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Abstract salesman to visit all of his customers (located at the other
The minimum latency problertMLP) is a well-studied variant of nodes inV’) and return back home ta In contrast to this

goal is to minimize the average latency that the clients experie? K . d h Kina f
prior to being served, rather than the total latency experienced(${-P) takes a customer-oriented approach, asking for a tour

the server (as in the TSP). The MLP sometimes goes by otBtarting at- and visiting every other node ¥ in a way that

names, such as tikaveling repairman problem, or theeliveryman minimizes the average arrival time at all of the customer sites
problem. Unlike most combinatorial optimization problems, th

MLP is NP-hard even on trees (Sitters, 2001). Our main resufgqgivalgntly, the sum of the arrival times). Formally, the
an improved approximation algorithm for the MLP on trees, updarrival time” for nodew is called thelatencyof v, and is

which we build improved approximation algorithms for a mucBqual to the distance traveled before first arriving.af he
wider class of graphs.

The MLP on trees is interesting for several reasons. FirMLP is sometimes called theaveling repairman problem,
many of the aspects that make the problem difficult on geneealoking the image of a plumber planning her route so as to

graphs are already present in the tree case. Second, all exisifiimize the average time her customers have to deal with
approximation algorithms for general graphs are built on appro

i e . .
mation algorithms for the tree case. Third, there has been no ieir leaking pipes. For the weighted version, where each
provement for the tree case since the 3.59-approximation of Gnede has a non-negative weight and we wish to minimize

mans and Kleinberg, first introduced 14 years ago in 1996. Fouifhe sum of the weighted latencies, Koutsoupias et al. [23]
in the intervening period, the best ratio for general metrics has been

improved to match the 3.59 for trees (Chaudhuri et al., 2003). and Ausiello et al. [S] give another motivation. If there is
In this paper, we improve the approximation ratio for trees treasure located at one unknown node of a graph and we

to 3.03. In fact, our 3.03-approximation algorithm works for a i i
class of graphs in which the relatgdize-collecting stroll(PCS) et the weight of each node to be the probability that the

problem is solvable in polynomial time, such as graphs of constff@sure is located there, then we minimize the expected time
treewidth. More generally, for any class of graphs that admitt@ find the treasure by following the tour that minimizes the
Lagrangian-preserving-approximation algorithm, we can use thisé/veighted latency.

algorithm as a black box to achieves@33-approximation for the . .

MLP. Sadly, this does not immediately improve the ratio of 3.59 for IN our view, the MLP is just as ngtural and fundamen_tal
general graphs, because the current best valykfof that case is a problem as the TSP. It has received plenty of attention,
2.

. . . - . but much less than the TSP. We speculate that this owes
One interesting piece of our analysis is the solution of an

infinite-dimensional linear program, used to analyze a finitelimarily to historical accident and inertia, and perhaps to
dimensional factor-revealing linear program (FRLP). We belietke MLP’s having been more resistant to progress.
that our methods may hold promise for easing the analysis of other The MLP is known to be NP-hard [29], and even Max-
FRLPs encountered in the literature. SNP hard [7, 27] for general metric spaces. While most
combinatorial optimization problems are trivial on trees, the
MLP is NP-hard even on trees [31]. When we refer to
Given a metric spaca/ on a setl” of n nodes with a root hne MLP on a graph, we mean the shortest path metric
r € V, the famoudraveling salesman probleTSP) asks on a graph with arbitrary costs on its edges. The best
for a tour of minimum total cost that visits every nodelin - gpproximation ratio known prior to this work, for both
starting and finishing at. If the distances between nodegye general case and the tree case, is 3.59 [15, 14, 10].
are viewed as travel times for a salesman basedthen the (vore precisely, it isp(1), wherep(a) is defined to be the
TSP aims to minimize the total travel time required for theyution to plogp = p + a.) In the present paper, we
improve the approximation ratio tp(3) ~ 3.03 for the
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for instance. Moreover, for any class of graphs that admitreey are not using the GK black-box result direétly,it they
Lagrangian-preserving-approximation algorithm for PCS,are recycling the major piece.
we can adapt our algorithm to use the PCS algorithm as a Our algorithm for the MLP on trees also uses the stroll
black box to achieve a.033-approximation for the MLP.  bound, and starts by generating some (but not all) of the min-
The MLP on trees is interesting for two main reasonsnum k-strolls (again, this can be done efficiently, since the
First, as Kleinberg [22] pointed out, much of the difficulty ofnput graph is a tree). We then select some subsequence of
the general problem seems to be captured by trees of deptim to concatenate, but both the selection and concatena-
two. For any childv of the root noder, it is clear that the tion processes differ from GK.
children ofv should be visited in order of increasing edge When GK concatenates a tree, it must traverse every
length fromwv. But the tough question is: each time the towdge of thek-tree twice, in order to return to the rostto
descends from the root nodedphow many ofv’s children be ready to concatenate the néxtree. Thus, GK travels
should it visit before ascending backit® twice the length of each concatenated tree. In contrast, one
Second, all of the constant-factor approximation algoan traverse a stroll directly from root to tail while traveling
rithms for the MLP on general graphs are based on approxly the length of the stroll. The problem with ending
imation algorithms for trees. Blum et al. [7] gave arg3- up at the tail of the stroll is that we cannot immediately
approximation for the MLP on general metrics by combinirtgaverse the next stroll in the same way. We first observe
an 8-approximation algorithm for the MLP on trees with arthat we can still traverse a stroll more efficiently than GK
(B-approximation for thé-tree problem, used as a black boxraverses a tree, provided that we start at some node inside
Goemans and Kleinberg [14] used a variant of this methodtb® stroll. However, there is no reason why the tail of one
improve the ratio t.595. We henceforth refer to this algo-of our strolls must lie inside the next stroll in our sequence.
rithm as GK. Chaudhuri et al. [10] improved the ratio to 3.5Bherefore, to take advantage of the improved concatenation
for general graphs, thereby matching the GK result for treesethod, we also need to have some upper bound on the
Their algorithm is still based largely on the GK algorithm foiotal distance required to move from the tail of one stroll
trees. in our concatenation sequence to the nearest node in the
Our algorithm builds upon the ideas of Blum et al., GKyext stroll. We guarantee such a bound by using Lagrangian
and Chaudhuri et al. The Blum et al. and GK algorithntelaxation to generate our original set of strolls by solving
exploit the relationship between the MLP and thdree the PCS problem, rather than the minimiérstroll problem.
problem (sometimes callgdMST), which asks for the treeln our view, this is one of the most subtle and interesting
of minimum cost spanning nodes, including the root nodeparts of our result. We combine these ideas to achieve our
r. They generate optimai-trees for eachk = 2,...,n approximation ratio of 3.03.
(which can be done efficiently since the input graphis atree), The idea of using Lagrangian relaxation is not new
select a particular subsequence of them, and do a depth-fasalgorithms for the MLP, but we use it in new ways.
traversal of each selected tree, in order (which we referAecher et al. [3] used the Lagrangian connection between
as concatenatingthe trees). By always including the- thek-tree problem and the prize-collecting Steiner tree prob-
tree in the sequence, they ensure that all nodes are visieed [11, 16] to show that GK doesn't really need to start
eventually. Since the cost of the minimutrtree is a lower with minimum k-trees forall values ofk; rather it is suffi-
bound on the latency of theé" node visited in any tour, thecient to have only thé-trees that are also a minimum prize-
sum of thek-tree costs is a lower bound @anP7. We call collecting tree for some value of the prize parametef he
this thetree bound. They prove that the total latency of theliragrangian relaxation connection comes in becausiagle
tour is at most 8 (for Blum et al.) or 3.59 (for GK) time®ptimal prize-collecting tree provides lower bounds on the
the tree bound. The improvement from 8 to 3.59 comesnimum k-treefor all values ofk.
from selecting a different subsequence to concatenate, and We use an analogous connection betwgestrolls and
a particular depth-first traversal of each tree. ChaudhuriR€ESs. However, we exploit this connection more deeply than
al. observe that the cheapestthvisiting & nodes, called the in [3], because we use the PCSs in two orthogonal ways. The
minimum k-stroll, is a stronger lower bound on the latencfirst way is analogous to [3]: we bound the cost of our MLP
of the k" node in any tour, so their sum gives a strongésur not against the stroll bound itself, but rather against
lower bound orOPT'. For eachk, they generate &-tree in the the lower envelope of the minimukastrolls (a weaker
G whose cost is at most that of the minimusstroll, then bound). Our second critical use is to obtain an appropriate
concatenate a subset of these trees exactly as GK does. Tiqyser bound on the cost to get from the tail of one stroll in
our concatenation to the nearest node in the next stroll.

Iitis a common misconception that there is a reduction from the general?Since thek-tree problem is NP-hard for general graphs, there is no 1-

case to the tree case. This is not true, and we do not mean to imply it heapproximation algorithm unless P=NP.
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The crucial difficulty in our algorithm and analysis i$~RLP analytically. Our insight is that by taking the limit as
bounding the total distance required to move from the tail— oo, the FRLP turns into an infinite-dimensional linear
of one stroll in our concatenation sequence to the neangsigram that turns out to be easy to solve. We use this route
node in the next stroll. Using the upper bound given by the prove our Theorem 2.9.

