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Abstract
We consider the problem of approximating a setP of n points
in Rd by a j-dimensional subspace under the`p measure, in
which we wish to minimize the sum of`p distances from each
point ofP to this subspace. More generally, theFq(`p)-subspace
approximation problem asks for aj-subspace that minimizes the
sum of qth powers of`p-distances to this subspace, up to a
multiplicative factor of(1 + ε).

We develop techniques for subspace approximation, regres-
sion, and matrix approximation that can be used to deal with
massive data sets in high dimensional spaces. In particular, we
develop coresets and sketches, i.e. small space representations
that approximate the input point setP with respect to the sub-
space approximation problem. Our results are:
• A dimensionality reduction method that can be applied to

Fq(`p)-clustering and shape fitting problems, such as those
in [8, 15].

• The first strong coreset forF1(`2)-subspace approximation
in high-dimensional spaces, i.e. of size polynomial in the
dimension of the space. This coreset approximates the
distances to anyj-subspace (not just the optimal one).

• A (1 + ε)-approximation algorithm for thej-dimensional
F1(`2)-subspace approximation problem with running
timend(j/ε)O(1) + (n + d)2poly(j/ε).

• A streaming algorithm that maintains a coreset for the
F1(`2)-subspace approximation problem and uses a space

of d

(
2
√

log n

ε2

)poly(j)

(weighted) points.

• Streaming algorithms for the above problems with
bounded precision in the turnstile model, i.e, when coor-
dinates appear in an arbitrary order and undergo multiple
updates. We show that bounded precision can lead to fur-
ther improvements. We extend results of [7] for approx-
imate linear regression, distances to subspace approxima-
tion, and optimal rank-japproximation, to error measures
other than the Frobenius norm.

1 Introduction

The analysis of high-dimensional massive data sets is an
important task in data mining, machine learning, statistics
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and clustering. Typical applications include: pattern
recognition in computer vision and image processing, bio-
informatics, internet traffic analysis, web spam detection,
and classification of text documents. In these applications,
we often have to process huge data sets that do not fit into
main memory. In order to process these very large data
sets, we require streaming algorithms that read the data in
a single pass and use only a small amount of memory. In
other situations, data is collected in a distributed way, and
shall be analyzed centrally. In this case, we need to find
a way to send a small summary of the data that contains
enough information to solve the problem at hand.

The second problem one has to overcome is the
dimensionality of the data. High-dimensional data sets are
often hard to analyze, and at the same time many data sets
have low intrinsic dimension. Therefore, a basic task in
data analysis is to find a low dimensional space, such that
most input points are close to it. A well-known approach
to this problem is principle component analysis (PCA)
which, for a given set ofn points ind-dimensional space,
computes a linearj-dimensional subspace, such that the
sum of squared distances to this subspace is minimized.
Since this subspace is given by certain eigenvectors of the
corresponding covariance matrix, one can compute it in
O(min{nd2, dn2}) time.

However, for massive data sets this computation may
already be too slow. Therefore, the problem of approx-
imating this problem in linear time has been studied in
the standard and in the streaming model of computation.
Depending on the problem, it is also interesting to study
other error measures, like the sum of`p-distances to the
subspace or, more generally, the sum ofqth powers of̀ p-
distances, and other related problems like linear regres-
sion [8] or low-rank matrix approximation [12].

For example, an advantage of the sum of distances
measure is its robustness in the presence of outliers when
compared to sum of non squared distances measure. How-
ever, unlike for the sum of squared errors, no closed for-
mula exists for the optimal solution, even for the case of
j = 1 (a line) in three-dimensional space [20].

In this extended abstract we mainly focus on the
problem of approximating the optimalj-dimensional sub-

630 Copyright © by SIAM. 
Unauthorized reproduction of this article is prohibited.



space with respect to sum of distances. That is, we are
given a setP of n points with the objective to find aj-
spaceC that minimizes cost(P,C) =

∑
p∈P minc∈C ‖p−

c‖2. We call this problem theF1(`2)-subspace approxi-
mation problem. Most of our results generalize (in a non-
trivial way) to Fq(`p)-subspace approximations. Details
will be given in the full version of this paper. As dis-
cussed above, we are interested in developing algorithms
for huge high-dimensional point sets. In this case we need
to find small representations of the data that approximate
the original data, which allows us to solve the problem in
a distributed setting or for a data stream.

In this paper, we develop such representations and
apply them to develop new approximation and streaming
algorithms for subspace approximation. In particular, we
developstrong coresetsandsketches, where the coresets
apply to the case of unbounded and the sketches to
bounded precision arithmetic.

A strong coreset[1, 16] is a small weighted set of
points such that foreveryj-subspace ofRd, the cost of
the coreset is approximately the same as the cost of the
original point set. In contrary, weak coresets [14, 12, 9]
are useful only for approximating the optimal solution.
One of the benefits of strong coresets is that they are
closed under the union operation, which is, for example,
desirable in a distributed scenario as sketched below.

Application scenarios. For an application of core-
sets and/or sketches, consider the following scenario. We
are aggregating data at a set of clients and we would like
to analyze it at a central server by first reducing its di-
mensionality via subspace approximation, projecting the
data on the subspace and then clustering the projected
points. Using such a client-server architecture, it is typ-
ically not feasible to send all data to the central server.
Instead, we can compute coresets of the data at the clients
and collect them centrally. Then we solve the subspace
approximation problem on the union of the coresets and
send the computed subspace to all clients. Each client
projects the points on the subspace and computes a core-
set for the clustering problem. Again, this coreset is sent
to the server and the clustering problem is solved.

Specific applications for thej-subspace approxima-
tion problems, include the well known “Latent Seman-
tic Analysis” technique for text mining applications, the
PageRank algorithm in the context of web search, or the
Eigenvector centrality measure in the field of social net-
work analysis (see [12, 9] and the references therein).

These problems also motivate the turnstile streaming
model that is defined below, which is useful when new
words (in latent semantic analysis) or new connections
between nodes (in social network analysis) are updated
over time, rather than just the insertion or deletion of

entire documents and nodes.
Results and relation to previous work.

• We develop a dimensionality reduction method that
can be applied toFq(`p)-clustering and shape fitting
problems [15]. For example, the cluster centers can
be point sets, subspaces, or circles.

• We obtain the first strong coreset forF1(`p)-
subspace approximation in high-dimensional spaces,
i.e. of sizedjO(j2) · ε−2 · logn (weighted) points.
Previously, only a strong coreset construction with
an exponential dependence on the dimension of the
input space was known [11]. Other previous re-
search [9, 25, 10, 15] in this area constructed so-
called weak coresets. A weak coreset is a small setA

of points such that the span ofA contains a(1 + ε)-
approximation to the optimalj-subspace. The au-
thors [9, 10, 15] show how to find a weak coreset
for sum of squared distances, and in [10] Deshpande
and Varadarajan obtain a weak coreset for sum ofqth
power of distances. All of these algorithms are in fact
poly(j, ε−1)-pass streaming algorithms.

• Our next result is an improved(1+ε)-approximation
algorithm for thej-dimensional subspace approxi-
mation problem under the measure of sum of dis-
tances. The running time of our algorithm is
nd(j/ε)O(1) + (n + d)2(j/ε)O(1)). This improves
upon the previously best result ofnd2(j/ε)O(1)

[25,
10].

• We then show that one can maintain a coreset
in a data stream storing̃O(d( j2O(

√
log n)

ε2 )poly(j))
(weighted) points. From this coreset we can extract
a (1 + ε)-approximation to the optimal subspace ap-
proximation problem. We remark that we do not
have a bound on the time required to extract the sub-
space from the data points. Previously, no1-pass
streaming algorithm for this problem was known, ex-
cept for the case of theF2(`2) objective function [7].

