




















For a given choice of n and ¢ let now the set of
vectors VI = {v1,..., v} with £(q) = Q(¢"~1/2)
and v; -v; < 1/n—1/q for any i # j be given. We will
define a unit-demand pricing instance based on these
vectors. Consumer distribution C will be defined as
a finite support distribution. For each v; we define a
consumer type with valuation vector 9; = 27 - v; and
probability p; = 277. Since ||v;|[1 < /nllvjll2 = 1,
vectors from Vi' can also be interpreted as lotteries. We
define lotteries A\; with probability vectors ¢; = v; and
assign them price p; = (1/q) - 2.

Consider the utility «(?;,A;) of consumer type ¥;
when purchasing lottery A;. We may write that

v 65— (1/q) - 2
27(v)* = (1/q) - 2 = (1/n— 1/q)27,
by the fact that ||vj|ls = 1/y/n. On the other hand,

the consumer type’s utility from any other lottery \; is
bounded above by

“(ﬁja )‘j) =

w(,N) =0; - ¢ = (v - v3) 2! < (1/n—1/q)27,

since vj - v; < 1/n —1/q for all vj,v; € Vi'. Thus, given
the lottery system defined above each consumer v; will
choose to purchase lottery A; and we obtain revenue

£(q)

D277 (1/q)- 27 = t(g)/q = Uq" ),

j=1

using that £(q) = Q(¢~Y/2). It remains to estimate
the optimal item pricing revenue. Consider a single item
priced at p € R and all other items priced at +oco. For
2k=1 < p < 2% consumer types 01, ...,0x_1 surely have
valuations of less than p for all items. It follows that
the total probability mass of consumers who are able to
afford the item is bounded above by Zj(:q;)c 277 <27k

and, thus, total revenue is at most p - 27Ft1 < 2. Tt
follows that the optimal item pricing results in revenue
of at most 2n and for any constant n we obtain a lower
bound of Q(¢(™3)/2) on the revenue gap. In particular,
we can make this gap arbitrarily large by choosing a
sufficiently large ¢ in any dimension n > 4. O

4 Results in the Buy-Many Model

As we have argued before, the assumption made in the
buy-one model that a consumer purchases a single util-
ity maximizing lottery from any given system is not jus-
tifiable in general. We now continue by investigating
the more realistic buy-many model, in which we allow
consumers to buy any combination of lotteries maxi-
mizing their expected utility. As we will see in Section
4.1, this reduces the advantage lottery systems have over
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pure item pricings drastically. In particular, this implies
that known inapproximability results for the item pric-
ing problem yield similar bounds in the lottery setting
and algorithmic results similar to the buy-one model
cannot be obtained. In Section 4.2 we prove that our
bound on the revenue gap is asymptotically tight.

4.1 Upper Bound and Hardness of Approxima-
tion Let an arbitrary system of lotteries in the buy-
many model over n distinct items be given. We assume
throughout this section that the utility maximizing col-
lection of lotteries for each consumer type given this
system consists of a single lottery. This assumption is
w.l.o.g., as we can add lotteries corresponding to the
joint distribution of some collection of lotteries to the
system until it holds. The following randomized algo-
rithm turns the lottery system into a pure item pricing:

(1) For each item ¢, let p; be the price of the cheapest
lottery with probability at least 1/(130n?) for item
i (p; = +oo if no such lottery exists).

(2) With probability 1/2, uniformly sample ¢ from
{-1,0,...,3|logn| + 9} and assign price 2'p; to
every item 1.

(3) Else sample a single item ¢ uniformly at random.
Assign price +o0o to all items other than i. Price
item i at 130n3e’p; with probability (1 —1/e)e7
for all 7 € Ny.

The core idea of the algorithm is the following: Ev-
ery lottery with some minimum probability of allocating
some specific item defines an upper bound on the pay-
ment of consumer types prefering this item, since by
buying multiple copies of the lottery at hand they can
make the probability of receiving the desired item ap-
proach 1 exponentially fast. Thus, for each item we let
the cheapest lottery with some minimum probability for
it define its base price and assign a random item price
via a carefully tailored two stage stochastic process. We
are going to argue that the above algorithm outputs an
item pricing that is an expected O(log n)-approximation
to the revenue of an optimal lottery system in the buy-
many model. Note, that the algorithm is easily deran-
domized via exhaustive search over the entire range of
(relevant) random coin flips. Throughout this section
we assume w.l.o.g. that Z?zl ¢; = 1 for every lottery.
This is easily achieved by adding a dummy item valued
at 0 by all consumers to the instance.