PCSs wins only half the battle — we also need to pick our We could have proved Theorem 2.9 by using bucketing
strolls more carefully than in previous algorithms. Previossmilar to [14], but doing the analysis via FRLPs sheds more
algorithms select the next tree to concatenate based onhlight on the GK algorithm, and resolves a mystery from a
its size and cost, and the size of the previous one, irrespecgigper by Arora and Karakostas [4]. The analysis of GK
of how the sets of nodes spanned by the previous tréefl4] shows that GK obtains a deterministic approximation
overlap each other. In contrast, we get mileage (quantifiedio of 3.59 if the concatenation sequence is chosen via
in Lemma 2.18) out of the fact that when these sets are aashortest path calculation in the concatenation graph, and
nested, the number of nodes already visited is strictly largar expected ratio of 3.59 if it is chosen via their bucketing
than the size of the prevous tree. Without this extra slack, guocedure (which applies a random shift to the buckets).
analysis would not go through. It is our use of Lagrangidoth of these procedures asslaptive, depending on the
relaxation that enables us to prove (in Theorem 2.16) that tuests of the trees. Our analysis via the FRLP shows that one
extra slack swamps the extra cost incurred by moving fraran select a certairandomsequencés; < ky < -+ <

the tail of one stroll to the nearest node in the next stroll. k; = n before even knowing the input, and still obtain

Our algorithm is not restricted to trees. Rather, it worken approximation ratio of 3.59, in expectation. This helps
for any metric in which we can solve the PCS probleexplain the discovery of Arora and Karakostas where they
in polynomial time. In fact, it is fairly straightforward tofix a subsequence @éftrees without any knowledge of their
extend our algorithm to obtain 2.033-approximation on costs, and still manage to prove a constant factor of 5.828 for
any metric for which we have a Lagrangian-preservifig the MLP on trees (Theorem 4.11 of [4]).
approximation algorithm for the PCS problem. For general The use of FRLPs to help prove approximation ratios
metrics, this does not immediately improve the ratio of 3.5%as first advocated by Jain et al. [20], although it was
because the current best valuedat 2 [10]. However, there implicit in Chvatal’s analysis of the greedy algorithm for set
are large, important classes of graphs for whick- 1: we cover [12]. It has since been applied repeatedly in various
show in Section 8 that this includes all graphs with constardntexts such as [24, 25, 6, 18, 19, 2]. It can often be difficult
treewidth. Moreover, we emphasize that the Blum et al. atwlanalyze an FRLP, and we believe that our technique of
GK black-box lossy reductions from MLP te-tree came explicitly analyzing the limiting infinite-dimensional FRLP
beforethe first constant-factor approximation algorithm fawill make this task easier for future researchers encountering
k-tree [13], yet they ultimately led to the current champiofRLPs in other contexts.

MLP algorithm. Thus, we are optimistic that our methods This paper is structured as follows. Section 2 gives a
will play a future role in improving the approximation raticsimpler version of our main algorithm, yielding an approx-
for general graphs. imation ratio of 3.18. In Section 3, we modify our algo-

We wish to highlight one additional part of our analysisithm (using randomization) to improve the ratio to 3.03 (in
where we solve an infinite-dimensional linear program. Boéixpectation). We derandomize it in Section 6. Section 5
Blum et al. and GK select trees to concatenate by creatindiscusses how to extend it to3a033-approximation, us-
geometric sequence of bucket breakpoints, and choosingititea Lagrangian-preserving-approximation for PCS as a
tree in each bucket with largest cost. Goemans and Kleinbblgck box. The proof of the key Theorem 2.9 using infinite-
observe that an even better concatenation sequence cdirftensional FRLPs appears in Section 4. Section 7 shows
be identified via a shortest path calculation in an associatenv to solve the PCS problem for trees@hn) time via
graph (theconcatenation graph of Definition 2.6, with a simple dynamic program, and how to efficiently compute
a=1). Implicit in their discussion is that an alternate wathe entire lower stroll envelope in tim@(n?). Finally, in
to derive their approximation ratio would be to analyz8ection 8 we give an algorithm for computing the optimal
a certainfactor-revealing linear program(FRLP), whose PCS in any graph with constant treewidth(xin) time, and
solution defines the concatenation graph that produces ttheentire lower stroll envelope an(n?) time. This demon-
worst possible approximation bound. However, since thslrates that our improved approximation ratio applies to a
fortuitously achieved this same bound via other means (i;l@ych larger class of graphs than just trees. The overall run-
bucketing), they chose not to pursue this avenue. We viaimg time for the algorithm i€ (n?) in these metrics, being
the use of the FRLP as a more natural route to prove th@minated by the time to compute the lower stroll envelope.
bound, and an interesting technical challenge. The FRLP
depends on the number of nodes = |V|. For finite
n, it is unclear how to find the optimal solution of the
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2 Approximation Algorithm OBSERVATION 2.2. For the shortest path metric of a tree or

In this section, we give a 3.18-approximation algorithm f&nY graph with constant tree width, the minimirrstroll can
the MLP on trees, graphs of constant treewidth, and ap§ computed in polynomial time.

other graphs where we can solve the relgigde-collectin . . . s
dgrap a g We record this observation here to give an inkling of

stroll problem in polynomial time. hv E-stroll be algorithmicall ful. but omit th
Recall that we are given a finite metric space on asetVVY k-SIrOllS may be aigoritnmically usetul, but omit the

of n nodes, plus a roat € V, and we would like to find a proof because we will not use Observation 2.2 directly.

tour T" with minimum total latency, starting atand visiting igitiaTg\évg(:r?e]T’l ts\t/rig:ltisnrgeltﬁf f?r) s;ehrfogﬂé_spié Idr; 2%&022;?;
all nodes oflV/. The latency of a node is the total distanc . X j '
y st is the latency of the!" node inT. Therefore, the cost

traveled inT before arriving at that node, and the latenc t the mini istroll is a | bound on the lat f
of T is the sum of all the node latencies. The latency of € minimum/-Strofl 1S & lower bound on the fatency o

th i i i
is zero, since we start there. It will be easiest to descrig},? 5** node in the optimal MLP tour, and summing them

the construction of a tour that may revisit some nodes, igiyes @ lower bound o® PT.

the latency of a node is based only on the first visit. Aft n ;

describing this version of the tour, we can shortcut repea%éigg\ﬁ;syci'; t%ékrﬁncl(rgﬁzn ISateOnig t(\;vurlere OPTis

nodes to arrive at the final tour, which visits each node '

exactly once. By the triangle inequality, the shortcutting  Our algorithm will traverse a sequence of minimuém

does not increase the latency of any node. strolls in a certain way, and we will bound its approximation
It can be useful to rewrite the total latency as ratio by comparing against the stroll lower bound of Obser-

vation 2.3. We now derive the relevant bounds.

n—1

Z(" — 1)c(vi, viv1) DEFINITION 2.4. Given a stroll.S and a start nodev in

=1 S, let W,..(S,v) be the walk that starts at, follows the
wherec(v;, vi41) is the cost of traveling from thé" node to Stroll backwards tor, then traverses the stroll forwards,
the (i + 1)t» node visited in the tour. This gives a convenie@nding at the tail. (The subscript stands for “root-tail")

way to amortize the total latency among sections of the tdtft Wir(S;v) (‘tail-root”) be the walk that starts ato,
because we can compute the latency of a section withg@fnpletes the stroll to the tail, and then follows the stroll

knowing details of the rest of the tour. backwards, ending at the root.
DEFINITION 2.1. Given atourT’ = v;...v,, and a sub-path LEMMA 2.5. Suppose we are partially through a tour, at
W = v;vi41...v;, we define nodev. LetV; be the set of nodes left to visit, and febe a
stroll such thatv € V(S). Letj = |V, i = |Vo — V(S)],
j-1 ands = ¢(S). Then
lat(W) = > (n — k)e(v, vet1),
—i min(lat(W,..(S,v)), lat(Wy-(S, v)))
and say tha#¥” addslat(W) to the latency ofl’. Although < %(lat(WTt(S, v)) + lat(Wy,- (S, v))
lat(1W') depends on whef@ lies withinT', we suppress this ;
dependence in the notation. Whenever we reféatd1’), <s(j+ 5).
W will be one option for the next segment of the tour that we
are in the middle of constructing. That is, the expected latency of a uniform random choice

between a root-tail and tail-root traversal (and hence the
Our algorithm produces a tour by traversing a sequengéter of the two) is at most{j + o)
of strolls. A k-stroll is a path visitingk distinct nodes,

starting at the root. The cost of a strolb, denoted:(S), is Proof. Let S™ be the first portion of the strolf starting from

the sum of the distances between each pair of consecutivnd going tov, and letS? be the portion ofS starting at
nodes in the stroll. The minimurk-stroll is the k-stroll v and ending at. Lets, ands; be the costs of the paths
with minimum cost. Throughout the paper we will denoté” and S* respectively. Also, lek, = |V, N V(S™)| and

the minimumk-stroll asSy, and the minimun{n — k)-stroll k, = |Vu N V(S?)|, respectively. In other words,, k;
asRy. The letterR is a mnemonic to remind the reader thaire the number of nodes in each section that we have not
there arek nodesremaining. Note thaS; = R,,_; is the already visited in the tour. Sinae¢ V;, we havek, + k; =
trivial stroll, consisting only of the root nodeand having |Vo NV (S)| = j — 4. First we upper bountht(W,;).

cost 0. Letl/(.S) denote the set of nodes visited by st$l| The traversal fromv to » and back tov adds at most
Thetail of a stroll is the end that is net s, latency to thek, new nodes inS”, and2s, latency to
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thei + k; nodes still left to visit. The traversal fromto ¢ reason for formulating the concatenation graph witlas
adds at moss; latency to thek; new nodes inSt and the a parameter is that later we will encounter a concatenation
i nodes still left to visit. Adding these givast(W,,) < graph witha = 1/3; moreover, the Goemans-Kleinberg
krsy + 2(i + ki)s, + kese + is;. A symmetric calculation approximation algorithm uses= 1.

giveslat(Wy,.) < kisy + 2(i + ky)s¢ + ks, + is,-. Thus, the ] )
average is DEFINITION 2.7. Fora > 0, let p(a) be the unique solution

toplnp=p—+a.

1
5 (lat(Wre) +lat(Wey)) DEFINITION 2.8. Let SP(s,a) denote the shortestn —
1) ~ 0 path inCG(s, a), andc(SP(s, a)) its cost.

IN

1
5(2]67«(87« —+ St) —+ 2]€t(87» + St)
THEOREM2.9. (LENGTH OF SHORTESTPATH) For all n

+ 3i(s, + 51)) and all (sq, - .., $n_1), ¢(SP(s,a)) < pla) 27— s

31
= (ke + k) (sr 4 50) + 5(57" + 5t) If we apply Theorem 2.9 t€'G(s,1/2) wheres; =
. 3i . ¢(R;) and the strolls happen to be nested, then it gives us
=0 -1)s+ 957 s(j + 5) an approximation ratio op(1/2) ~ 3.18, Observation 2.3
and Lemma 2.5.
n Goemans and Kleinberg [14] proved the case of Theo-
rem 2.9 whemn = 1, and their methods can easily be ex-
2.1 ASpecial Case: Nested-strolls Ifit so happens that tended to handle all > 0. In Section 4, we provide an alter-
all of the minimumk:-strolls arenested(i.e., V(i) € V/(S;) nate proof using infinite-dimensional factor-revealing linear
for all i < j) then Lemma 2.5 is almost enough to give Ysograms that lends a fresh perspective on the result, and
an improved approximation algorithm. We explain this vegg|yes a mystery raised by Arora and Karakostas [4].
special case as a warm-up for the general case.