• We also study bounded precision in the turnstile
model, i.e., when coordinates are represented with
O(log(nd)) bits and encode, w.l.o.g., integers from
−(nd)O(1) to (nd)O(1). The coordinates appear
in an arbitrary order and undergo multiple updates.
Bounded precision is a practical assumption, and us-
ing it now we can extract a(1 + ε)-approximation
to the optimalj-space in a data stream in polynomial
time for fixedj/ε. Along the way we extend the re-
sults of [7] for linear regression, distance to subspace
approximation, and best rank-japproximation, to er-
ror measures other than the Frobenius norm.
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Techniques. In order to obtain the strong coreset, we
first develop a dimensionality reduction technique for sub-
space approximation. The main idea of the dimensionality
reduction is to project the points onto a low-dimensional
subspace and approximate thedifferencebetween the pro-
jected points and the original point set. In order to do
so, we need to introduce points with negative weights in
the coreset. While this technique only gives an additive
error, we remark that for many applications this additive
error can be directly translated into a multiplicative er-
ror with respect to cost(P,C). The non-uniform sampling
technique we are using to estimate the difference between
the projected points and the original point set is similar to
that in previous work [9, 10, 14, 25].

Although we apply the dimensionality reduction here
in the context of subspaces, we remark that this technique
can be easily generalized. In fact, we can replace the
subspace by any closed set on which we can efficiently
project points. For example, we can easily extend the
dimensionality reduction method to geometric clustering
problems where the centers are low dimensional objects.
We can also use the technique for any problem where we
are trying to minimize the sum of distances to manifolds
[3, 4] (if the projection on the manifold is well-defined),
which might, for example, occur in the context of kernel
methods [3, 4, 21].

In order to obtain a strong coreset, we apply our
dimensionality reduction recursively using the fact that,
for a setP of points that are contained in an(i + 1)-
subspace ofRd, a coreset fori-subspaces is also a coreset
for j-subspaces,1 ≤ j ≤ d. This recursion is applied
until i = 0 and the points project to the origin. This
way, we obtain a small weighted sample setS of size
O(log(1/δ) · jO(j2)/ε2) in O(ndj2 + |S|) time, such that
for an arbitrary queryj-subspaceC, we have(1 − ε) ·
cost(P,C)≤ cost(S,C)≤ (1+ε) ·cost(P,C). This result
is then used to construct a strong coreset by showing that
the approximation guarantee holds simultaneously for all
solutions from a certain grid near the input points.

Using the (standard) merge-and-reduce technique [1,
16] we use our coresets to obtain a streaming algorithm.
However, we remark that the use of negatively weighted
points leads to some technical complications that do not
allow us to get down to logO(1) n space.

With bounded precision, we use space-efficient
sketches of̀ p-distances, a search over grid points, and
a lower bound on the singular values ofA to approximate
the `p-regression problem in low dimensions in a data
stream . A consequence is that we can efficiently approx-
imate the sum ofq-th powers of`p-distances, denoted
Fq(`p), to any fixedj-subspace. We then approximate
the optimalj-subspace forFq(`2) distances,1 ≤ q ≤ 2,

using a structural result of Shyamalkumar and Varadara-
jan [24] that proves that a(1 + ε)-approximate solution
is spanned byr = O(j/ε) rows (points) ofA. That is,
there are two matricesB andC of sizej × r andr × n,
respectively, such that the columns ofB · C · A span a
(1 + ε)-approximate solution. It is not clear how to find
these matrices in the streaming model, but we can use al-
gebraic methods together with bounded precision to limit
the number of candidates. We can test candidates offline
using the linearity of our sketch.

1.1 Preliminaries A weighted pointis a pointr ∈ Rd

that is associated with a weightw(r) ∈ R. We consider an
(unweighted) pointr ∈ Rd as having a weight of one. The
(Euclidean) distance of a pointr ∈ Rd to a set (usually,
subspace)C ⊆ Rd is dist(r, C) := infc∈C ‖r − c‖2. The
set C is called acenter. For a closed setC, we define
proj(r, C) to be the closest point tor in C, if it exists,
where ties are broken arbitrarily. We further define the
weight of proj(r, C)asw(proj(r, C)) = w(r). Similarly,
proj(P,C) = {proj(r, C) | r ∈ P}. We let cost(P,C) =∑

r∈P w(r) · dist(r, C) be the weighted sum of distances
from the points ofP to C. Note that points with negative
weights are also assigned to their closest (and not farthest)
point r ∈ C.

For a specific class of centersC we can now define
the Fq(`p)-clustering problem as the problem to mini-
mize

∑
r∈P infc∈C ‖r − c‖q

p. For example, ifC is the
collection of sets ofk points fromRd, then theF1(`2)-
clustering problem is the standardk-median problem with
Euclidean distances, and theF2(`2)-clustering problem is
thek-means problem.

One specific variant of clustering that we are focusing
on is thej-subspace approximation problemwith F1(`p)
objective function. The termj-subspaceis used to abbre-
viatej-dimensional linear subspace ofRd.

Given a setP of n points in Rd, the j-subspace
approximation problem withF1(`p) objective function is
to find aj-dimensional subspaceC of Rd that minimizes
cost(P,C).

DEFINITION 1.1. (CORESET[1, 16]) Let P be a
weighted point set inRd, and ε > 0. A weighted
set of pointsQ is called a strong ε-coreset for the
j-dimensional subspace approximation problem, if for
every linearj-dimensional subspaceC of Rd, we have

(1 − ε) · cost(P,C)≤ cost(Q,C)≤ (1 + ε) · cost(P,C) .

2 Dimensionality Reduction for Clustering Problems

In this section we present our first result, a general dimen-
sionality reduction technique for problems that involve
sums of distances as a quality measure. Our result is that
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for an arbitrary fixed subsetC ⊆ Rd, cost(P,C)can be
approximated by a small weighted sample and the projec-
tion of P onto a low dimensional subspace. This result
can be immediately applied to obtain a dimensionality re-
duction method for a large class of clustering problems,
where the cluster centers are objects contained in low-
dimensional spaces. Examples include:k-median clus-
tering, subspace approximation under`1-error, variants
of projective clustering and more specialized problems
where cluster centers are, for example, discs or curved
surfaces.

For these type of problems, we suggest an algorithm
that computes a low dimensional weighted point setQ

such that, with probability at least1 − δ, for any fixed
query centerC, cost(Q,C) approximates cost(P,C)to
within a factor of1± ε. The algorithm is a generalization
of a technique developed in [14] to compute coresets for
thek-means clustering problem.

The main new idea that allows us to handle any type
of low dimensional center is the use of points that are as-
sociated with negative weights. To obtain this result, we
first define a randomized algorithm DIM REDUCTION; see
the figure below. For a given (low-dimensional) subspace
C∗ and a parameterε > 0, the algorithm DIM REDUC-
TION computes a weighted point setQ, such that most of
the points ofQ lie on C∗, and for any fixed query center
C we haveE[cost(Q,C)] = cost(P,C), i.e., cost(Q,C)
is an unbiased estimator of the cost ofC with respect to
P. Then we show that, with probability at least1 − δ, the
estimator has an additive error of at mostε · cost(P,C∗).