THEOREM 4.1. Given a distribution C of unit-demand
consumers and an optimal lottery system in the buy-
many model, the above algorithm returns an item pric-
ing with revenue r > 1/O(logn) - r; (C).
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It is known that the unit-demand item pricing
problem cannot be approximated within O(n®) for some
e > 0 [5]. Thus, we immediately obtain the following
inapproximability result for lottery pricing in the buy-
many model.

COROLLARY 4.1. The wunit-demand lottery pricing
problem in the buy-many model cannot be approximated
within O(n®) for some € > 0, unless NP C ;<

BPTIME(20(™")).

Proof of Theorem 4.1: We will show that in going from
the optimal lottery system to a pure item pricing, the
expected loss in revenue is bounded by O(logn) for
every single consumer type. So let a single consumer
type from C with values (v1,...,v,) be given. Further-
more, assume that this consumer buys a lottery with
probabilities (¢1, ..., ¢,) and price p when offered the
optimal lottery system in the buy-many model. By
j = argmax{v;|i : ¢; > 1/(130n%)} we denote the
consumer’s favorite item among those for which he has
at least a 1/(130n3)-chance of receiving them.

Finally, recall that for every item i, p; denotes the
price of the cheapest lottery that has probability at least
1/(130n3) for item i. We start with the observation
that in any optimal lottery system a consumer’s utility
does not depend significantly on items she receives with
negligible probability.

PRrROPOSITION 4.1. We may assume without loss of gen-
erality that Y7, ¢i(v; —vj) < p/4.

Proof. Let C’ be the set of all consumer types for
which the above does not hold. In particular, for each
consumer type in C’, if we let j again denote her favorite
item with probability at least 1/(130n%) in the lottery
(¢1,...,%n) she buys at price p, there exists an item
k with ¢p(vy —vj) > p/(4n). Let C}, be the set of all
consumer types for which item k satisfies this inequality
and consider a single class C;..

Remove all lotteries except for the ones bought by
consumers in C;. For the remaining lotteries, set their
probabilities for all items other than k to 0 and reduce
their prices by a factor of 8n. Now consider a single
consumer type in C; with values (vi,...,v,) buying
lottery (¢1,...,¢,) at price p in the original lottery
system and favorite item j among those with minimum
probability 1/(130n®). We want to lower bound the
revenue from this consumer given the modified system
of lotteries.

If the consumer purchases the modified version of
the lottery she bought originally, revenue has decreased
by at most a factor of 8n. If she does not, she now buys
some other lottery (or a combination of lotteries) with
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some probability py for item k and price ¢/8n. With
lottery (¢1,...,¢y), the consumer had a chance of at
least 1 — (n —1)/(130n3) > 1 — 1/(130n2) of receiving
an item valued at v; or less. Thus, the marginal utility
of adding a copy of (u1,...,u,) at its original price ¢
would have been p(1 —1/(130n2))(vy, — vj) — g. Since
the consumer chooses not to buy a copy, we have

1
pp | 1— ——= | (vp —vj) —q < 0.
130n? /

We know that ¢rvyp > ¢r (v — vj) > p/(4n) and, thus,
buying the modified version of lottery (¢1,...,¢,) at
price p/(8n) yields utility ¢rvr—p/(8n) > %(Z)kvk. Thus,
it must be the case that uy > ¢r/2. Finally, we obtain

> 1 1 ( )

T = M 13002 ) kY
Ok 1

s Tk - .

Z 5\ 3o ) (k)

L1,
= Bn 130n2 ) V"

Thus, if the consumer purchases at price ¢/8n the
reduction in revenue is bounded below by 1/(64n?)(1 —
1/(130n%)) > 1/(65n%). Now observe that all lotteries
in our modified lottery system have probability at most
1/(130n3). If we multiply both probabilities and prices
of all lotteries by 130n2, the consumer’s utility from
the lottery she currently purchases remains unchanged,
while the utility obtainable by buying any other bundle
of lotteries cannot increase and, thus, this does not
affect the consumer’s buying decision and effectively
increases the revenue from every consumer in C;, by a
factor of (130n?)/(65n?) = 2n compared to the original
optimal lottery system.

Now assume that more than half the revenue of the
original optimal lottery system was due to consumer
types in C’. Then there must exist a class Cj, that carries
more than a 1/(2n)-fraction of the overall revenue,
which we have just shown how to increase by a factor
of 2n, a contradiction. Hence, at most half the revenue
stems from consumer types in C’ and we may ignore
these consumer types. O

Consider the price assignments defined in Step
(2) of the algorithm for different values of ¢ €
{-1,0,...,3|logn] +9}. We know that

Zfﬁi’vi - Z¢i(vi )
i=1 i=1

p 3
> _ = —
Z P 1 4p

’Uj =
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and, thus, for ¢ = —1 the consumer has strictly positive
utility from buying j and will consequently purchase
some item. Denote by iy the item bought for ¢t = —1.
For increasing values of ¢, the consumer might switch
to other items that yield higher utility. Refer to these
items as 41, ...,%¢ in the order they are bought.