Recall thatk; denotes the minimurfr. —i)-stroll, and 2 2 The General CaseThere is no reason for the optimal
let s; be its cost. Suppose we have a sequence of nestedro|is to be nested, so in general we will need a slightly
strolls Ry, Rj, ..., R;,,, wherejy > jy > ... > jm = 0 (different algorithm. Rather than consider all minimum
(so R;,, = S, spans all ofV’). We can build a tour by stro|is, we will consider a special subset of minimum strolls
first traversing strollR;, , from r to its tail v, then traversing that have additional structure. Given a penaltyfor each
whichever ofV,.(R;,, v) or Wy,.(R;,, v) has lower latency, nodey € V, the prize-collecting stroll (PCSproblem asks
and so on. Since the strolls are nested, after visiting g the strollS that minimizes(S) + Y-, (s) Po- I Other
new nodes ink;,_, , we are at a node ift;, and we have \yods, it is the stroll that minimizes the cost of the edges
exactly j;—1) nodes left to visit. Therefore, traversirig); traversed plus a penalty incurred for each node not visited by
adds at most;, (j;—1) + %) to the latency of the tour, bythe stroll® Throughout this paper, when we refer to the PCS
Lemma 2.5. Becaus§, = R;,, is one of the strolls in our problem, we will mean the version with uniform penalties,
sequence, the tour eventually visits every node. Summing, p, = A for all v. Let S()\) denote the minimum PCS
the contribution of each stroll upper bounds the latency with uniform penalties\.
our tour by}~ | 5, (jr—1 + %) (Wherejo = n). Allthatis The PCS problem is closely related to the minimism
left is to choose the sequence of strolls to traverse. Choosga@ll problem, in that PCS is a Lagrangian relaxatiorkof
the best sequence reduces to a shortest path computatiasiris|.

a certain graph.
OBSERVATION2.10. Forall A > 0,k =1,...,n, we have

DEFINITION 2.6. Given a real numbet and a decreasing ¢(Sx) > ¢(S(A\)) + Ak — [V(S(V)))).

sequence = (sg, $1, -.-sn—1) Of real numbers, theoncate- )

nation graphCG(s, a) has node set = {0,1,.n — 1}, Proof. Otherwise,S;, would be a better PCS thai{\). &
directed arcsE = {(j,¢) : j > i}, and edge costs;; =

5i(j +ai) for all (j, ) € E. Applying Observation 2.10 with = |S(\)| implies that

for all A, S(X) is the minimum|V'(S(A))|-stroll. Thus, the
set of optimal PCS$.S5(\) : A > 0} constitute a subset of

Node 5 in the concatenation graph represe the
J grap P s the minimumék-strolls.

minimum (n — j)-stroll. Any path from node: — 1 to node
0 in the graph represents a concatenation of strolls that visi _ , , . _

Il the nodes in our metric space. df— 1/2 and the strolls The prize-collectingdescriptor originates from an equivalent problem
a p T of maximizing the totalp,, value collected minus the cost of the edges

are nested, then the cost of afty — 1) ~ 0 p?‘th will be  traversed, but this complementary version of the objective function is more
an upper bound on the latency of the resulting tour. Theditional.

438 Copyright © by SIAM.
Unauthorized reproduction of this article is prohibited.



Figure 1 graphically illustrates the relationship betwedwith & > j > 4). The total cost of these two hops
the optimalk-strolls and the optimal PCSs. Each possibjg C(5) def FG)(k + aj) + f(i)(J + ai). Suppose for
stroll.5'in the graph is represented by a dot in the figure, wiglyntradiction thatj, f(;)) is not a corner point, so it lies in
coordinategn — [V(S5)], ¢(5)). The minimumk-strollis the  the interior of a line segment of slope), for some\ > 0.
lowest dot with x-coordinatén — k). The dotted line, of Let (7, f(1)) and (u, f(u)) be the corner points sand-
slope—A, passes through the point representi(@), and iching j (with I < j < u). We will show that movingj
its height at x-coordinate represents the lower bound oRg ejtherl, — max({,i) or R =min(u, k) strictly decreases
si = c¢(R;) given by Observation 2.10. If we consider all ofne cost of the path, yielding a contradiction. If we mgve
the lower bounds generated for aJlvia all possible values tg coincide withi or k, we can then eliminate the self loop,
of A, we get the lower envelope shown by the three soligither decreasing the cost of the path. To determine what
segments in the figure. The set of optimal prize-collectiRgye of ; minimizesC(j), we take the derivative with re-
strolls, i.e.,{S(A) : A > 0}, corresponds to the four comekpect toj: C'(j) = f'(j)(k + aj) + f(j)a + f(i). This
points of this lower envelope. is well-defined on the interval = [L, R]. Moreover, since
f'(j) = —\is constant o, C’ is decreasing and therefore
C is strictly concave od. Thus,C obtains its minimum at
an endpoint of the interval, at a value strictly less thgp).
|

We now derive a technical corollary of Lemma 2.12 that
is crucial for dealing with non-nested strolls.

Cost of stroll S

DEFINITION 2.13. Let —Aj be the slope of the lower en-

velope immediately to the left gf and —\}" be its slope
immediately to the right of.

OBSERVATION 2.14. For each j, A} < AT, with the
inequality being strict iffj is a corner point. Ifi < j then

- +
AT >

Nodes not spanned by S

Figure 1: Lower envelope of thiestrolls.

Observation 2.14 holds because the lower hull is convex.

Another way to see this is that wherincreases, the optimal

LEMMA 2.1;. For the shortest. path metric of any tree obcg will span at least as many nodes,(80- |V (S(\))|)
any graph with constant tree width, the lower stroll envelopg,creases.

and the strolls corresponding to its corner points can be

computed in polynomial time. COROLLARY 2.15. Suppose the shortest path ~~ 0 in
CG(s,a) begins with the two hops — j — i (where

We prove Lemma 2.11 in Section 8. Before giving ouf > j > 4). ThenC’(j*), the right-hand derivative of” at

approximation algorlthm based on PCSs, we prowde thesatisfies?’ () = =7 (k + aj) + f(j)a+ f(i) = 0.

following lemma that is necessary for the algorithm to be

well-defined. Proof. Becausg is on the shortest path, perturbingannot
decreas€’(j), soC’(j) > 0. |

LEMMA 2.12. (CORNERPOINT ROUNDING) Given a de-

creasing, piecewise linear functiofy anya > 0, and any Algorithm 1 with a = 3 gives our pseudocode for

k € {0,...,n — 1}, the shortestc ~ 0 path in graph constructing a 3.18-approximate MLP tour. The algor!thm

CG((f(0), f(1), .., f(n — 1)), a) uses only corner points ofbuilds on the one for the ne;ted case, with two key differ-

f (except perhaps fak itself). ences. Rather than determine a sequence of strolls at the
start we do it dynamically: to decide which stroll to traverse

If f is the lower stroll envelope (plotted in Figure 1)pext, we determine the numberof nodes left to visit, then

then the lemma implies that a shortest path will use orfigverse the next strobi on the shortest path fromto 0 in

optimal PCSs. the concatenation graph. In the nested casei)l always be
the number of nodes unspanned by the previous stroll. The

Proof. It is enough to show that the first hop in the shortesther difference is that before traversing eithir; (.S, v) or

k ~ 0 path must go to a corner point. Since 0 is a corn#ry,.(S,v), we may need to move to a node insifle The

point, we are fine if the shortest path goes directly to zeroain difficulty in the proof is showing that this extra cost is

Otherwise, we examine the first two hops: — j — 4 nottoo large.
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n—1

Algorithm 1 MLP Approximation Algorithm the cost of our tour is at mogta) > ., si, as advertisedl

1: Input: a finite metric spac&/ on a sefl” of n vertices,
and a parameter > 0. If the strolls are not nested, then there is an additional

2. f «— lower envelope of optimal PCSs &f on M. // contribution to the total latency whenever we must backtrack
Compute according to Lemma 2.11. from the end of our previous strafl’ to a node in the next

3 s — f(i),i=0,...,(n—1). stroll S that we want to traverse (Iine 13 of .the algorithm).

4: CG — CG((s0, 52, .., 5n_1),a). /I This is the only The upside is that when we finish traversing stiSliwe
place where we use parameter will have visited strictly more thamV'(S)| nodes because

5: Compute the shortest path from nade node0 in CG S’ contained.some nodes thﬁid_id not. This benefits us in
fori e {1,...,(n—1)}. two ways. First, Lemma 2.5 gives a smaIIer_ b_ound on the

6: N(i) — the first node aftet in the shortest path from C€OSt of our traversal of. Second, the remaining cost to
t0 0. complete the algorithm is lower, as quantified by the shortest

7. 2 «—n — 1. / = is the number of distinct nodes we havidath potentials i”'G. We will show that these bonuses more
left to visit in the tour. than make up for the extra backtracking cost. THas an

8: S’ — the trivial stroll, starting and ending at optimal PCS with penalties, _, is critical here, because it

o v « root noder. // v is the last node we visited in the2!lows us to bound the extra iatency incurred in terms of the

previous tour. number of extra nodes we visit.

10: while x > 0 do

11: S < Ry(y). I/ By Lemma 2.12N(x) is a corner
pointof f, SO Ry (2) = S(Ay(,)-

12: u « the first node inS that we reach, starting from
v and backtracking alon§’ towardr. // Sincer is in
both strolls there always exists such a node.

13:  Travel fromv to u.

14:if lat(W (S, u)) < lat(Wir(S,u)) then Traverse pyoof. Because the edge ifiG(s, a) from i to any node

DEFINITION 2.17. Fori € {0,...,(n—1)}, letw(¢) be the
cost of the shortest~ 0 path inCG(s, a).