DIM REDUCTION (P,C∗, δ, ε)

1. Pickr =
⌈

2 lg(2/δ)
ε2

⌉
pointss1, . . . , sr i.i.d. from

P, s.t. eachp ∈ P is chosen with probability

Pr[p] =
dist(p,C∗)

cost
(
P,C∗

) .
2. Fori← 1 to r do

w(si)← 1

r · Pr[si]

3. Return the multisetQ = proj(P,C∗) ∪
{s1, . . . , sr} ∪ {proj(s−

1 , C∗), . . . , proj(s−
r , C∗)},

wheres−
i is the pointsi with weight−w(si).

We can then apply this result to low dimensional clus-
tering problems in two steps. First, we observe that, if
each center is a low dimensional object, i.e. is contained
in a low dimensionalj-subspace, thenk centers are con-
tained in a(kj)-subspace and so clustering them is at least
as expensive as cost(P,C′), whereC ′ is a (kj)-subspace

that minimizes cost(P,C′). Thus, if we compute anα-
approximationC∗ for the (kj)-dimensional subspace ap-
proximation problem, and replaceε byε/α, we obtain the
result outlined above.

Analysis of Algorithm D IM REDUCTION . Let us
fix an arbitrary setC. Our first step will be the following
technical lemma that shows that cost(Q,C)is an unbiased
estimator for cost(P,C). LetXi denote the random
variable for the sum of contributions of the sample points
si and proj(s−i , C) to C, i.e.

Xi = w(si) · dist(si, C) + w(s−
i ) · dist(proj(s−

i , C))

= w(si) ·
(
dist(si, C) − dist(proj(si, C

∗), C)
)
.

LEMMA 2.1. Let P be a set of points inRd. Let ε > 0,
0 < δ ≤ 1, andQ be the weighted set that is returned by
the randomized algorithmDIM REDUCTION(P,C∗, δ, ε).
ThenE[cost(Q,C)] =cost(P,C) .

Proof. We have

E[Xi]

=
∑
p∈P

Pr[p] ·w(p)
(
dist(p,C) − dist(proj(p,C∗), C)

)
=
∑
p∈P

1

r

1

Pr[p]
· Pr[p]

(
dist(p,C) − dist(proj(p,C∗), C)

)
=

1

r
·
(
cost(P,C) −cost(proj(P,C∗), C)

)
.

By linearity of expectation we have

E[

r∑
i=1

Xi] = cost(P,C) −cost(proj(P,C∗), C) .

Since algorithm DIM REDUCTIONcomputes the union of
proj(P,C∗) and the pointssi ands−

i , we obtain

E[cost(Q,C)] = cost(proj(P,C∗), C) + E[

r∑
i=1

Xi]

= cost(P,C).

The lemma follows. ut

Our next step is to show that cost(Q,C)is sharply
concentrated about its mean.

THEOREM 2.1. Let P be a set ofn points in Rd, and
let C∗ be a j-subspace. Let0 < δ, ε ≤ 1, and Q be
the weighted point set that is returned by the algorithm
DIM REDUCTION(P,C∗, δ, ε). Then for a fixed query set
C ⊆ Rd we have
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|cost
(
P,C) − cost

(
Q,C)| ≤ ε · cost(P,C∗),

with probability at least1 − δ. Moreover, only

r = O

(
log(1/δ)

ε2

)
points ofQ are not contained inproj(P,C∗). This algo-
rithm runs inO(ndj + r) time.

Proof. Let P = {p1, . . . , pn} be a set ofn points inRd.
We first prove the concentration bound and then discuss
the running time.

In order to apply Chernoff-Hoeffding bounds [2] we
need to determine the range of valuesXi can attain. By
the triangle inequality we have

dist(si, C) ≤ dist(si, C
∗) + dist(proj(si, C

∗), C)

and

dist(proj(si, C
∗), C) ≤ dist(si, C) + dist(si, C

∗).

This implies

|dist(si, C) − dist(proj(si, C
∗), C)| ≤ dist(si, C

∗).

We then have

|Xi| =
∣∣w(si) ·

(
dist(si, C) − dist(proj(si, C

∗), C)
)∣∣

≤ w(si) · dist(si, C
∗) =

cost(P,C∗)
r

.

Thus,−cost(P,C∗)/r ≤ Xi ≤ cost(P,C∗)/r. Using ad-
ditive Chernoff-Hoeffding bounds [2] the result follows.

In order to achieve the stated running time, we pro-
ceed as follows. We first compute inO(ndj) time for
each pointp ∈ P its distance dist(p,C∗) to C∗ and store
it. This can easily be done by first computing an orthonor-
mal basis ofC∗. We sum these distances in order to obtain
cost(P,C∗) in O(n) time. From this we can also compute
Pr[p] andw(p) for eachp ∈ P, in O(n) overall time. We
let P be the array of probabilitiesp1, . . . , pn. It is well
known that one can obtain a set ofr samples according to
a distribution given as a length-narray inO(n + r) time,
see [26]. ut

3 From Dimensionality Reduction to Adaptive
Sampling

In this section we show how to use Theorem 2.1 to obtain
a small weighted setS that, with probability at least1−δ,
approximates the cost to an arbitrary fixedj-subspace.
The first step of the algorithm is to apply our dimension-
ality reduction procedure with aj-subspaceC∗

j that is,
with probability at least2/3 an O(jj+1)-approximation

to the optimalj-dimensional linear subspace with respect
to the `1-error. The success probability can be ampli-
fied to1 − δ in time O(ndj log(1/δ)). Such an approxi-
mation can be computed inO(ndj) time using the algo-
rithm APPROXIMATEVOLUMESAMPLING by Deshpande
and Varadarajan [10]. Once we have projected all the
points onC∗

j , we apply the same procedure using a(j−1)-
dimensional linear subspaceC∗

j−1. We continue this pro-
cess until all the points are projected onto a0-dimensional
linear subspace, i.e. the origin. As we will see, this pro-
cedure can be used to approximate the cost of a fixedj-
subspaceC.

ADAPTIVESAMPLING (P, j, δ, ε)

1. Pj+1 ← P.

2. For i = j Downto 0

(a) C∗
i ← APPROXIMATEVOLUMESAM -

PLING(Pi+1, i).

(b) Qi ← DIM REDUCTION(Pi+1, C∗
i , δ, ε).

(c) Pi ← proj(Pi+1, C∗
i ).

(d) Si ← Qi \ Pi, whereSi consists of the
positively and negatively weighted sample
points.

3. ReturnS =
⋃j

i=0 Si.

Note that P0 is the origin, and so cost(P0, C) = 0

for any j-subspaceC. Let C∗
i be an arbitrary but fixed

sequence of linear subspaces as used in the algorithm.

THEOREM 3.1. Let P be a set ofn points in Rd, and
ε ′, δ ′ > 0. Let C be an arbitraryj-dimensional linear
subspace. If we call algorithmADAPTIVESAMPLING

with the parametersδ = O(δ ′/(j + 1)) andε = ε ′/jc·j
2

for a large enough constantc, then we get

(1 − ε ′) · cost(P,C)≤ cost(S,C)

≤ (1 + ε ′) · cost(P,C),

with probability at least1 − δ ′. The running time of the
algorithm is

O(ndj(j + log(1/δ)) +
jO(j2) log(1/δ′)

ε ′2
.

Proof. Let C be an arbitraryj-subspace. We split the
proof of Theorem 3.1 into two parts. The first and easy
part is to show that cost(S,C)is an unbiased estimator
of cost(P,C). The hard part is to prove that cost(S,C)is
sharply concentrated.
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We can apply Lemma 2.1 withC∗ = C∗
i to obtain

that for any1 ≤ i ≤ j we haveE[cost(Qi, C)] =
cost(Pi+1, C) and hence

E[cost(Si, C)] = cost(Pi+1, C) − cost(Pi, C) .