Fact 4.1. It holds that p;y, > pi;, > -+
Vig = Uiy =+ * 2 Uy,

> p;, and

Proof. Note that the consumer buys only if this results
in non-negative utility. In going from ¢ to t+1 the utility
from buying any item i decreases by (2!+1 —2!)p; = 2'p;
and, thus, decreases strictly less on cheaper items. It
follows that p;, > pi, > -+ > py,.

Assume then that Di; > Pijq> but v, < v, for
some %;, ¢j4+1. Then buying item ¢;y; yields strictly
higher utility than i; for any value of ¢ and 7; is never
bought. O

We proceed by deriving an upper bound on the
consumer’s utility given the original lottery system. For
t = —1, her utility from the item pricing is at least
vj —pj/2 > v; — p/2, since ¢; > 1/(130n3) and, thus,
p; < p by definition. Since she decides to purchase item
i, it must be the case that v;, > v; — p/2. We may
then write that

n
Z Givi —p =
im1

n
> ilvi—v;) +vi—p
i=1

IN

3 n
v — Zp , since Zqﬁi(vi —v;) < 174)
i=1
p
5

(4.2) Uiy — g , since v; < vy +

Next, we are going to bound the utility the con-
sumer can achieve by focusing on item i, from be-
low. Let (p1,...,41n) be the lottery defining price p;,,
i.e., the cheapest lottery in the original system with
wi, > 1/(130n3). Now consider a strictly worse lottery
with probability exactly 1/(130n3) for item i,, proba-
bility O for all other items and price p;,. Assume that
this was the only available lottery and let k& denote the
number of copies our consumer would choose to pur-
chase. Then, by the fact that the (k + 1)-th copy does
not yield positive marginal utility for her, we may con-
clude that 1/(130n3)(1 — 1/(130n%))*v;, — p;, < 0 and,
thus, (1—1/(130n%))*v;, < 130n%p;,. Consequently, the
utility from buying k copies is at least

(1= ) ) v

(4.3) > max{v” — (k4 130n%)p;, , 0}~
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By the fact that a strictly better lottery was part of the
original lottery system, combining (4.2) and (4.3) yields

n
Vig —2 > ;@w —p
> max{’uil — (k+ 130n3)p” , 0}.
Finally, rearranging for p we obtain
(44) p<4 (Uio —v;, + min{(k +130n3)p;, , i, })

as an upper bound on the price paid by the consumer
given the original lottery system.

We proceed by proving a lower bound on the
expected price paid given the item pricing returned by
our algorithm. We distinguish the following three cases.

Case (1): v;, < (k + 130n®)p;,. Let t; be the
highest value of ¢ in Step (2) of the algorithm at
which the consumer purchases item i;. Observe that
as long as item ¢; is priced at Vi, — Vi, or less it
yields higher utility than item ¢;;;. It follows that
2L p; >, —wv;,,, or, equivalently,

Qtjpij Z (1/2)(1)% — 'Uij+1).

Using that v;, < (k + 130n%)p;, and v;, > 130n3(1 —
1/(130n3))~(+=Dp,, (by the fact that the k-th copy of
the lottery with probability 1/(130n%) for item i, at
price p;, has positive marginal utility), it readily follows
that v;, < 260n%p;,. In particular, this implies that the
range of ¢ in Step (2) of the algorithm includes |logv;, |.
Let now R denote the the price paid by the consumer
given the item pricing and note that Step (2) of the
algorithm is performed with probability 1/2. We have

-1
1 1
E[R] > 3 ( E Prob(t = tj)§(vij — Vi)
Jj=0

2

(-1
I Z(U. —vi.,) 4 v
12|logn| + 44 R "

j=0
1

12[logn] + 44"

+Prob(t = |log v, J)%>

Y

Case (2): v;, > (k+ 130n3)p;,, k < 130n3 + 2n. In
this case we know that [logk + 130n3| lies within the
range of ¢ in Step (2) of the algorithm. Similar to Case
(1) above we obtain

E[R] > !