LEMMA 2.18. The shortest path potentialg-) are strictly
increasing. In fact, i < z < y, thenn(z) < 7(y) — (y —

Woi(S,u) elseTraversey, (S, u). . costs less than that frofa + 1) to z, 7 is increasing.
15: & < number of distinct nodes still unvisited after  opserve that the definition afimplies:
traversings.
16: v < last node visited in the traversal 5f // Willbe  7(y) — (y — z)sn(y)
o gl/trfrgor the tail of S = SN(y)(y+aN(y)) —|—7T(N(y)) — (y—x)sN(y)
18: end while = sn(y)(z+aN(y)) + 7(N(y))

If N(y) < z, then the RHS is precisely the cost of the hop

THEOREM2.16. (ARST MAIN RESULT) Algorithm 1 with ¢ — N (y) plus the shortesN (y) ~ 0 path inCG(s, a),
a = 1 gives ap(L) ~ 3.18-approximation for the MLP @nd IS hence an upper bound ofw). If N(y) > =, then
in metric spaces for which the PCS lower envelope can B (¥)) = (), sincer is increasing.
computed in polynomial time.

Instead of substituting = 3, we will carry the parame-  Before proving Theorem 2.16 in the general case, we
ter a throughout the analysis below, so that we can recy(ﬂEOV'de an informal outline of the argument, which we find
the analysis later in Section 3. Sinjés; is a lower bound useful for_understanding.the big picture. Each iteratiqn
on OPT it suffices to show that the tour we construct has - the while loop essentially corresponds to one hop in
tency at mosp(a) 3 s;. We first analyze the case where th€'G(s, @). When we find ourselves at node we attempt

PCSs happen to be nested, then the non-nested case. 0 hop toN(z) by traversing strollRy ;). However, due
to non-nestedness, we may instead land at some node

Proof. [Nested Case] If the PCSs are nested, then afféfz). This can only help us, unless we had to incur a
traversingRy(,) we will have exactlyN (x) nodes left to backtracking cost before traversitftyy,). In this case, the
visit. Therefore, the algorithm traverses exactly those strdliacktracking cost is at most; x| P| (wherey is defined in

in the shortest patli P(s, a). Additionally, since our strolls the proof below), but we save at least,a|P| in traversing

are nestedy will always lie inside our next stroll, s = v Ry (,) andsy v,y |P| in CG(s, a) shortest path potential,
and we incur no extra latency in step 13 of the algorithrmompared to what we expected. Properties of the lower stroll
Thus, traversing strollRy(, after stroll &, contributes envelope and’G shortest path as distilled in Corollary 2.15
exactlyc, (. to the latency of the tour. By Theorem 2.9imply that the savings exceeds the backtracking cost.
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Proof. [Theorem 2.16, General Case] Recall that, just priefn(.)) > 0. Thus, it suffices to show

to each stroll traversal; denotes the number of nodes left

to visit. Leti(x) denote the additional latency incurred by Ayx < )\E(z)(x + aN(z)). (2.1)
our algorithm from this point on. We prove by induction on

z thatl(z) < m(x) (for all values ofz encountered by theSincey > = > N(x), Observation 2.14 gives, < A\ <

algorithm). Hence, the total latency of our tour is at most[-v(x), implying (2.1) sincer, a, N (z) > 0. [
7 (n— 1), which immediately implies an approximation ratio
of p(a), as before. 3 Animproved algorithm

0 TEeO a{/g\jlorlthm t:}ermlgat?s wr:em . ? tO 50 1(0) Si In proving the bound of Theorem 2.16, we made the worst-
m(0) = 0. We split the Inductive step Into two cases. SINGe, ;o assumption that nodemight always be the tail of the
we haver nodes left to visit,S = Ry (,). In both cases, we

- previous stroll we traversed. However, our traversal can end
need to show(x) < m(x) = sy () (@ +aN(2)) +7(N (). gither at the root or tail of the previous stroll. If we end at
Case 1:(S contains node)

The arqument here is identical to the nested case the root and havg nodes left to visit, we can simply traverse
9 . " the next strollR; from root to tail and add only;; to our
Case 2:(S does not contain nodg

. latency, which is generally much better thaij + 3).
Letz,v,u, S, andS’ be defined as at the end of step 1? . . . 2
in the while loop, wheres’ — R, for somey > z that is We improve the algorithm by keeping track of whether

a corner point off. The latencyi() incurred by finishing we end the stroll at the root or tail. If we end at the tail of the
. : , .
the algorithm consists of three parts: backtracking frota previous strollS”, then after backtracking alon§f to node

s .. u, we can follow either walkV,..(S,u) or W;,.(S,u). We
u (stgp 13), traver;ngN (=) (Step 14), and the remainingall the first option theail-tail (TT) traversal, since we start
iterations of the while loop.

at the tail of S’ and end at the tail of. We call the second

N dwetrc\c;anId(cairirtmhtf\ Cﬁngt't\)/t:::i(l)nlto therlstfhncr)l/vl\‘lrom th tion thetail-root (TR) traversal. When we finish’ at the
Odes lraverse ene € 1oop, a en we use iy tr, we may instead choose the cheaper RT traversal.

o e on Vi can view AGoriln 1 25 chacsing randomy -

path fromv to u in &', and|P| der?ote the nu?‘ni)er of edgetwee_n_the TRandTT traversgl Sf_at e_:gch stage, t_hen deran-

in P. Since strolls’ : R, wherey is a comer point of the omizing each traversal choice |nd|V|fjuaIIy. This no longer

Iowér envelopef, we ha\;/e;S’ — S(\) forall A € A=, AF] works in the presence of the RT option, becausg an RT or

If we were 1o pr,une away the entire pathfrom sg{r;)IIyS’. T.T traversal p_recly_des the next traversal from being RT. To
circumvent this difficulty, we select our sequence of strolls

based on the cost of a certain random concatenation, then

(except for nodeu), the resulting PCS would savéP) in
stroll cost, butincur an extra, | P| penalty for the P| extra derandomize the entire concatenation sequence at the very
end, in a coordinated fashion.

nodes it is missing. Sinc&’ is already optimal fon\,, we
must havec(P) < A\|P|. Hence, traveling from node to

u contributes at most, x| P’| to the total latency. LEMMA 3.1. Suppose we are part-way through a random
Let z be the number of nodes still left to visit after W&our at nodev. wherew is the root with probabilityt, and
L 3’

traverseS = Ry(,). There areN(z) nodes not inS, but  yhe (4l of the previous stroll with probability. LetV; be the
at least| P| of them were visited when we traverséf, S0 et of nodes left to visi§ be a stroll with cosk, andw € S.

z < N(z) — |P|. Thus, by Lemma 2.5, trave_rsiri@gdds at Letj = |Vo| andi = [Vp — V(S)|. LetW be the following
mostsy (z)(x + a(N(x) — [P|)) latency. By induction, the \4nqom traversal: ify = r, W is the RT traversal: if is the
remainder of the algorithm adds at most:) latency. But 4| then 1y is the TR traversal or theT'T traversal, with

Lemma 2.18 impliest(z) < w(N(x)) — sy (n(a))| Pl- probability 2 each. The expected latency 16f is at most
Summing these three contributions and using the fa

Ly i
thatm(z) = sy () (z + aN(z)) + 7(N(x)) gives 3+ 3):
Proof. If v is the tail then our expected latency is at most

Hz) < A, z|P] s(j+ %), exactly as given in Lemma 2.5. 4f = r then the
+ 5N (2)(x + aN(x) — a|P]) latency is only at mostj. The expectation is then
+ m(N(x)) = SNV (@) [P : ,
2 .1 1 . .1
= (@) + A, 2P| = alPlsn ) — snney P 35U +3) T35 =30+3) (3.2)
We wish to provel(x) < w(x), so it suffices to show that [ |
~Ay T+ SN () + SN(N() 2 0.
Applying Corollary 2.15 to the two hops — N(z) — The transition probabilities that determine the traversal

N(N(z)) in CG gives Ay, (z+aN(z)) + asn) + W inLemma 3.1 yield a steady-state distributioniofoot
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and 2 tail. The tour begins at, which is both the root andlinear program (FRLP).
tail of the trivial stroll.S;. Thus, we can declare it to be the

root with probability and a tail with probability?, thereby maximizem,

placing the process directly in its steady-state distribution. subject to:

Notice that (3.2) is exactly the cost of the edge— i mi<m+ (jtai)s; YO<i<j<n—1 (4.3)
in CG((so,---,5m-1)),3). Thus, if the optimal prize- -

collecting strolls happen to be nested, then we immediately Z s =1 (4.4)
geta randomizegd(%) ~ 3.03-approximation algorithm (in — /

expectation), by concatenating strolls as given by the shortest
(n—1) ~ 0 path inCG(s, ). The argument is the same as
before.

s>0,m90=0

) ) _The (j + ai)s; term is the cost of the edge fromto i
Iior the_general case, we simply run Algorithm 1 witf, CG(s,a), and7; represents the length of the shortest
a = g, and instep 1 we traversé, (S, r) wheneven =7, o from; to 0, so (4.3) is the familiar triangle inequality
and otherwise randomize uniformly betwelf, (S, u) and  congiraint. Let LR denote this FRLP, andal(LP,,) its

Wir (S, ). optimal value. Our goal is to prove that

THEOREM3.2. (MAIN RESULT) The randomized MLP al- limsup val(LP,,) < p(a). (4.5)

gorithm described above gives an approximation ratio of e

p(%) ~ 3.03 (in expectation), for any metric space in whichWe will actually prove that (4.5) holds with equality, but

the stroll lower envelope can be computed in polynomidle inequality is enough to immediately imply Theorem 2.9.

time. Sinces,,_; appears only in the normalization constraint, the
optimal solution always sets,_; = 0. If we sets,,_o =0

Proof. Notice that the sequence of strolls chosen by th LPn+1, it reduces to LR. Hence,val(LP,) increases
algorithm is independent of the coin flips. Consequently, tigPnotonically withn. For any finiten, we can solve LR
proof is exactly the same as that of Theorem 2.16, with opgmerically, but we want to obtain the limit. This suggests
exception. In thes ¢ S case, we need to backtrack only if°0KIng at the “limiting” LP asn — oo, which will be an
the event of a TR or TT traversal, so the expected laterlBjnite-dimensionatontinuous.P.