Therefore,

E[cost(S,C)] =

j∑
i=0

E[cost(Si, C)]

= cost(Pj+1, C) − cost(P0, C)

= cost(P,C) ,

where the last equality follows fromPj+1 = P andP0

being a set ofn points at the origin.
Now we show that cost(S,C)is sharply concentrated.

We have∣∣E[cost(S,C)] −cost(S,C)
∣∣

≤
j∑

i=0

∣∣E[cost(Si, C)] − cost(Si, C)
∣∣ .

The following observation was used in [11] forj = 1, and
generalized later in [13].

LEMMA 3.1. LetC be aj-subspace, andL be an(i + 1)-
subspace, such thati + 1 ≤ j. Then there exists ani-
subspaceCi, and a constant0 < νL ≤ 1, such that for
anyp ∈ L we havedist(p,C) = νL · dist(p,Ci) .

Let 0 ≤ i ≤ j. By substitutingL = Span{Pi+1} in
Lemma 3.1, there is ani-subspaceCi and a constantνL,
such that∣∣E[cost(Si, C)] − cost(Si, C)

∣∣
=
∣∣cost(Pi+1, C) − cost(Pi, C) − cost(Si, C)

∣∣
= νL · |cost(Pi+1, Ci) − cost(Pi, Ci) − cost(Si, Ci)|

= νL · |cost(Pi+1, Ci) − cost(Qi, Ci)| .

Here, the second equality follows from the fact that the
solution computed by approximate volume sampling is
spanned by input points and soPi ⊆ Span{Pi+1}. We
apply Theorem 2.1 withC = Ci andC∗ = C∗

i to obtain

|cost(Pi+1, Ci) − cost(Qi, Ci)| ≤ ε · cost(Pi+1, C∗
i ),

with probability at least1 − δ. By our choice ofC∗
i , we

also have

cost(Pi+1, C∗
i ) ≤ O(ii+1) · cost(Pi+1, Ci).

Combining the last three inequalities yields

|E[cost(Si, C)] − cost(Si, C)|

≤ νL · ε · cost(Pi+1, C∗
i )

≤ O(νL · ε · ii+1) · cost(Pi+1, Ci)

= O(ε · ii+1) · cost(Pi+1, C) ,

with probability at least1 − δ. Hence,∣∣E[cost(S,C)] −cost(S,C)
∣∣

≤ O

(
j−1∑
i=0

ε · ii+1

)
· cost(Pi+1, C),

with probability at least1− j ·δ. Therefore, for our choice
of δ andε, a simple induction gives∣∣E[cost(S,C)] −cost(S,C)

∣∣ ≤ ε · jO(j2) · cost(P,C)

with probability at least1− j ·δ. Further, the running time
is proven as in the proof of Theorem 2.1. ut

4 Coresets

In order to construct a coreset, we only have to run
algorithm ADAPTIVESAMPLING using small enoughδ.
One can computeδ by discretizing the space near the
input points using a sufficiently fine grid. Then snapping
a given subspace to the nearest grid points will not change
the cost of the subspace significantly. If a subspace does
not intersect the space near the input points, its cost will
be high and the overall error can be easily charged.

THEOREM 4.1. LetP denote a set ofn points inRd, j ≥
0, and1 > ε ′, δ ′ > 0, d ≤ n. LetQ be the weighted set
that is returned by the algorithmADAPTIVESAMPLING

with the parametersδ = 1
j · δ ′/(10nd)10dj and ε =

ε ′/(j + 1)c ′·j2

for a large enough constantc. Then,
with probability at least1 − δ ′ − 1/n2, Q is a strong
ε-coreset. The size of the coreset in terms of the number
of (weighted) points saved is

O(djO(j2) · ε ′−2 logn).

First we prove some auxiliary lemmata.

LEMMA 4.1. Let P be a set of points in a subspaceA of
Rd. LetM,ε > 0, M > ε, and letG ⊆ A be such that
for everyc ∈ A, if dist(c, P) ≤ 2M thendist(c,G) ≤ ε/2.
Let C ⊆ A be a1-subspace (i.e, a line that intersects the
origin of Rd), such thatdist(p,C) ≤ M for everyp ∈ P.
Then there is a1-subspaceD that is spanned by a point
in G, such that,

|dist(p,C) − dist(p,D)| ≤ ε for everyp ∈ P.

Proof. Let g be a point such that the angle between the
lines C and Span{g} is minimized overg ∈ G. Let
D = Span{g}, andp ∈ P. We prove the lemma using
the following case analysis:(i) dist(p,D) ≥ dist(p,C),
and(ii) dist(p,D) < dist(p,C).
(i) dist(p,D) ≥ dist(p,C): Let c = proj(p,C). We
have dist(c, P) ≤ ‖c − p‖ = dist(p,C) ≤ M. By the
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assumption of the lemma, we thus have dist(c,G) ≤ ε.
By the construction ofD, we also have dist(c,D) ≤
dist(c,G). Combining the last two inequalities yields
dist(c,D) ≤ ε. Hence

dist(p,D) ≤ ‖p − c‖+ dist(c,D) ≤ dist(p,C) + ε.

(ii) dist(p,D) < dist(p,C): Let q = proj(p,D), and
q ′ = proj(q, C). We can assume that dist(q, q ′) > ε

since otherwise by the triangle inequality, dist(p,C) ≤
dist(p, q)+dist(q, q ′) ≤ dist(p,D)+ε, and we are done.

Define` = q+q ′

2 and` ′ = `/ ‖`‖2. Now consider the
point r = ` + ε

2 ` ′. We claim thatr has distance fromC
andD more thanε/2. Assume, this is not the case. Then
C (the proof forD is identical) intersects a ballB with
centerr and radiusε/2. Let r ′ be an intersection point of
C with B. Let r ′′ be the projection ofr ′ on the span ofr.
Since,B has radiusε/2, we have that dist(r ′′, r ′) ≤ ε/2.
However, the intercept theorem implies that dist(r ′′, r ′) >

ε/2, a contradiction. To finish the proof, we observe
that dist(p, r) ≤ dist(p, q) + dist(q, `) + dist(`, r) ≤
dist(p,C) + ε ≤ M + ε. UsingM > ε the assumption of
lemma implies dist(r,G) < ε/2, but dist(r, C) > ε/2 and
dist(r,D) > ε/2, which means there is a grid pointg ′ for
which ∠(Span{g ′} , C) < ∠(Span{g} , C), contradicting
the choice ofg. ut

LEMMA 4.2. Let P be a set ofn points in Rd, and
M,ε > 0, M > ε. Let G ⊆ Rd be such that for every
c ∈ Rd, if dist(c, P) ≤ 2M thendist(c,G) ≤ ε/2. LetC
be aj-subspace, such thatdist(p,C) ≤ M − (j − 1)ε for
everyp ∈ P. Then there is aj-subspaceD that is spanned
by j points fromG, such that

|dist(p,C) − dist(p,D)| ≤ jε for everyp ∈ P.

Proof. The proof is by induction onj. The base case of
j = 1 is furnished by substitutingA = Rd in Lemma 4.1.
We now give a proof for the casej ≥ 2. Let e1, · · · , ej

denote a set of orthogonal unit vectors onC. Let C⊥

be the orthogonal complement of the subspace that is
spanned bye1, · · · , ej−1. Finally, fix p ∈ P. The
key observation is that for anyj-subspaceT in Rd that
containse1, · · · , ej−1, we have

dist(p, T) = dist(proj(p,C⊥), proj(T, C⊥)).

