. Lemma 2.11 applies to all graphs of con-
stant treewidth, and we prove the general result in Section 8.
However, the algorithm ismuchsimpler when the graph is a
tree, so we explain that result separately here.

We begin by explaining how to compute the optimal
solution to the related prize-collecting Steiner tree (PCST)
problem on trees. PCST is the same as PCS, except that
the requirement on the set of edges we buy is that they
form a tree, rather than a path. Johnson, Minkoff and
Phillips [21] observed that the PCST problem on trees can
be solved exactly inO(n) time, although they phrased their
algorithm as a “strong pruning” phase to be plugged into the
Goemans-Williamson algorithm for PCST on general metric
spaces[16]. For each nodev in the tree, letch(v) denote its
set of children,ev denote its parent edge (which is null if
v = r), andTv denote the subtree rooted atv, consisting of
v and all of its descendants. For each nodev, we compute its
net worthNW (v) recursively as

NW (v) = λ− c(ev) +
∑

u∈ch(v)

NW (u)+, (7.24)
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where the superscript+ denotes the positive part, i.e.,x+ =
max(x, 0). In words, the net worth of a nodev is the net
benefit of buying edgeev and claiming theλ prize atv, along
with the best PCST solution forTv. If NW (v) > 0, color
the edgeev green. The optimal solution is then the connected
component of green edges that containsr.

For the duration of this section, we will think of a stroll
as being a sequence of edges in the tree, not necessarily
distinct. Alternatively, we can view it as a multiset of edges
that admits an Eulerian path. In a tree, such a set of edges
has a particularly simple structure: it is a path of edges with
multiplicity one (which we call thebackbone path), plus a
collection of disjoint trees hanging off of this path, each with
multiplicity two.

To compute the best PCS, we need to compute two types
of net worth for each node:NWP (v) is the net worth of the
node, given that the tail of the stroll lies inTv (equivalently,
the backbone path includesv), while NWT (v) is the net
worth of the node, given that the tail does not lie inTv. We
can compute these recursively as:

NWT (v) = λ− 2c(ev) +
∑

u∈ch(v)

NWT (u)+ (7.25)

NWP (v) = λ− c(ev) +
∑

u∈ch(v)

NWT (u)+

+ max
w∈ch(v)

(NWP (w)+ −NWT (w)+)
(7.26)

ForNWT (v), the path of multiplicity 1 does not run through
v, so two copies ofev must be purchased, whereas for
NWP (v), only one copy need be purchased. Also, the
backbone path can run through at most one ofv’s children,
and then only if it runs throughv.

To extract the solution, we first color every edgeev

green for whichNWT (v) ≥ 0. Then we perform an iterative
process in which we color some edges red. First we evaluate
whether any of the edges coming out ofr hasNWP (v) ≥ 0.
If so, we letw ∈ ch(r) be thearg max from (7.26), and
color ew red. We then iterate this process, starting at node
w. In this way, we identify a path of red edges. The edges of
our final solution, will be those in the connected component
of r with respect to the union of the red and green edges.
The red edges will form the backbone path of our stroll, and
the green edges will form the doubled trees. This algorithm
gives the following theorem.

THEOREM 7.1. The PCS problem on trees can be solved in
O(n) time, via dynamic programming.

One can show that thearg max and the positive parts in
(7.25) and (7.26) can change at no more thanO(n) break-
points asλ sweeps from 0 to∞, and the next breakpoint can
always be computed inO(n) time. This implies the follow-
ing theorem.

THEOREM 7.2. For trees, the lower stroll envelope and
corresponding corner point strolls can be computed in time
O(n2).

8 Shortest path metrics on graphs of constant treewidth

In this section, we prove the following two Theorems, which
subsume Lemma 2.11.

THEOREM 8.1. Given a graphG = (V,E0) with constant
treewidth andλ ≥ 0, we can computeS(λ), the optimal PCS
with penaltiesλ, in O(n) time.

Sweepingλ from 0 to∞ as in Theorem 7.2 gives the
following Theorem.

THEOREM 8.2. Given a graphG = (V,E0) with constant
treewidth, the lower stroll envelope and corresponding cor-
ner point strolls can be computed in timeO(n2).

The proof of Theorem 8.1 will involve a hairy dynamic
program. To define it, we must first review some definitions
regarding treewidth. These are taken directly from Bodlaen-
der [9].