from backtracking is at mosé X'z|P| instead of\'z|P|, Since we are interested in obtaining the upper
which only helps. g bound (4.5), we need to look at D|,Pthe dual of LR:

minimize v
THEOREM3.3. The 3.03-approximation algorithm can be subject to:
de-randomized in an addition&)(n?) time. '

> faa=1 (4.6)
Once the sequence of strolls has been chosen, the traver- /<"1

sals can be derandomized using a shortest path calculation in Y~ foi = >  fu Vi=1,....n—2 (47)
a graph resembling'G(s, a). We defer the proof of Theo- g:g>i Ll<i
rem 3.3 to Section 6. v > Z(ai+g)fgi Vi=0,....n—2 (4.8)
4 Analyzing the concatenation graph using r> f):,gzilfree

factor-revealing linear programs

Theorem 2.9 states thatS P(s, a)), the cost of the shortestin DLP,,, the variablef;; denotes a flow on edgg, ) in
path from noden — 1 to 0 in CG(s,a), is never larger graph CG(s,a). Constraint (4.6) says that the total flow
than p(a) Z;:Ol s;, even if an adversary choosesand out of noden — 1 must be 1, and constraint (4.7) imposes
(so,-.-,8n—1). This statement is purely graph-theoretidlow conservation at each intermediate node. Together, (4.6)
and thus it holds regardless of whether there is an MlaRd (4.7) imply that the flow into O is also 1. Constraint (4.8)
instance wheres; = ¢(R;). For any particular choice ofis the interesting one. Itimposes a lower bound-amterms

s, we can formulate the shortest path via a minimizatiaf a weighted sum of the edge flows coming intavhere the
LP in the standard way, using flow. By taking its dualyeight of a flow equals the coefficient efin the cost of the
we can reformulate it as a maximization LP. Letting the edge inCG(s, a) that is carrying the flow. Since each weight
be variables, we see that the worst vectdor a particular is (i), the total flow through nodéat optimality must be
value ofn (after scaling dowrs so that)_ . s; = 1) can be O(%). Thus, node: — 1 must spread its out-flow over at least
computed as the solution to the following factor-revealirggconstant fraction of the other nodes.
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In the limit, s and 7 become functions on the closedhen((f;;),v) is a feasible solution to DLPwith the same
interval[0, 1]. The continuous LP, CLP, is fairly straightfor-objective function value, whetg; = f(I; x I;), and(f;;)

ward: is the vector of these flows.
maximizer (1) Proof. Since the objective functions of CLP and DLRre
sublecto: DL Lotting T < (0,28 ST ey o (1)
n: I =\ 77 = Yi=0dj = y L)
m(y) <m(x) + (y+azx)s(z) VO<z<y<1l (4.9) d » J=0"J n

we see that the total flow out of node- 1 is

/[0 1] Sdu =1 (410) Z fn—l,l — Z f(In—l X [l)
l:l<n—1 lil<n—1
s>0,7(0) =0, = Iy x D)
where theu in (4.10) is Lebesgue measure. Constraints (4.9) =f{1} xI)+ f(J x 1)
and (4.10) correspond to (4.3) and (4.4) in,LP = f{1} x D)+ f({1} x J) (4.15)
The continuous dual LP, CDLP, is a bit trickier. In 1Y X (0.1) = 1
the limit, f becomes aunit leftward flow measuren the =1 <0 1)) =1,
product spac€0, 1]° (defined formally by constraints (4.11)where (4.15) follows from the flow conservation constraint
(4.12), and (4.14) below). Informally, it and B are Borel (4.12), the last equality follows from (4.11), and the others
sets withA lying entirely to the left ofB, then f(B x A)  follow from the definition off;; and the additivity of mea-
is the amount of flow going directly frons into A. Let gyres. Hence, constraint (4.6) is satisfied. The discrete flow

7 = {(z,y) € (0,1]*) : = > y}. Then CDLP is: conservation constraints (4.7) follow directly from the con-
_ tinuous ones (4.12). Finally, constraint (4.13) with= I;
minimize v implies
subject to: )
{1 % (0,1) =1 (4.1 >y o, e
7 0,1]x1;
F(IM 1] x (m, M)) = f((m, M) x (0,m]) (4.12)
Wwem<m<1 & 20 Y [ e (4.16)
Jig>i IixIi
vu(l 2/ y+ax)df(y,x ; ;
p(I) (O’lw( )df(y,x) (4.13) >n Y / (% + a%)df(y,m) (4.17)
VintervalsI C (0,1] gigi it
F(T) = 0. (4.14) =Y G+a)fI; x L) =Y (j+ai)fj,
Jig>t Jig>1

Constraints (4.11) and (4.12) correspond to constraints L .
(4.6) and (4.7) in DLR. Constraint (4.14) says thatis Where (4.16) holds becaugé!/;) = ; andf is supported
supported orf; in other words, all of the flow is moving to®n 7, and (4.17) holds because> & for all z € I; (and
the left. This corresponds to the fact that the flow variagmilarly fory andZ;). u
fji exists in DLR, only whenj > . The interesting
constraint is (4.13), which corresponds to constraint (4'8)fié'a s
DLP,,. We cannot write this constraint in terms of a flow

: . 5 ; |§ continuous and monotone decreasind®n], while 7(-)
de.nsny function or{O,.l] ' bec"’?“se such a depsﬂy may N continuous (and monotone increasing). Thus, we need
exist. In fact, we will later discover an optimal solution

to CDLP where the flow measure is supported on a S%?rry about projecting only solutions of this form.

of Lebesgue measure zero, and hence no Radon-Nikodygiima 4.2. Suppose (s(-),7(-)) is feasible for CLP,

derivative exists, i.e.f cannot be represented by a denSitywhere both functions are continuous an@) is decreasing.
Now that we have formulated the continuous FRLPs, Wet s; = s(i/n), m; = n(i/n), and N,, = S, s;. Then

need to relate them to the finite ones. First we relate CDIQP%% (%)) is a feasible solution for Lp, and its value

Now we relate CLP to LP. Itis easy to show that every
ible solution for CLP is dominated by one in whigh)

to DLP,. approachesr(1) asn — co.

LEMMA 4.1. Fix n, and letI; = (L,Zt1] for j = Proof. The solution((s;), (m;)) is feasible for the triangle

0,...,n — 1. If (f(-),v) is a feasible solution to CDLP,inequality constraints (4.3), because these are simply con-
straints (4.9) restricted ta,y € {0,%,...,2=1}. Di-

4For a thorough primer on Radon-Nikodym derivatives, see [28, Ch. liding by N,, satisfies the normalization constraint (4.4),
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yielding a solution to LR of value 7(“~)/N,,. Since values ofr do notinterfere with the feasibility of. Plugging
monotone functions are Riemann integrable aWg = into (4.18) to solve ford’s constant of proportionality, we

> ;s is just the upper Riemann sum approximation dihd that )
Iy s(x)da = Jio.1) 81 = 1, we haveN,, — 1asn — oc. d(z) = <

Thus, in the limit, our projected primal solution has value v

lim, .o m(2=1)/N,, = m(1), matching the value of our so-and hence the smallest value we can take/fis bta By

lution to CLP. B calculus, we find that the optimal choice fois p(a), which

also impliesy = p(a). We have thus proven:
Now we look for an optimal solution to CDLP. Solving

LP,, numerically for some small values ef(like n = 100) THEOREM4.3. The optimal value of CDLP is at mosta).
suggests that the optimal dual solution is a “leapfrogging

flow.” That is, noden — 1 spreads its unit of out-flow over ~ Applying Lemma 4.1, we get Corollary 4.4, which, by
nodesn — 2,. .., i, for somei, in such a way that constrainithe initial discussion in this section, implies Theorem 2.9.
(4.8) is tight for eachi’ > i. Now, since node. — 2 receives

some flow fromn — 1, it needs to send some flow leftward t&OROLLARY 4.4. For eachn, the optimal value of DLP
satisfy flow conservation. It picks up where nade- 1 left (and, by weak duality, LF) is at mostp(a).

off, first adding flow to nodé until constraint (4.8) is tight
for 4, then possibly letting some flow spill over te- 1. We
then continue propagating flow from node- 3, and so on.

The total flow through each intermediate nodancreases . ) )
asi decreases, because constraint (4.8) is tight for éaciF@lly is optimal for CDLP. However, it tums out that there
s no optimal solution to CLP, so we will instead exhibit a

and the(j + ad) multiplier in this constraint is decreasing]f ) ; ) N
asi decreases (singe > 0, and as decreases, the nodgs amily of solutions with values arbltrarllylclclnse da).

sending flow intoi are decreasing). Thus, aside from node X @nye > 0. Letsc(z) = min(g, o) and N =
n—1, no node spreads its out-flow over more than 2 receivilg se(x) = 1+In 2. Letrc(z) = p(a)In £ —aforz € [¢, 1]
nodes. This suggests that in the limit, each paiim (0,1) andz.(z) = 0 for x € [0,¢). Using the fact that the
has a flow densityl(z) such that the total amount of flowexpression: + z — p(a) In z attains a minimum of zero (at
going through a small intervdl aroundz is approximately z = p(a)), it is easy to verify tha(%7 ’Tj\,(e')) is a feasible
d(x) times the width of, each point: receives all of its flow solution to CLP. This solution has value

density from a single poirfi(x) > x, h(-) is increasing and

(4.21)

We will refer to the flow measure above AS, and will
prove presently that it is indeed optimal. If we could exhibit a
feasible solution to CLP of valyga), it would prove thaff*

1
d(-) isdecreasing. Let; = inf{z : h(z) = 1}. Under these me(l) _ pla)ln g —a — pla) ase — 0.
assumptions, the constraints in CDLP become N. 14 1In %
_ Thus, this family of primal solutions proves that the dual
/@,hm) d@ydp=1 Vo & (0,m) (4-18) solution we exhibited above is indeed optimal. Notice that

ase — 0, the measure induced df, 1] by integratings.
converges to a point mass at 0.