Note that for such aj-subspaceT , proj(T, C⊥) is a 1-
subspace.

Let P ′ = proj(P,C⊥), and letc ′ ∈ C⊥ be such that
dist(c ′, P ′) ≤ 2M. Hence, there is a pointq ′ ∈ P ′ such
that

(4.1) ‖q ′ − c ′‖ = dist(c ′, P ′) ≤ 2M.

Let q ∈ P be such that proj(q,C⊥) = q ′. Let c ∈ Rd

be such that proj(c, C⊥) = c ′ and‖c − c ′‖ = ‖q − q ′‖.
Hence,

‖q − c‖ =

√
‖q − c ′‖2

− ‖c ′ − c‖2

=

√
‖q − c ′‖2

− ‖q ′ − q‖2
= ‖q ′ − c ′‖ .

By (4.1) and the last equation,‖q − c‖ ≤ 2M, i.e,
dist(c, P) ≤ ‖q − c‖ ≤ 2M. Using the assumption of
this lemma, we thus have dist(c,G) ≤ ε/2, so, clearly
dist
(
c ′, proj(G, C⊥)

)
≤ ε/2.

From the previous paragraph, we conclude that
for every c ′ ∈ C⊥, if dist(c ′, P ′) ≤ 2M then
dist
(
c ′, proj(G, C⊥)

)
≤ ε/2. Clearly, we also have

dist(proj(p,C⊥), proj(C,C⊥)) = dist(p,C) ≤ M. Us-
ing this, we apply Lemma 4.1 while replacingA with C⊥,
P with P ′, C with proj(C,C⊥) andG with proj(G, C⊥).

We obtain that there is a1-subspaceD ⊆ C⊥ that is
spanned by a point from proj(G, C⊥), such that

|dist
(
proj(p,C⊥), proj(C,C⊥)

)
− dist

(
proj(p,C⊥), D

)
| ≤ ε.

Since dist
(
proj(p,C⊥), proj(C,C⊥)

)
= dist(p,C) by the

definition ofC⊥, the last two inequalities imply

|dist(p,C) − dist
(
proj(p,C⊥), D

)
| ≤ ε.(4.2)

Let E be thej-subspace ofRd that is spanned byD
ande1, · · · , ej−1. Let D⊥ be the(d − 1)-subspace that
is the orthogonal complement ofD in Rd. SinceD ⊆ E,
we have that proj(E,D⊥) is a(j−1)-subspace ofRd. We
thus have

dist(proj(p,C⊥), D) = dist(proj(p,D⊥), proj(E,D⊥))

= dist(p, E).

(4.3)

Using (4.2), with the assumption of this lemma that
dist(p,C) ≤ M − (j − 1)ε, yields

dist(proj(p,C⊥), D) ≤ dist(p,C) + ε

≤ M − (j − 2)ε.

By the last inequality and (4.3), we get

(4.4) dist(proj(p,D⊥), proj(E,D⊥)) ≤ M − (j − 2)ε.

For P ′ = proj(P,D⊥) and c ′ ∈ D⊥, we have that if
dist(c ′, P ′) ≤ 2M then dist(c ′, proj(G, D⊥) ≤ ε/2. This
can be proved similarly to the caseP ′ = proj(P,C⊥)
that was already proven. Using this and (4.4), we apply
this lemma inductively withC as proj(E,D⊥), G as
proj(G, D⊥) and P as proj(P,D⊥), to obtain a(j −
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1)-subspaceF that is spanned byj − 1 points from
proj(G, D⊥), such that|dist(proj(p,D⊥), proj(E,D⊥)) −
dist(proj(P,D⊥), F)| ≤ (j − 1)ε. Hence,

|dist(p, E) − dist(proj(p,D⊥), F)| =

|dist(proj(p,D⊥), proj(E,D⊥)) − dist(proj(p,D⊥), F)|

≤ (j − 1)ε.

(4.5)

Let R be thej-subspace ofRd that is spanned byD
andF. Hence,R is spanned byj points ofG. We have

|dist(p,C) − dist(p, R)|

= |dist(p,C) − dist(proj(p,D⊥), F)|

≤ |dist(p,C) − dist(p, E)|

+ |dist(p, E) − dist(proj(p,D⊥), F)|.

By (4.3), we have dist(p, E) = dist(proj(p,C⊥), D).
Together with the previous inequality, we obtain

|dist(p,C) − dist(p, R)|

≤ |dist(p,C) − dist(proj(p,C⊥), D)|

+ |dist(p, E) − dist(proj(p,D⊥), F)|.

Combining (4.2) and (4.5) in the last inequality proves the
lemma. ut

NET (P,M, ε)

1. G← ∅.

2. For eachp ∈ P Do

(a) Gp ← vertex set of ad-dimensional grid
that is centered atp. The side length of the
grid is 2M, and the side length of each cell
is ε/(2

√
d).

(b) G← G ∪Gp.

3. Return G.

LEMMA 4.3. Let 0 < ε, δ ′ < 1, and P be a set
of n points in Rd with d ≤ n. Let C∗ be a j-
subspace, andQ be the weighted set that is returned
by the algorithmDIM REDUCTION with the parameter
δ = δ ′/(10nd)10jd. Then, with probability at least
1 − δ ′ − 1/n2, for everyj-subspaceC ⊆ Rd we have
(simultaneously)

|cost
(
P,C)−cost

(
Q,C)| ≤ ε ·cost(P,C∗)+ε ·cost(P,C).

The following two propositions prove the lemma.

PROPOSITION4.1. For everyj-subspaceC of Rd such
that

cost(P,C)> 2cost(P,C∗)/ε,

we have

|cost(P,C) −cost(Q,C)|≤ ε · cost(P,C).

Proof. Let C be aj-subspace such that

cost(P,C)> 2cost(P,C∗)/ε.

Let S = Q \ proj(P,C∗). Hence,

|cost(P,C) −cost(Q,C)|

= |cost(P,C) −cost(proj(P,C∗), C) − cost(S,C)|

≤ |cost(P,C) −cost(proj(P,C∗), C)| + |cost(S,C)|.

(4.6)

We now bound each term in the right hand side
of (4.6).

Let si denote theith point ofS, 1 ≤ i ≤ |S|. By the
triangle inequality,

|dist(si, C) − dist(proj(si, C
∗), C)| ≤ dist(si, C

∗),

for every1 ≤ i ≤ |S|. Hence,

|cost(S,C)|

=

∣∣∣∣∣∣
∑

1≤i≤|S|

w(si)(dist(si, C) − dist(proj(si, C
∗), C))

∣∣∣∣∣∣
≤
∑

1≤i≤|S|

w(si)|dist(si, C
∗)| = cost(P,C∗).

Similarly,

|cost(P,C) −cost(proj(P,C∗), C)|

=

∣∣∣∣∣∣
∑
p∈P

dist(p,C) −
∑
p∈P

dist(proj(p,C∗), C)

∣∣∣∣∣∣
≤
∑
p∈P

dist(p,C∗)

= cost(P,C∗).

Combining the last two inequalities in (4.6) yields

|cost(P,C) −cost(Q,C)|

≤ |cost(P,C) −cost(proj(P,C∗), C)| + |cost(S,C)|

≤ 2cost(P,C∗) ≤ ε · cost(P,C).

ut

637 Copyright © by SIAM. 
Unauthorized reproduction of this article is prohibited.



PROPOSITION4.2. Let 0 < ε < 1 and d ≤ n. With
probability at least

1 − δ ′ − 1/n2,

for everyj-subspaceC such that

cost(P,C)≤ 2cost(P,C∗)/ε,

we have (simultaneously)

|cost(P,C) −cost(Q,C)|≤ ε · cost(P,C) +εcost(P,C∗).