DEFINITION 8.3. A tree decompositionof a graph G =
(V,E) is a pair (T,X ) with T = (J, F ) a tree andX =
{Xj |j ∈ J} a family of subsets ofV , such that:

•
⋃

j Xj = V

• For all edges(u, v) ∈ E, ∃j ∈ J such thatv ∈ Xj and
w ∈ Xj .

• If Xj andXk both contain a vertexv ∈ V , thenv ∈ Xi

for all i ∈ J on the (unique) path fromj to k in T . That
is, the nodes associated with vertexv form a connected
subset ofT .

In this section we will refer to elements ofV as nodes and
elements ofJ as supernodes.

DEFINITION 8.4. The width of a tree decomposition
((J, F ), {Xj |j ∈ J}) is maxj∈J |Xj |. The treewidthof a
graphG is the minimum width over all tree decompositions
of G.

THEOREM 8.5. (BODLAENDER [8]) For a graphG and a
constantk, there exists a linear time algorithm that outputs
a tree-decomposition ofG with treewidth at mostk, if one
exists.

To limit the number of recursive cases in our dynamic
program for PCS we use an equivalent definition of tree-
decomposition that has a more restricted structure.

DEFINITION 8.6. A nice tree-decompositionis a tree-
decomposition((J, F ), {Xj |j ∈ J}), such that each supern-
odei ∈ J has at most two children and
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• For supernodesj with no children,|Xj | = 1.

• For supernodesj with only one childk, either Xj =
Xk + {v}, v /∈ Xk (j is an addsupernode) orXj =
Xk − {v}, v ∈ Xk (j is adropsupernode).

• For supernodesj with two children,k and l, Xj =
Xk = Xl (j is a join supernode).

THEOREM 8.7. (BODLAENDER [9]) Given a graph with
root r and a tree-decompositionT of widthw, we can find a
nice tree-decomposition in linear time with size linear inT ,
widthw, and rooti such thatXi = {r}.

We now introduce some notation necessary to describe
our dynamic program. LetDj denote the set of nodes
contained in the supernodes of the sub-tree ofj but notj:

Dj =

 ⋃
k∈desc(j)

Xk

−Xj ,

wheredesc(j) denotes the descendants of supernodej. If v
is a node andE an edge set, letdv(E) denote the number of
edges inE incident tov.

We observe that a set of edges is a tour if the graph
induced on those edges is connected and Eulerian (every
node has even degree). Similarly, a set of edges is a stroll
starting atr if the induced graph is connected,r has odd
degree, and all other nodes except one has even degree.
Given this observation, we can view a solution to the PCS
simply as a set of edges with these properties.

Now, we want to build a PCS using sub-solutions de-
fined by our tree-decomposition, and we will view these sub-
solutions also as a set of edges with certain properties.

We say a set of edgesE is asub-solution atj if:

1. ∀(u, v) ∈ E u ∈ Dj or v ∈ Dj or both,

2. du(E) is odd for at most one nodeu ∈ Dj ,

3. ∀(u, v) ∈ E there is a path fromu to x ∈ Xj .

The first item defines what we mean by a sub-solution at
j, as it tells us which subset of edges to consider. The second
and third items ensure that the solution will extend to either
a stroll or a tree.

Let DISCONN(j, E) denote the set of nodesu ∈ Dj

for which there exists no path fromu to anyv ∈ Xj using
only edges inE. Now let

TC(j, E) = c(E) + λ|DISCONN(j, E)|,

that is,TC(j, E) is the total cost (edge plus penalty) of a
sub-solutionE at supernodej. Observe that the minimum
cost sub-solution of the root supernode is the optimal prize-
collecting stroll.

We also define an interface of a supernodej that gives a
description of a sub-solution atj in terms of the way the sub-
solution affects the nodes inXj . Specifically, aninterface of
a supernodej, denotedI(j) is a 3-tuple({P i}, D, s) where
{P i} ⊆ 2Xj is a partition of the nodes inXj ,D : Xj →
{0, 1,−1} is a function of the nodes ofXj , ands = {0, 1}
is a bit. Because|Xj | is less than some constant for allj, the
number of possible interfaces for eachj is also bounded by
a constant.

We say a set of edgesE is consistent with interfaceI(j)
if:

1. E is a sub-solution ofj,

2. ∃ i : u, v ∈ P i ⇔ ∃ a path inE from u to v,

3. ∀v ∈ Xj , dv(E) = 0⇔ D(v) = −1, otherwise,dv(E)
mod 2 ≡ D(v),

4. if s = 0 then∀u ∈ Dj , du(E) is even.