If infinite-dimensional LPs acted like finite-dimensional ) )

ones, then since (4.19) is the constraint corresponding to {{&FOREM4.5. The optimal value of CDLP is exactlya).
primal “variable”s(x) and we expeci(x) > 0 forall z < 1, . .
complementary slackness would imply that (4.19) should pe Goemans and Kleinberg, in effect, proved an upper

tight for all z € (0, 1). However, the strong duality theore thoqnd O]:jp(l) tf)or ll"?” W't? a .; L brl:.t rt]hgy did S? via
does not hold for all infinite-dimensional LPs [1]. In particu- €lr random bucketing aigoritnm, which does not give a
8Iut|on to DLR, [14]. They proved their analysis was

lar, it happens to fail for this one, so we do not actually ne%ght by exhibiting a family of solutions to LP with values

to make (4.19) tight over the entire interval. . . . .
0 make (4.19) tight over the entire interva pproaching(1). Their solution is essentially what one gets

However, it is still good intuition that we should mak .2 . ) .
(4.19) tight wherever we can, and in fact it is easy to do igm projecting our solutios, /,,(-), in the special case when
' a=1.

on (0, hy). If we fix someb > 1 and set

v > (h(z) + ax)d(x) vz € (0,1). (4.19)

We asserted above that no optimal solution to CLP
h(x) = min(bz, 1), (4.20) exists. Here is a sketch of the proof. It is possible to
perturb the solutiorf* to a different flow measurg in such
which impliesh; = %, then (h(z) + az) = (a + b)z a way that(f,v) is still feasible for CDLP (and hence is
on (0, hy), so takingd(z) % makes the RHS of (4.19)still optimal), but such that (4.13) is loose for every interval
constant or{0, h,). It is decreasing fox: € [hq, 1], so those I, although it is tight in the limit for intervals approaching
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0. Suppose there were an optimal solutigit-) to CLP> for general metric spaces has = 2, and appears in

The continuous version of complementary slackness s&fsaudhuri et al. [10], the same paper that gives a 3.59-

that the optimal primal and dual solutions must satispproximation algorithm for the MLP on general metrics.

complementary slackness almost everywhere. But since duafortunately, our method thus givess&@6-approximation

constraint (4.13) is tight nowhere, our hypothetical optim&dr general metrics, which does not improve on the 3.59.

primal solutions*(-) must be zero almost everywhere, whichlowever, just as there are large classes of metrics for which

contradicts (4.10). 6 =1 (i.e., on which PCS is solvable in polynomial time;
In light of this argument, it is logical that the family ofsee Section 8), there may be some intermediate classes of

solutionss. (-) /N, converges to a point mass at zero, becausetrics that admit somg < (1, 1.18), in which case Theo-

the complementary slackness conditions tell us that this is then 5.3 would give an improvement.

only “solution” that would be complementary slack with The basic idea of ou.033-approximation algorithm is

The problem is that this limiting primal “solution” is not into construct as-approximation of the lower stroll envelope,

our domain of feasible solutions. and run the original algorithm using its corner points. To do
Another interesting note is that if we apply the continuhis, we need corresponding primal solutions corresponding

ous analog of the random bucketing algorithm of Goematasthe corner points, and moreover we need them to satisfy

and Kleinberg to the primal solution(-), the flow measure a “tail” property that will allow us to properly bound the

that results matcheg*, except of course of0), 1] x (0,¢].  backtracking cost from step 13 of Algorithm 1. Satisfying
Arora and Karakostas gave a 5.828-approximation algbe tail property will require doing a bit of surgery on the

rithm for the MLP on trees, which involves concatenatingsirolls and some modification of the approximate lower stroll

fixedsequence of trees, the first of which contains more thanvelope to accomodate the surgery.

n/2 nodes [4]. They remarked that this result “seems to go

against the received intuition of ‘visit the nodes closest BEFINITION 5.1. A stroll satisfies then-tail property if,

the start node first' ” [4, p. 1319]. This used to be mystefior each integerz, pruning the lastz nodes in the stroll

ous, but viewing their result through the lens of CDLP no@ecreases the stroll cost by at most

clarifies things. Our optimal dual flow measufé can be ] ) ] o

viewed as a random path that jumps from 1 to a random point Note that any optimal PCS with penaltiéssatisfies

zo € [ﬁﬂ) (with probability densityi(z)), then proceeds the /\—tr?ul property, but this negd not be th'e case for

to make an infinite sequence of further deterministic hof@Proximation strolls. Also, notice that taetail guarantee

T4, s, .., Wherez; = zop(a)~*. CalculatingE[z] gives becoanw]esfsltlron_gerdasge_greases. at v what
o=l Forg =1, E[zo] =~ 0.564. Thus, the first tree cho- € foflowing definition encapsuflates exactly what we

pla)+a _ need from the lower envelope and corresponding corner
sen by our random path would, on average, contain abBHFnt strolls to extend our algorithm

0.436n nodes.

Thus, the random path represented by the flow measgygr v tion 5.2. Given a finite metric spacé/ on a set
f* shares some of the salient aspects of both the adap{ivgy ,, nodes, with root node, we define aranchoreds-
GK random bucketing algorithm and the Arora-Karakostgﬁvebpeto be a piecewise-linear convex functignsuch

fixed concatenation sequence. Like Arora-Karakostas %tf(k) is a lower bound on the minimutm — k)-stroll
unlike GK, our path is oblivious ta. Moreover, the GK (for i = 0,..., (n — 1)), and for each corner point of f

random bucketing algorithm reduces to our path on worgtere exists: "

case inputs. Hence, our non-adaptive random path can be

viewed as a common thread tying together the seemingly an (n — k)-stroll R, with cost at most f(k), and
disparate GK and Arora-Karakostas algorithms.

e R, satisfies thé3\;")-tail property, where-\;" is the

5 MLP approximations from Lagrangian-preserving slope off just to the left of corner poirt.

PCS approximations The strolls R, corresponding to the corner points are
Our Theorem 3.2 can be extended to apply to any me&lledanchoring strollgor the envelopgd .
ric space, with a somewhat weaker approximation guaran-
tee. In particular, Theorem 5.3 shows how to transform any We previously defined,” and ), in terms of the slope
“pinpointable” Lagrangian-preserving-approximation al- of the lower stroll envelope at (Definition 2.13). Our
gorithm for PCS into &.033-approximation for the MLP. redefinition of these symbols inside Definition 5.2 coincides
The best Lagrangian-preserviggapproximation algorithm with the orginal definition wher = 1. Similarly, in

Section 2 we define®), to be the minimur(n — k)-stroll,

" SHere, we are implicitly taking ther function to be the shortest path@/though we actually used only the ones corresponding to
potential corresponding te" (-). corner points of the lower stroll envelope. We can think
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of these as being the anchoring strolls of the anch@gred DEFINITION 5.4. A PCS algorithm.A4 is a Lagrangian-
envelope withd = 1. Viewed in this way, the notation ispreservingG-approximation algorithnif, for every A > 0,
consistent. For the duration of this section, we will re-defirieoutputs a solutiond(\) and a lower boundL B(\) that
R;, A\; and )\j* with respect to the anchore@-envelope satisfy

currently under consideration, rather than the lower stroll
envelope. c(A(N)) + BA(n — [V(AN))I) < BLB(A),  (5.22)

. Notice that we requwi our anchoring stroll at Com?/\r/hereLB()\) is a lower bound on the cost of the optimal
pointk to satisfy only thes A" -tail property, not the stronger : ; :

. k ; PCS solution with penalties.
B, -tail property. In the3 = 1 case, the anchoring stroll
at corner pointk is the optimal PCS for every penalty  Lagrangian-preserving is defined this way because it
parameter i\, , /\z], so it actually satisfies the strongefeads to an analog of Observation 2.10.
A, -tail property. _ . .

If we plot an anchoreg-envelopef on top of Figure 1, OBSERVATION 5.5. Supposed is a Lagrangian-preserving
it would lie on or below the lower stroll envelope, and-approximation algorithm. Let > 0, and LB(\) =
its corner points may have different x-coordinates than thé3(A) + A([V (A(N))| —n). Thenc(A(N)) < BLB(A) and
corner points of the lower stroll envelope. For each corfér all & € {1,...,n},

point of f, the anchoring stroll would appear as a dot with —
the same x-coordinate and whose y-coordinate is within a c(Sk) = LB(A) + Alk = [V(AN))]). (5.23)

factor of 5 of the corner point. Proof. Rearranging (5.22) gives

3.033-approximation algorithm Compute an an-
choreds-lower envelopef and its anchoring strolls. Run c¢(A()\)) < 3(LB(A) + AM([V(A(X))| —n)) = BLB(\),
the 3.03-approximation algorithm from Section 3, usihg ] )
rather than the actual lower stroll envelope, and its anch@fich proves the first part. For the second part, we start with
ing 3-approximate corner point strolls and their costs instefft definitions ofL B(A) and LB(}), then apply Observa-
of the optimal PCSs. tion 2.10:

THEOREM5.3. Given a finite metric spacé/ on a setV’ 2()\) < ¢(S() +Aln = [V(S)])

of n nodes, with root node, for which we can compute LB(A) <c(SON)+A(VAN)| = |V(SV)))

an anchoredg-lower envelope and its anchoring strolls < e(Sk) + A(V(AWN)| = k)

in polynomial time, the previous algorithm gives3@3-

approximation to the MLP. which rearranges to (5.23). |

Proof. If our proof of Theorem 3.2 did not use the structure [N other words, when we rupl with penalties), the
of the PCS at all, then it is easy to see that if we just prete@i@orithm outputs a strolt of some sizel = |V/(5)| and a
the lower bound curve represents our actual stroll codmberLB(}) that is a lower bound on(S;). The stroll.S
then the analysis extends immediately when we multigfy & f-approximatei-stroll, because it is within a factor of
all the costs by3. The only part of the proof that useg’ Of the lower boundZ.B(}). Moreover, the lower bound
the structure of the stroll is the piece where we bound tAB ¢(5:) extends to a lower bound or(Sj) for all k, via
cost of backtracking for non-nested strolls. In that paf,line of slopeX. If we plot the x-coordinate of strolb
we had just finished traversing strdil, for somey > z, as(n — [V(5)]), then the lower bound line has slope\,
and were backtracking along it in preparation for traversidg@logous to the dotted line in Figure 1, but likely lying
stroll Ry ). We used the fact thak, satisfied the\, -tail Strictly below the lower stroll envelope. _
property; if we instead use the weakif-tail property, the ~ Consider what happens td()) as A ranges continu-
proof of Theorem 2.16 goes through as-is. Since we are n@Wply over some interval. For some sub-intervalg)) is
allowing all costs to be blown up by a factor 6f it suffices constant, but at some values Xfthe solution changes. We

for R, to satisfy the3\ -tail property, which is what the rgfer to such_a_l value of as acritical value_. When\ is pre-
anchored3-envelope gives us. g cisely at a critical value\., then the solution returned by

depends on how the algorithm chooses to break ties. If it
Now we discuss how to use Lagrangian-preserving aghooses to always break ties as thoughk \_ (i.e., infin-
proximation algorithms to produce anchorgeenvelopes. itessimally smaller than.), then it will return the solution,
We begin with some definitions. If we have a PCS algoritheignotedA(\; ), corresponding to the interval immediately

A, let A()\) denote the stroll output byt when the penalties to the left of \. on the real number line; it if breaks ties as
are set to\. though\ = AT, then it returns the solution, denoted\.}),

corresponding to the interval immediately to the righfof
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DEFINITION 5.6. With respect to a PCS algorithmd, a
critical value A spansthe intervall[i, j] if |[V(AAT))| =
n —dand |[V(AAT))| = n — j (wherei,j € Z* and
0 <i < j < (n-—1)). The critical value span$ if it
spans some intervék, kr] such thatk;, < k < kg.