Proof. Let G denote the set that is returned by the
algorithm NET(P ∪ proj(P,C∗),M, ε ′), where M =
10cost(P,C∗)/ε, andε ′ = εcost(P,C∗)/n10. Note that
G is used only for the proof of this proposition.

By Theorem 2.1, for a fixed centerD ∈ G we have

|cost(P,D) −cost(Q,D)|

≤ ε · cost(P,D)

≤ ε · cost(P,C) +ε · |cost(P,C) −cost(P,D)|,

(4.7)

with probability at least

1 − δ ≥ 1 −
δ ′

(10nd)10jd
≥ 1 −

δ ′

|G|j
.

Using the union bound, (4.7) holds simultaneously
for every j-subspaceD that is spanned byj points from
G, with probability at least1 − δ ′.

Let p ∈ P. By the assumption of this claim, we have

dist(p,C) ≤ cost(P,C)≤ 2cost(P,C∗)/ε,

and also

dist(proj(p,C∗), C)

≤ ‖proj(p,C∗) − p‖+ dist(p,C)

≤ dist(p,C∗) +
2cost(P,C∗)

ε

≤ 3cost(P,C∗)
ε

.

By the last two inequalities, for everyp ∈ P ∪
proj(P,C∗) we have

dist(p,C) ≤ 3cost(P,C∗)
ε

≤ 10cost(P,C∗)
ε

−
cost(P,C∗)

ε

≤ M − (j − 1)ε ′,

where in the last derivation we used the assumptionj ≤
d ≤ n and0 ≤ ε ≤ 1. By the construction ofG, for
everyc ∈ Rd, if dist(c, P) ≤ 2M, then dist(c,G) ≤ ε ′/2.
Using this, applying Lemma 4.2 withP ∪ proj(P,C∗)

yields that there is aj-subspaceD that is spanned byj
points fromG, such that

|dist(p,C) − dist(p,D)| ≤ j · ε ′,

for everyp ∈ P ∪ proj(P,C∗). Using the last equation
with (4.7) yields

|cost(P,C) −cost(Q,C)|

≤ |cost(P,C) −cost(P,D)|+ |cost(P,D) −cost(Q,D)|

+ |cost(Q,D) −cost(Q,C)|

≤ (1 + ε)|cost(P,C) −cost(P,D)|+ εcost(P,C)

+ |cost(Q,D) −cost(Q,C)|

≤ εcost(P,C)

+ 3
∑

p∈P∪Q

|w(p)| · |dist(p,C) − dist(p,D)|

≤ εcost(P,C) +3jε ′
∑

p∈P∪Q

|w(p)|,

(4.8)

with probability at least1 − δ ′.
Let s ∈ S be such thatw(s) > 0. By the construction

of S, we have

dist(s, C∗) ≥ cost(P,C∗)/(n2|S|)

with probability at least1 − 1/(n2|S|). Hence, with
probability at least1 − 1/n2, for everys ∈ S we have

|w(s)| =
cost(P,C∗)

|S|dist(s, C∗)
≤ n2.

Combining the last two equations with (4.8) yields

|cost(P,C) −cost(Q,C)|

≤ εcost(P,C) +3jε ′
∑

p∈P∪Q

|w(p)|

≤ εcost(P,C) +εcost(P,C∗),

with probability at least1 − 1/n2 − δ ′, as desired. ut

Proof. [of Theorem 4.1] LetPi, Si, Qi and C∗
i de-

note the set that are defined in theith iteration of
ADAPTIVESAMPLING, for every0 ≤ i ≤ j. For every
i, 0 ≤ i ≤ j, we have|Si| = O(log(1/δ)/ε2). Hence,

|Q| =
⋃

0≤i≤j

Si = O

(
j log(1/δ)

ε2

)

≤ jO(j2) · log(1/δ′)

ε ′2
.

This bounds the size ofQ. For the correctness, let0 ≤
i ≤ j.
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Fix 0 ≤ i ≤ j. By the previous lemma and our
choice ofδ, we conclude that, with probability at least
1 − δ ′/j − 1/n2, for any j-subspaceC we have for our
choice ofε (assumingc ′ large enough)

|cost(Pi+1, C) − cost(Qi, C)|

≤ εcost(Pi+1, C) + εcost(Pi+1, C∗
i )

≤ O(
ε ′

jj+1
)cost(Pi+1, C) + O(

ε ′

jj+1
)cost(Pi+1, C∗

i ).

By construction ofC∗
i , we have

cost(Pi+1, C∗
i ) ≤ O(jj+1) min

C ′
cost(Pi+1, C ′)

≤ O(jj+1)cost(Pi+1, C).

Combining the last two inequalities yields

|cost(Pi+1, C)−cost(Qi, C)| ≤ O(
ε ′

jj+1
) ·cost(Pi+1, C),

with probability at least1 − δ ′/j − 1/n2.
Summing the last equation over all thej iterations of

ADAPTIVESAMPLING yields

|cost(P,C) −cost(Q,C)|

= |cost(P,C) −
⋃

0≤i≤j

cost(Si, C)|

≤ |
∑

0≤i≤j

(
cost(Pi+1, C) − cost(Pi, C) − cost(Si, C)

)
|

= |
∑

0≤i≤j

(
cost(Pi+1, C) − cost(Qi, C)

)
|

≤
∑

0≤i≤j

|cost(Pi+1, C) − cost(Qi, C)|

≤ O(
ε ′

jj+1
)
∑

0≤i≤j

cost(Pi+1, C),

with probability at least1 − δ ′ − 1/n2.
By Lemma 3.1, there is ani-subspaceCi and a

constant0 < νL ≤ 1, such that for anyp ∈ L we
have dist(p,C) = νL · dist(p,Ci). Hence,|cost(Pi, C) −
cost(Pi+1, C)| = νL · |cost(Pi, Ci) − cost(Pi+1, Ci)|. We
thus have

cost(Pi, C)

≤ cost(Pi+1, C) + cost(Pi, C) − cost(Pi+1, C)

≤ cost(Pi+1, C) + |cost(Pi, C) − cost(Pi+1, C)|

= cost(Pi+1, C) + νL · |cost(Pi, Ci) − cost(Pi+1, Ci)|

≤ cost(Pi+1, C) + νL · cost(Pi+1, C∗
i )

≤ cost(Pi+1, C) + νL ·O(ii+1) · cost(Pi+1, Ci)

= cost(Pi+1, C) + O(ii+1) · cost(Pi+1, C)

= O(ii+1) · cost(Pi+1, C)

Hence,

cost(Pi+1, C) ≤ O(jj+1)cost(P,C)

for every0 ≤ i ≤ j.
Combining the last inequalities together yields,

Pr[|cost(P,C) −cost(Q,C)|≤ ε ′cost(P,C)]

≥ 1 − δ ′ − 1/n2.

ut

5 Subspace Approximation

In this section we show how to construct in

O(nd · poly(j/ε) + (n+ d) · 2poly(j/ε))

time, a small setC of candidate solutions (i.e.,j-
subspaces) such thatC contains a(1+ε/3)-approximation
to the subspace approximation problem, i.e., for the point
set P, one of the j-subspaces inC is a (1 + ε/3)-
approximation to the optimalj-subspace. Given such a
candidate setC, we run the algorithm ADAPTIVESAM -
PLING with parametersδ/|C| and ε/6. By the union
bound it follows that everyC ∈ C is approximated by
a factor of(1 ± ε/6) with probability at least1 − δ. It
follows that the cost of the optimal candidate solution in
C is a1 + O(ε)-approximation to the cost of the optimal
j-subspace of the original set of pointsP.