(v, — v, + (k + 130n° )
_12UognJ+44(U0 vi + (k + n)pie
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Case (3): v, > (k + 130n%)p;,, k > 13003 +
2n. Once more, recall that our consumer has positive
marginal utility from buying the k-th copy of a lottery
that offers a 1/(130n?®)-chance of receiving item i, at
price p;,. Thus,

Vi, >

1 \-(=1)
- 130n3) Pic

9 112003 _
~ 130n3€k2 130n lpi

130n3(1

VR

where the above holds with arbitrary precision for large
values of n. Let A;, denote the event that the algorithm
chooses to perform the random experiment in Step (3)
and picks item i, to assign a price different from +oo to.
For the expected payment of our consumer conditioned
on A;, we have

E[R[ A,
k—130n%—1 1 ‘ 4
> Z (1 — 5)6_313071363171-[
7=0
3 1 3
— (k—130n )(1 - E)lson i,
1
= (nk+ (1300 — n)k — 1302n6)(1 - E)pw
1
> (1 - —)nk:pié.
e
Finally, since event A;, has probability 1/(2n), we
obtain
1 [ 1
E[R] > 3 ZPTOb(tth)a(Uij—Uz‘Hl)
7=0
1
+o-EIR| A
1 e—1
> (v, — Uy —kp;
= To[logn] £ aa o Vi) ¥ 5k
1

— Vi, — v k + 130n3)p; )
12|logn| + 44 (U o = Vie (k4 130n7)p;,

So we have that E[R] = 1/O(logn)-p in each case, which
finishes the proof. O

4.2 A Lower Bound Finally, we will show that the
bound derived in the previous section is tight. In fact, it
turns out that this is even true for the restricted case of
consumers with uniform valuations. This is somewhat
surprising, as this distinction is quite significant in the
buy-one model, as we have seen before.

THEOREM 4.2. For all n there exist uniform-valuation
consumer distributions C with r3 (C)/r*(C) = Q(logn).

Proof of Theorem 4.2: Let n € N be prime and P denote
the set of all distinct polynomials of degree 2 over the
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field Z/nZ. We identify each polynomial P € P with
the set

Sp = {(0,P(0)),...,(n—1,P(n—1))} C (Z/nZ)".

Observe that |P| = n® and |Sp| =n, |Sp N Sg| < 2 for
all P #£ @ € P by the fact that polynomials of maximum
degree 2 over Z/nZ for n prime have at most 2 zeroes.

We define a random pricing instance based on these
polynomials as follows. The set of items corresponds
to the elements of (Z/nZ)?. Let k = |logn|. For
each P € P we define a corresponding class Cp of 2+~7
identical consumers with a non-zero value vp = 29=* for
the items in Sp, where j is drawn uniformly at random
from {1,...,k}. Let C = |JpCp denote the complete
instance.

The proof of the lower bound proceeds in two
steps. We first argue that with non-zero probability our
random experiment creates a pricing instance on which
every pure item pricing yields revenue O(n3/logn).
We then show that for every instance created by the
experiment we can find a lottery system that yields
revenue (n?).

LEMMA 4.1. Let C be a random pricing instance as
defined above. It holds that r*(C) = O(n3/logn) with
positive probability.

Proof. Let p be a price vector resulting in revenue 7 on
some instance created by our random experiment. Then
there must exist another price vector p’ that assigns only
prices from {2'=% 22=F 201 and makes revenue at
least r/2 by sales to consumers buying at a price equal to
their value. To see this, note that it is w.l.o.g. to assume
that prices are powers of 2 and as long as more than half
the revenue generated by a price vector p comes from
consumers buying at a price no more than half their
values, we can increase revenue by doubling all prices.
Since the identical consumers in each class Cp contribute
a total revenue of 1 if they buy at their full values,
we only need to prove that with positive probability
no price vector extracts the full value of consumers in
more than O(n3/logn) different classes Cp.

Consider a fixed price vector p and let 7} denote
the set of items priced at 29=% for j = 1,...,k. By B;
we denote the set of consumer classes with a non-zero
value for at least one item in 7 and value zero for all
items in 71, ...,T;_1, formally,

B, = {Cr|SpNT; #@}\(U&).