Every approximation algorithm must exhibit similar
behavior as\ approaches 0 aro. When\ = 0, the optimal
PCS is just the trivial stroll, spanning only the raotind
having cost zero. Every approximation algorithm must also
produce this zero-cost solution, or else its approximation
ratio would be unbounded. As— oo, every approximation
algorithm must span all nodes, in order to avoid paying even

Cost of stroll S

o

Nodes not spanned by S

a singleX penalty, which would destroy the approximatiogigyre 2: Intervals of lower bounds generated by3a
ratio. Thus, every: € {1,..., (n — 1)} is spanned by somegpn oximate Lagrangian preserving PCS algorithm, along
critical value of). with their corresponding strolls.

DEFINITION 5.7. An algorithm for PCS iginpointableif,
for eachk € {1,...,(n — 1)}, we can find a critical value
of \ that spansk, in polynomial time.

Although it is difficult to imagine a PCS algorithm that
is not pinpointable, since we are treating the Lagrangian-
preserving3-approximate PCS algorithm as a black box, we
need to add pinpointability as another technical condition.
However, we now demonstrate why you get pinpointability
for free, with just about any algorithm you can imagine.

Finding a critical value of\ that spans a givek can
usually be accomplished using either Megiddo’'s paramet-
ric search technique [26], or ordinary binary search in con-
junction with the method of continued fractions (see e.g.,
[30, 17]). Megiddo’s technigue involves running the algo-
rithm with A explicitly treated as a variable. The method
works as long as every comparison involvikgan be writ-
ten as testing the non-negativity of an affine functiomof
This condition is satisfied by every prize-collecting algo-
rithm that we are aware of for any problem (not just PCS al-
gorithms). The method of continued fractions works as long
as we can prove that the critical value we are searching for is
a rational number with denominator at mesty(IZl) where
|Z| is the size of the instance. Again, every prize-collecting
algorithm we have ever met satisfies this condition as well.

Now we are ready for the main technical result of this
section. .

THEOREMS5.8. Given any pinpointables-approximation
algorithm for PCS, we can construct an anchorgdower
envelope and its anchoring strolls in polynomial time.

Proof. We construct the3-lower envelope and the corre-
sponding corner point strolls using the pinpointable PCS al-
gorithm in a black-box fashion.

e For eachk, find a critical A that spans:, along with
corresponding strolls visitingn — kr and n — kg
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nodes with costs:(k;,) and c(kgr) respectively, and
the corresponding lower bounds3; = LB(A*) and
LBr = LB(\™). The two strolls give lower bound
lines of slope—\ going through poin{k, LB;,) and

(kr, LBR), respectively. The lines are parallel, so we
pick the better (higher) one, and we get an interval
[kr,kr] with lower bounds and two corresponding
strolls of size§n — k1) and(n — k) whose costs are
within a factor3 of the lower bounds. If we do this
for all &, we generate a collection of line segments that
cover the line fromD to n becausen — kr, > n — k.
Figure 2 depicts the segments of lower bounds as dotted
lines, marks each segment endpoint by an x, and depicts
each corresponding stroll as a dot directly above its x,
within a g factor vertically.

e Take the lower convex hull of all of these segment

endpoints. Observe that every corner point of the
convex hull is a segment endpoint, and hence has a
corresponding stroll directly above it, within a factor
of 3 in cost. Figure 2 depicts the lower hull as a solid
polyline. At this point, we have all the elements of an
anchored3-envelope, except that our anchoring strolls
may not satisfy the appropriate tail property.

We now move from left to right, amending the strolls
and the lower hull so that the strolls achieve the’ -
tail property. We start with the least corner pofat
strictly to the right of0. Let R, be the corresponding
stroll and letz* be the largest such that pruning
the lastz nodes decreases the cost®f by at least
BAf z. Let the stroll Ry~ be the result of pruning
the lastz* nodes fromR;. Notice thatRy .- satisfies
the ﬁ/\;-tail property, by construction. Plot the point
corresponding to our new stroRy.-. It is z* units
to the right and more tham*3\;" units down from
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ing the latency induced by backtracking aloRg; to
reach the first node iR, ;).

3. Build a graphCGgrr with nodesr; andt; for ¢ =
0,...,k, edges(r;, t(it1)), (tistiiv1))s (ti,r41)) for
i = 0,...,(k — 1), and edge costs?”, cI'T, cI'f
respectively.

Cost of stroll S

4. Find the shortest path inCGgrr from node
ro to the closer oft, or rg, then concatenate
Ry1y, Rp(2), s Ry according to  which edges
were used in the shortest path. If edgg_1),t;) is in
the path, then we traverse, ;) with an RT traversal,
if edge (t;—1),r:) (respectively, (t;_1),t;)), then
after traversingR, ;1) we backtrack until we are at
a node inR,;), and then travers&,;, using the TR
(respectively, TT) traversal.

o

Nodes not spanned by S

Figure 3: Pruning the anchoring strolls to achieve/ﬁh%-
tail property.

the original point(k,c(Ry)). In Figure 3, this is
represented by the dash-dotted line segment point'm
from Ry to Ry, .~. This line should be at leagttimes
as steep as the dotted line (slop@A; vs. slope-A}).

The key to understanding this derandomization is that
2 actual latency of each RT, TR and TT traversal can be cal-
culated, because when we traverse stfRyl; 1), we know
exactly which strolls we have already traversed (namely

e Extend the lower hull to the right of at slope—\;. Rp(1), -5 Rp(i)), and hence we know exa;:tly which nodes
Notice that it will remain within a factor of beta of theStill have not been visited (namely — U;_, V(R,(;)))-
new stroll, and will also still be a valid lower bound! "US: the cost of anyo ~ 7y, 0r ro ~ ¢, path INCGrr is
(because the next segment of the original lower hifecisely the latency of the corresponding tour. This is why
lies strictly above it). Now, recompute the lower hullt is necessary to fix the sequence of strolls first, because

from = + k to the right, and iterate this surgery Ioroce§§herwise we cannot even compute the costs of the arcs in
with the next corner point in the new lower hull. I Grr-
Figure 3, recomputing the lower hull causes the dotted i
segment and the dashed segment to replace the fwoCOmputing the lower stroll envelope for trees
solid segments directly above them. Thigeases to This section deals exclusively with metric spaces that are
be a corner point in the new hull, so the next cornepecified as the shortest path metric on a weighted tree,
point we consider will bg. rooted at node. Lemma 2.11 applies to all graphs of con-
stant treewidth, and we prove the general result in Section 8.
After the last iteration of this surgery process, the rélowever, the algorithm imuchsimpler when the graph is a
sulting lower hull is a anchored-lower envelope, and thetree, so we explain that result separately here.
corresponding corner point strolls are its anchors. | We begin by explaining how to compute the optimal
solution to the related prize-collecting Steiner tree (PCST)
6 Derandomizing the 3.03-approximation algorithm problem on trees. PCST is the same as PCS, except that

In this section, we show how to de-randomize ﬂ‘ié) ~, the requirement on the set of edges we buy i§ that they
3.03-approximation algorithm of Section 3, proving Thedorm a tree, rather than a path. Johnson, Minkoff and

rem 3.3. Phillips [21] observed that the PCST problem on trees can
Deterministic 3.03-Approximation Algorithm Input: P€ solved exactly i (n) time, although they phrased their
A finite metric space\l on setV’ of n vertices. algorithm as .a_“strong prunl'ng" phase to be plugged into the
Goemans-Williamson algorithm for PCST on general metric
1. Run Algorithm 1 on M, with a = % Let spaces[16]. For each noden the tree, leth(v) denote its
Rp1), Rp(2), - - - » Ry be the sequence of strolls it seset of children,e, denote its parent edge (which is null if
lects to concatenate. v = r), andT, denote the subtree rooted«gtconsisting of

v and all of its descendants. For each nodee compute its
2. Let ¢T be the actual latency of th&T traversal networthNW (v) recursively as

of R,i41) after traversing the sequence of strolls

Ry(1ys- -, Rp(s). Similarly, letc!® andc!™ be the la- NW(v) = XA — cle,) + Z NW (u)*, (7.24)

tency for theél’ R andT'T traversals respectively, includ- ueh(v)
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where the superscript denotes the positive part, i.e:f = THEOREM7.2. For trees, the lower stroll envelope and

max(z,0). In words, the net worth of a nodeis the net corresponding corner point strolls can be computed in time

benefit of buying edge, and claiming the\ prize atv, along O(n?).

with the best PCST solution fdf,. If NW (v) > 0, color

the edge, green. The optimal solution is then the connecté@ Shortest path metrics on graphs of constant treewidth

component of green edges that contains In this section, we prove the following two Theorems, which
For the duration of this section, we will think of a strolk,psyme Lemma 2.11.

as being a sequence of edges in the tree, not necessarily

distinct. Alternatively, we can view it as a multiset of edgeBHEOREM8.1. Given a graphG' = (V, Ey) with constant

that admits an Eulerian path. In a tree, such a set of edfjeswidth and\ > 0, we can comput§()), the optimal PCS

has a particularly simple structure: it is a path of edges witith penalties), in O(n) time.

multiplicity one (which we call thébackbone path), plus a

collection of disjoint trees hanging off of this path, each Wi%llo

multiplicity two.