The intuition behind the algorithm and the anal-
ysis. The first step of the algorithm is to invoke approx-
imate volume sampling due to Deshpande and Varadara-
jan [10] to obtain inO(nd · poly(j/ε)) time, anÕ(j4 +
(j/ε)3)-dimensional subspaceA that contains a(1+ε/6)-
approximationj-subspace. We useC0 to denote a linear
j-dimensional subspace ofA with

cost(P,C0) ≤ (1 + ε/6) ·Opt.

Our candidate setC will consist of subspaces ofA.
Then the algorithm proceeds inj phases. In phasei,
the algorithm computes a setGi of points in A. We
defineG≤i =

⋃
1≤l≤i Gl. The algorithm maintains, with

probability at least1− i·δ
j , the invariant thati points from

G≤i span ani-subspaceHi such that there exists another
j-subspaceCi, Hi ⊆ Ci ⊆ A, with

cost(P,Ci) ≤ (1 + ε/6) · (1 + γ)i ·Opt

≤ (1 + ε/3) ·Opt,

where Opt is the cost of an optimal subspace (not neces-
sarily contained inA) andγ = ε/(12j) is an approxima-
tion parameter. The candidate setC would be the spans of
everyj points fromG≤j.
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Notation Meaning

C Theset of candidate solutions (i.e.,j-subspaces)
A Thepoly(j/ε)-subspace that contains a(1 + ε/6)-approximation
Opt Thecost of an optimal subspace (not necessarily contained inA)
Ci A j-subspacewhich is a(1 + γ)i-approximation to the optimalj-subspace ofP
Hi An i-subspacewhich is the span ofi points fromG≤i whereHi ⊆ Ci

H⊥
i Theorthogonal complement of the linear subspaceHi in Rd

C∗
i Theprojection ofCi onH⊥

i

Ni {p ∈ Pi+1 : dist(p,Ci) ≤ 2 · cost(P,Ci) · Pr[p]}

rl A point inNi ⊆ H⊥
i that hasPr[rl] > 0

q in case1 proj(rl, C
∗
i )

q in case2 A point inC∗
i ∩ B(proj(rl, C

∗
i ), 5 ·Opt · Pr[rl], A ∩H⊥

i ) s.t. dist(q, 0) ≥ 5 ·Opt · Pr[rl]

q ′ A point inN (rl, 10 ·Opt · Pr[rl], A ∩H⊥
i , γ/20) s.t dist(q, q ′) ≤ γ

2 ·Opt · Pr[rl]

` Span{q}

` ′ Span{q ′}

C⊥
i Theorthogonal complement of` in Ci

Li Theorthogonal complement ofC⊥
i in Rd

Ci+1 A j-subspacewhich is the span ofC⊥
i and` ′

N (p, R,A, γ) A γ-netof a ballB(p, R,A) in the subspaceA with radiusR centered atp

Table 1: Notation in Section 5.

5.1 The algorithm. In the following, we present our
algorithm to compute the candidate set. We useH⊥

i to
denote the orthogonal complement of a linear subspace
Hi in Rd. We useN (p, R,A, γ) to denote aγ-net of a
ball B(p, R,A) in the subspaceA with radiusR centered
at p, i.e. a set of points such that for every pointt ∈
B(p, R,A) there exists a pointq in N (p, R,A, γ) with
dist(t, q) ≤ γR. It is easy to see that aγ-net of a ball
B(p, R,A) of sizeO(

√
d ′/γd ′

) (See[2]) exists, where
d ′ is the dimension ofA. The input to the algorithm
is the point setP ′ = proj(P,A) in the spaceA, an i-
dimensional linear subspaceHi and the parametersi and
γ. The algorithm is invoked withi = 0 and Hi = 0

andj being the dimension of the subspace that is sought.
Notice that the algorithm can be carried out in the space
A sinceHi ⊆ A and so the projection ofP ′ to H⊥

i will
be insideA. Note, that although the algorithm doesn’t
know the cost Opt of an optimal solution, it is easy
to compute the cost of anO(jj+1)-approximation using
approximate volume sampling. From this approximation
we can generateO(j log j) guesses for Opt, one of which
includes a constant factor approximation.

CANDIDATESET (P ′, Hi, i, j, γ)

1. if i = j then return Hi.

2. Pi+1 ← proj(P′, H⊥
i ).

3. Samples = dlog(j/δ)e points r1, . . . , rs i.i.d.
from Pi+1 s.t. eachp ∈ Pi+1 is chosen with
probability
Pr[p] = dist(p, 0)/

∑
q∈Pi+1

dist(q, 0)

4. Gi+1 ←⋃s
l=1N (rl, 10 ·Opt · Pr[rl], A ∩H⊥

i , γ/20).

5. return
⋃

q∈Gi+1

CANDIDATE SET(P ′, Span{Hi ∪ q} , i + 1, j, γ).

5.2 Invariant of algorithm CANDIDATE SET. We will
prove that the algorithm satisfies the following lemma.

LEMMA 5.1. Let Ci ⊆ A be a subspace that contains
Hi. Assume thatCi is a (1 + γ)i-approximation to the
optimal j-subspace ofP. Then, with probability at least
1 − δ/j, there is aj-subspaceCi+1 ⊆ A containingHi

and a point fromGi+1, such thatCi+1 is a (1 + γ)i+1

approximation to the optimalj-subspace ofP.

Once the lemma is proved, we can apply it induc-
tively to show that with probability at least1 − δ we have
a subspaceCj that is spanned byj points fromG≤j and

640 Copyright © by SIAM. 
Unauthorized reproduction of this article is prohibited.



that has

cost(P,Cj) ≤ (1 + γ)j · cost(P,C0)

≤ (1 + ε/6) · (1 + γ)j ·Opt

≤ (1 + ε/6) · (1 + ε/12) ·Opt

≤ (1 + ε/3) ·Opt.

The running time of the algorithm is dominated by the
projections in line 2,j of which are carried out for each
element of the candidate set. Since the inputP ′ to
the algorithm is in the subspaceA, its running time is
n · 2poly(j/ε). To initialize the algorithm, we have to
compute spaceA and project all points onA. This can
be done inO(nd · poly(j/ε)) time [10].

Finally, we run algorithm ADAPTIVESAMPLING to
approximate the cost for every candidate solution gener-
ated by algorithm CANDIDATE SET. For each candidate
solution, we have to project all points on its span. This
can be done inO(d · 2poly(j/ε)) time, since the number of
candidate solutions is2poly(j/ε) and the size of the sam-
ple is poly(j/ε). Thus we can summarize the result in
the following theorem settingδ = 1/6 in the approximate
volume sampling and in our algorithm.

THEOREM 5.1. Let P be a set ofn points in Rd, 0 <

ε < 1 and1 ≤ j ≤ d. A (1 + ε)-approximation for the
j-subspace approximation problem can be computed, with
probability at least2/3, in time

O(nd · poly(j/ε) + (n+ d) · 2poly(j/ε)).