The second item requires that the partition{P i} speci-
fies which nodes ofXj are connected through paths inDj .
The third item requires that the functionD gives the parity
of the degree of any node inXj (or indicates no adjacent
nodes in which case we have -1). And the fourth item re-
quires that the bits is an indicator that all other nodes inDj

have even degree(s = 0) and thus our sub-solution can ex-
tend to a tour, or one node inDj has odd degree (s= 1), and
thus the sub-solution must extend to a stroll. Note that any
sub-solution atj is consistent with exactly one interface of
j.

We now describe the dynamic program. The dynamic
program will use a nice tree-decomposition of our graphG
with root R, XR = {r}. Let E∗

I(j) denote a set of edges
consistent withI(j) with minimal cost (there may be no such
edge set). In our dynamic program we have a state for every
supernodej, and for each state we will storeE∗

I(j) for each
interfaceI(j) if it exists.

Observe that any set of edges consistent with the root
supernodeR, XR = {r}, of the tree-decomposition and
interfaceI(R) = ({{r}}, D(r) = 1, 1) is a stroll. And,
E∗

I(R) minimizes exactly objective of the PCS, and thus is the
optimal PCS. So when we have foundE∗

I(j) for all interfaces
we have found the optimal PCS.

The base case of our recurrence is the set of leaf supern-
odes. Every leaf nodel hasXl = {v}, Dl = ∅, so for every
interfaceI(l), there is either no set of edges consistent with
I(l) or the empty set is consistent, and thus we can compute
these sub-solutions easily. For our recurrence, we consider
all possible ways to raise the solutions for the children to a
parent solution as follows:

JOIN: Parent j, children k, l. Let E =⋃
I(k),I(l) E∗

I(k) ∪ E∗
I(l). We show that any optimal

sub-solution at nodej is an element ofE . ConsiderE∗
I(j)

450 Copyright © by SIAM. 
Unauthorized reproduction of this article is prohibited.



for someI(j). Any edgee ∈ E∗
I(j) can be in a sub-solution

of exactly one ofk or l by definition of a sub-solution and
a tree decomposition. This induces a partitionE∗

I(j) into
Ek, El whereEk and El are sub-solutions atEk and El

respectively. Ek and El are each consistent with exactly
one interface ofk: I∗(k) and l: I∗(l), respectively. Now,
we claim thatEk = E∗

I∗(k) and El = E∗
I∗(l). The cost

of E∗
I(j) is simply the sum of the costs ofEk andEl, and

E∗
I∗(k) ∪E∗

I∗(l) is consistent withI(j) because the interface
of E∗

I∗(k)∪E∗
I∗(l) is determined completely by the interfaces

of I∗(k) and I∗(l) (this can be easily verified). Now, to
determine the optimal sub-solutions atj, simply find the
minimum cost sub-solution for each interface ofj from E .

DROP: Parentj, child k, nodew is added toj. The
argument is similar to the JOIN argument but even simpler,
so we omit it. Optimal solutions forj are exactly the optimal
solutions fork.

ADD: Parentj, child k, nodew is dropped fromj. Let
E =

⋃
I(k),E⊆{(u,w)|u∈Xj} E∗

I(k) ∪ E. We show that any
optimal sub-solution at nodej is an element ofE . Consider
E∗

I(j) for someI(j). Any edgee ∈ E∗
I(j) can be in the

sub-solution ofk or is adjacent tow by definition of a sub-
solution and a tree decomposition. So, letEk be the subset
of edges ofE∗

I(j) not adjacent tow and letEw be the set
of edges inE∗

I(j) adjacent tow. Ek is consistent with
some interfaceI∗(k). Now, we claim thatEk is the optimal
solution for I∗(k). This is because the union of any sub-
solutions consistent withI∗(k) andEw gives a sub-solution
consistent withI(j) as it is easy to verify that the interface
of Ek ∪ Ew is determined completely by the interface of
Ek and the edge setEw. Furthermore, the cost ofE∗

I(j) is
c(Ew) + TC(k, Ek). Again, to determine the optimal sub-
solutions atj, simply find the minimum cost sub-solution for
each interface ofj from E .

We have a constant number of interfaces for each node
(though exponential in our constant treewidth) and each set
E is also constant, so to raise a sub-solution from a child
to a parent takes constant time. Our tree decomposition has
O(n) nodes, and thus they dynamic program runs inO(n)
time, albeit with a huge hidden constant.
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