To compute the best PCS, we need to compute two typgseorem 8.2. Given a graphGi = (V; E;) with constant
of net worth for each nodeVWp(v) is the net worth of the treewidth, the lower stroll envelope and corresponding cor-

nOde, given that the tail of the stroll lies m (equivalently, ner point strolls can be Computed in t|m’ﬂ2)
the backbone path includeg, while NWr(v) is the net

worth of the node, given that the tail does not lilin We The proof of Theorem 8.1 will involve a hairy dynamic
can compute these recursively as: program. To define it, we must first review some definitions

regarding treewidth. These are taken directly from Bodlaen-
NWr(v) =X—2c(e,) + »_  NWp(u)™  (7.25) der[9].

Sweeping\ from 0 to co as in Theorem 7.2 gives the
wing Theorem.

ueeh(®) DEFINITION 8.3. A tree decompositiorof a graphG =
NWp() =X —cles) + > NWrp(u)* (V,E) is a pair (T, X) with T = (J, F) a tree andX =
u€ch(v) (7.26) {X;lj € J} afamily of subsets df, such that:
+_ +
+ wgﬁ%ﬁ,)(NWP(w) NWr(w)™) o U, X;=V

h ¢ Foralledges(u,v) € F, 3j € J suchthaw € X; and

For NWr(v), the path of multiplicity 1 does not run throug
w e Xj.

v, SO two copies ofe, must be purchased, whereas for
NWep(v), only one copy need be purchased. Also, the, |f X and X, both contain a vertex € V, thenv € X,

backbone path can run through at most one’sfchildren, forall i € .J on the (unique) path fromito & in 7. That
and then only if it runs through. is, the nodes associated with verteform a connected
To extract the solution, we first color every edgge subset off".

green for whichNWr(v) > 0. Then we perform an iterative

process in which we color some edges red. First we evalubitéhis section we will refer to elements of as nodes and
whether any of the edges coming outrdfasNWp(v) > 0. elements of/ as supernodes.

If so, we letw € ch(r) be thearg max from (7.26), and
color e, red. We then iterate this process, starting at no
w. In this way, we identify a path of red edges. The edges
our final solution, will be those in the connected compon
of r with respect to the union of the red and green edg<9 b

The red edges will form the backbone path of our stroll, aRq,eorem8.5. (BoDLAENDER [8]) For a graphG and a
the green edges will form the doubled trees. This algorith¥Bnstant, there exists a linear time algorithm that outputs

FINITION 8.4. The width of a tree decomposition
¢ F).{X;lj € J}) is max;e; |X;|. Thetreewidthof a
phG is the minimum width over all tree decompositions

gives the following theorem. a tree-decomposition af with treewidth at mosk, if one
THEOREM7.1. The PCS problem on trees can be solved ?r%('StS'
O(n) time, via dynamic programming. To limit the number of recursive cases in our dynamic

» . program for PCS we use an equivalent definition of tree-
One can show that theg max and the positive parts in ye composition that has a more restricted structure.
(7.25) and (7.26) can change at no more tii¥m) break-

points as\ sweeps from 0 teo, and the next breakpoint carDEFINITION 8.6. A nice tree-decompositioris a tree-
always be computed i@(n) time. This implies the follow- decompositiori(J, '), {X,|j € J}), such that each supern-
ing theorem. odesi € J has at most two children and
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o For supernodeg with no children,| X ;| = 1. We also define an interface of a superngdeat gives a
description of a sub-solution gin terms of the way the sub-
solution affects the nodes i;. Specifically, arinterface of
a supernode, denoted (j) is a 3-tuple({ P’}, D, s) where

e For supernodeg with only one childk, either X;
X + {v},v ¢ Xi (j is anaddsupernode) 00(

Xk — {v},v € X, (j is adropsupernode). {P?} C 2% is a partition of the nodes iX;,D : X; —
e For supernodesj with two children, k and I, X; = {0,1,—1} is a function of the nodes of;, ands = {0,1}
X, = X; (j is ajoin supernode). is a bit. BecauseX;| is less than some constant for alithe

number of possible interfaces for eats also bounded by
THEOREM8.7. (BODLAENDER[9]) Given a graph with a constant.
root r and a tree-decompositidfi of widthw, we can find a We say a set of edgds is consistent with interfacg(j)
nice tree-decomposition in linear time with size lineafin if:

width w, and root: such thatX; = {r}. 1. Eis a sub-solution of

We now introduce some notation necessary to descnbs 3

i P! < JapathinE fromu to v,
our dynamic program. Lef); denote the set of nodes uv €< sapahl wtov

contained in the supernodes of the sub-treg¢ lofit not;: 3. We Xj,d,(E) =0« D(v) = —1, otherwised, (E)
mod 2 = D(v),
Dj = U x| -x; 4. if s = 0 thenVu € D;,d,(E) is even.
kedesc(j)

The second item requires that the partitigh'} speci-
wheredesc(j) denotes the descendants of supernpdé v  fies which nodes of(; are connected through paths .

is a node and? an edge set, let,(E) denote the number of The third item requires that the functidn gives the parity
edges inF incident tow. of the degree of any node iX; (or indicates no adjacent

We observe that a set of edges is a tour if the graﬂﬁdes in which case we have -1). And the fourth item re-
induced on those edges is connected and Eulerian (emyes that the bis is an indicator that all other nodes in;
node has even degree). Similarly, a set of edges is a sth@ve even degres = 0) and thus our sub-solution can ex-
starting atr if the induced graph is connected,has odd tend to a tour, or one node i; has odd degree (s 1), and
degree, and all other nodes except one has even dedfues the sub-solution must extend to a stroll. Note that any
Given this observation, we can view a solution to the PG8b-solution ay is consistent with exactly one interface of
simply as a set of edges with these properties. J-

Now, we want to build a PCS using sub-solutions de- We now describe the dynamic program. The dynamic
fined by our tree-decomposition, and we will view these suBrogram will use a nice tree-decomposition of our gréph
solutions also as a set of edges with certain properties. With root &, Xp = {r}. Let Ej denote a set of edges

We say a set of edgds is asub-solution ay if: consistent withl () with minimal cost (there may be no such
edge set). In our dynamic program we have a state for every

1. ¥(u,v) € Eu e Djorve D;orboth, supernodgj, and for each state we will stotg;, ;, for each

2. d,(E) is odd for at most one nodee D, interfacel (j) if it exists.
_ Observe that any set of edges consistent with the root
3. V(u,v) € E'thereis apath from toz € Xj;. supernodeR, Xr = {r}, of the tree-decomposition and

The first item defines what we mean by a sub- soluuon(é}erfacej( ) = ({{Ttl}} 5( )t fth) Iscasstro(l:: thAnd th
j, as it tells us which subset of edges to consider. The secofidr) minimizes exactly objective of the anathusisthe

and third items ensure that the solution will extend to el'[hgpt imal PCS. So when we have fOUEq( ) for all interfaces
a stroll or a tree. we have found the optimal PCS.

Let DISCONN(j, E) denote the set of nodese D, The base case of our recurrence is the set of leaf supern-

for which there exists no path fromto anyv € X; using _oilesf. Ev;erly I?ﬁf no_dbh_?hSXl ~ {Ut}’?l d: 0, so for ?vetry it
only edges in. Now let interfacel (1), there is either no set of edges consistent wi

I(l) or the empty set is consistent, and thus we can compute
TC(j, E) = ¢(E) + A\ DISCONN(j, E)|, these sub-solutions easily. For our recurrence, we consider
all possible ways to raise the solutions for the children to a
that is, TC(j, F) is the total cost (edge plus penalty) of @arent solution as follows:

sub-solutionE’ at supernodg. Observe that the minimum JOIN: Parent j, children k,I. Let &€ =

cost sub-solution of the root supernode is the optimal priz@l(k) () E*(k) U E” We show that any optimal

collecting stroll. sub-solution at nodeg |s an element of. ConS|derE*( )
450 Copyright © by SIAM.
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for somel(j). Any edgee € E}‘(, can be in a sub-solution
of exactly one ofk or [ by definition of a sub-solution and
a tree decomposition. This induces a partitiEp(j) into
Ey, E; where E,. and E; are sub-solutions ak);, and E;
respectively. £y, and E; are each consistent with exactly
one interface of: I*(k) andi: I*(I), respectively. Now,
we claim thatE, = E}‘*(k and £, = Ej. . The cost
of E;(j) is simply the sum of the costs df; and E;, and
El. 4y U ET. ) is consistent withl (j) because the interface

of E7. ) UET. ) is determined completely by the interfaces

of I*(k) and I*(I) (this can be easily verified). Now, to

determine the optimal sub-solutions gt simply find the

minimum cost sub-solution for each interfacejdfom £.
DROP: Parentj, child k£, nodew is added toj. The

argument is similar to the JOIN argument but even simpler,

so we omit it. Optimal solutions fgi are exactly the optimal
solutions fork.

ADD: Parentj, child k, nodew is dropped fromy. Let
€ = Ui, pci(uw)uex,} L1y Y E- We show that any
optimal sub-solution at nodgis an element of. Consider
E;‘(J_) for somelI(j). Any edgee € E}‘(j can be in the
sub-solution ofk or is adjacent tav by definition of a sub-
solution and a tree decomposition. So, #t be the subset
of edges ofE}‘(j) not adjacent tav and letF,, be the set
of edges inE}‘(j) adjacent tow. Fj is consistent with
some interfacé* (k). Now, we claim thatZ, is the optimal
solution for I*(k).
solutions consistent withi* (k) and E,, gives a sub-solution
consistent with/ () as it is easy to verify that the interface

of E, U E,, is determined completely by the interface ofL0]

FE), and the edge sdt,,. Furthermore, the cost CE}“(j) is
c¢(Ey) + TC(k, Ey). Again, to determine the optimal sub-
solutions atj, simply find the minimum cost sub-solution fo
each interface of from &.

We have a constant number of interfaces for each node
(though exponential in our constant treewidth) and each set
& is also constant, so to raise a sub-solution from a chitth
to a parent takes constant time. Our tree decomposition has

O(n) nodes, and thus they dynamic program rungim)

time, albeit with a huge hidden constant. [13]
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