A set Cp € B; of consumers yields revenue 1 if and
only if their random value is vp = 27k TLet random
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variable Y; denote the number of consumer classes in
B; that pay their full values given price vector p. We
will bound Y; in two steps. If |B;| < n?/(logn)?,
then it trivially holds that Y; < |B;| < n®/(logn)?.
If |Bj| > n®/(logn)?, let X% be a random indicator
variable with Xf; = 1if vp = 227F and ng =0
else. Thus, Prob(X} = 1) = 1/k. It follows that
Y, = ZP:Cpij X}, and E[Y;] = 1|B;|. Applying the
Chernoff bound [14] and using that |B;| > n®/(logn)?
and k < logn we obtain

9~ 1Bjl

IN

Prob <Y] > %|B]|)

S 2*6(1&;” )3

Thus, Y; < max{n3/(logn)?,12|B;|/(logn)} with prob-

n 3
ability at least 1-275(win) . Lety = Zj Y;. Applying
the union bound yields

k k 3
n 12|B-|>
Vv = Y; < + 2
j; ! ;((logn)Q logn
I ) o Y IR )
~ (logn)? logn ~ logn

n 3
with probability at least 1 — 2_5(m) . Finally, observe
2 . . .
that there are at most k™ different price vectors with
prices in {2'7% ... 20} Applying the union bound
once again the probability that any of these extracts
full values from more than 13n3/logn consumer classes

n \3
is at most (log n)”2275(1°g_‘") <1formn>2. O

LEMMA 4.2. Let C be any pricing instance as defined
above. It holds that v (C) = Q(n?).

Proof. We construct a system of lotteries as follows. For
every consumer class Cp with value vp for items in set
Sp, we introduce a lottery ¢p with probability 1/n for
each of the items in Sp at price vp/2. A consumer
from class Cp has utility vp — (1/2)vp = (1/2)vp from
purchasing lottery ¢p. By the fact that |Sp N Sg| < 2
for all @ # P, any other lottery ¢g has probability of
at most 2/n of allocating an item in set Sp. We also
know that, since & < logn, we have vg > 2 Fyp >
(1/n)vp and, thus, a consumer from Cp has utility at
most (2/n)vp — (1/2)vg < (2/n)vp — (1/(2n))vp =
(3/(2n))vp. Since the same bounds the marginal utility
of any lottery other than ¢p being bought in addition to
some other set of lotteries, it follows that consumers in
Cp either purchase lottery ¢p at price vp/2 or some set
of at least ((1/2)vp)/((3/(2n))vp) = (1/3)n lotteries
at price at least (1/n)vp each, resulting in overall

601

revenue at least (1/3)vp from each of these consumers.
Summing over all classes Cp and the consumers in each
class yields overall revenue of (1/3)n?. O
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A Vector Packing

LEMMA 3.1 Let n > 1 be given.

there exists a set Vg of vectors in SIL/J:/—, such that
v-w < 1/n—1/q for all v,w € Vi with v # w and
Vil = Qg 172).

For every q > 2n

Proof. For vectors v,w € S1/f we may write that

Y 2 2) _
v w—Z(v +w?® — (v —w) = 2||v
Consequently, the condition that v-w < 1/n — 1/q

for all v,w € V' is equivalent to asking that a ball

of radius /2/q around the tip of any vector from Vo
does not contain the tip of any of the other vectors. For
the remainder of this proof we will associate vectors in
V, with n-dimensional balls of radius \/% centered at
their tips.
We construct the set Vi' by the following simple
st
1/v/n
that is not covered by previously selected balls, we
choose it as the center of a new ball of radius /2 / q.
We now have to lower bound the number of vectors
found in this fashion. When the procedure terminates,
it must be the case that S;L/Jr Vo is completely covered by
the selected balls. Choose any € > 0. By B}’ we denote
the n-dimensional ball of radius r centered at the origin,
B its part in the all-positive orthant. If we increase
the radius of all balls chosen by our packing procedure
by 5\/7 , we know that they completely cover the set

greedy approach. While there exists a point in

n+

_ Bt
1/v/n+eq/2/q 1/vn—e\/2/q’
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2/q
The n-dimensional Lebesgue measure of

as all points in this set are at distance at most e

n-+
from S1/\/_

this set is

A (BT/J:/E%E\/% N BT/JF\/E—E\/%)
= 27 ((V1/n+=v2/a)"
~(V/ T = /20" )\ BY),

where A (B7") denotes the measure of the n-dimensional
unit ball. Similarly, each ball of radius (14 ¢)+/2/q has

o ((+e)v2/a) A (BY),

and it follows that the number of balls selected by our
procedure is at least

(T e/ )~ (=)
(1 +¢)v/29)"
2o\ /27g-n (Vifn—ev/2a)
((1+¢)v2q)"
. 2g-n (- )/im)"
- (1 +¢)v2q9)"
n (- ovim)"

_ (n—1)/2 _ (n—1)/2
- (1 I E)n2(3n_3)/2 q - Q(q )a

2—ntlg

where the first inequality follows by lower-bounding the
difference between the two terms of the numerator by
2¢+/(2/q) times the derivative of the convex function

2™ in y/1/n—e4/2/q and the second inequality uses the

fact that \/2/q < \/1/n. O
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