5.3 Overview of the proof of Lemma 5.1.The basic
idea of the proof follows earlier results of [25]. We
show that by sampling with probability proportional to
the distance from the origin, we can find a pointp

whose distance to the optimal solution is only a constant
factor more than the weighted average distance (where
the weighting is done according to the distance from the
origin). If we then consider a ball with radius a constant
times the average weighted distance and that is centered at
p, then this ball must intersect the projection of the current
spaceCi solution onH⊥

i . If we now place a fine enough
net on this ball, then there must be a pointq of this net
that is close to the projection. We can then define a certain
rotation of the current subspace to containq to obtain the
new subspaceCi+1. This rotation increases the cost only
slightly andCi+1 contains Span{Hi ∪ {q}}.

5.4 The complete proof of Lemma 5.1.We assume
that there is aj-subspaceCi, Hi ⊆ Ci ⊆ A, with

cost(P,Ci) ≤ (1 + γ)i · cost(P,C0)

≤ (1 + ε/3) ·Opt.

We useC∗
i to denote the projection ofCi on H⊥

i . Note
thatC∗

i hasj − i dimensions asHi ⊆ Ci. The idea is to
find a pointq from Gi+1 ⊆ H⊥

i ∩ A such that we can
rotateC∗

i in a certain way to containq and this rotation
will not change the cost with respect toP significantly.
Let

Ni = {p ∈ Pi+1 : dist(p,Ci) ≤ 2 · cost(P,Ci) · Pr[p]}.

Ni contains all points that are close to the subspaceCi,
where closeness is defined relative to the distance from
the origin. We will first show that by sampling points with
probability proportional to their distance from the origin,
we are likely to find a point fromNi.

PROPOSITION5.1.

Pr[∃rl, 1 ≤ l ≤ s : rl ∈ Ni] ≥ 1 − δ/j .

Proof. We first prove by contradiction that the probability
to sample a point fromNi is at least1/2. Assume that∑

p∈Pi+1\Ni

Pr[p] > 1/2.

Observe that cost(P,Ci) ≥ cost(P′, Ci) since Ci ⊆
A and P ′ = proj(P,A). Further, cost(P′, Ci) =
cost(Pi+1, Ci) sincePi+1 = proj(P′, H⊥

i ) andHi ⊆ Ci.
It follows that

cost(P,Ci) ≥ cost(P′, Ci) = cost(Pi+1, Ci)

≥
∑

p∈Pi+1\Ni

dist(p,Ci)

> 2 · cost(P,Ci) ·
∑

p∈Pi+1\Ni

Pr[p]

> cost(P,Ci),

which is a contradiction. Hence,

Pr[rl ∈ Ni] =
∑

p∈Ni

Pr[p] ≥ 1/2.

It follows that

Pr[∃l, 1 ≤ l ≤ s : rl ∈ Ni] ≥ 1 − (1 − 1/2)s

≥ 1 − δ/j.

ut

We now make a case distinction in order to prove
Lemma 5.1.

641 Copyright © by SIAM. 
Unauthorized reproduction of this article is prohibited.



Case 1: Points are on average much closer toCi than
to the origin.
We first consider the case that∑

p∈Pi+1

dist(p, 0) ≥ 4
∑

p∈Pi+1

dist(p,Ci).

In this case, the points inNi are much closer toCi than
to the origin.

Now let rl be a point fromNi ⊆ H⊥
i that has

Pr[rl] > 0. SinceCi ⊆ A and

dist(rl, C
∗
i ) = dist(rl, Ci) ≤ 2 · cost(P,Ci) · Pr[rl]

we know thatB(rl, 10 · Opt · Pr[rl], A ∩ H⊥
i ) intersects

C∗
i . This also implies thatq := proj(rl, C

∗
i ) lies in

B(rl, 10 ·Opt · Pr[rl], A ∩H⊥
i ). Hence, there is a point

q ′ ∈ N (rl, 10 ·Opt · Pr[rl], A ∩H⊥
i , γ/20)

with dist(q, q ′) ≤ γ
2 ·Opt · Pr[rl].

Let ` be the line throughq and let ` ′ be the line
throughq ′. Let C⊥

i denote the orthogonal complement
of ` in Ci. Define the subspaceCi+1 as the span ofC⊥

i

and ` ′. Sinceq lies in C∗
i (and hence inH⊥

i ) we have
that C⊥

i containsHi. Hence,Ci+1 also containsHi. It
remains to show that

cost(P,Ci+1) ≤ (1 + γ) · cost(P,Ci).

We have

cost(P,Ci+1) − cost(P,Ci)(5.9)

≤
∑
p∈P

dist(proj(p,Ci), Ci+1)(5.10)

=
∑
p∈P

dist(proj(proj(p,A), Ci), Ci+1)(5.11)

=
∑

p∈P ′

dist(proj(p,Ci), Ci+1)(5.12)

=
∑

p∈Pi+1

dist(proj(p,Ci), Ci+1)(5.13)

where Step 5.11 follows from the fact thatCi ⊆ A and
so proj(proj(p,A), Ci) = proj(p,Ci) for all p ∈ Rd and
Step 5.13 follows fromHi ⊆ Ci, Ci+1.

Now defineLi to be the orthogonal complement of
C⊥

i in Rd. Note that for anyp ∈ Rd and its projection
p ′ = proj(p, Li) we have dist(p,Ci) = dist(p ′, Ci) and
dist(p,Ci+1) = dist(p ′, Ci+1). Further observe thatCi

corresponds to the linèin Li andCi+1 corresponds to a
line ` ′′ = proj(`′, Li). Defineα to be the angle between`
and` ′ andβ the angle betweeǹand` ′′. Note thatα ≥ β.
Then

dist(proj(p,Ci), Ci+1) = dist(proj(proj(p,Ci), Li), `
′′)

= dist(proj(p, `), `′′).

This implies

dist(proj(p, `), `′′) = dist(proj(p, `), 0) · sinβ

≤ dist(p, 0) · sinα.

We need the following claim that the distance ofq to
the origin is not much smaller than the distance ofrl to
the origin.

PROPOSITION5.2. If∑
p∈Pi+1

dist(p, 0) ≥ 4
∑

p∈Pi+1

dist(p,Ci)

then

dist(q, 0) ≥ 1

2
dist(rl, 0).

Proof. Sincerl ∈ Ni we have

dist(rl, Ci) ≤ 2Opt
dist(rl, 0)∑

p∈Pi+1
dist(p, 0)

.

By our assumption we have∑
p∈Pi+1

dist(p, 0) ≥ 4
∑

p∈Pi+1

dist(p,Ci),

which implies dist(rl, Ci) ≤ 1
2dist(rl, 0) by plug-

ging in into the previous inequality. We further have
dist(rl, Ci) = dist(rl, C

∗
i ) and so

dist(q, 0) ≥ dist(rl, 0) − dist(rl, C
∗
i ) ≥

1

2
dist(rl, 0)

by the triangle inequality. ut

We get

sinα ≤ dist(q, q ′)

dist(q, 0)

≤ 1/2 · γ ·Opt · Pr[rl]

1/2 · dist(rl, 0)

=
γ ·Opt · dist(rl, 0)

dist(rl, 0) ·
∑

p∈Pi+1
dist(p, 0)

=
γ ·Opt∑

p∈Pi+1
dist(p, 0)

.

The latter implies

cost(P,Ci+1) − cost(P,Ci) ≤
∑

p∈Pi+1

dist(p, 0) · sinα

≤ γ ·Opt

≤ γ · cost(P,Ci)
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which implies the lemma in Case 1.

Case 2: Points are on average much closer to the
origin than to Ci.
Now we consider the case that∑

p∈Pi+1

dist(p, 0) < 4
∑

p∈Pi+1

dist(p,Ci).

Let rl be a point fromPi+1 ⊆ H⊥
i that is inNi and that

hasPr[rl] > 0. SinceCi ⊆ A and

dist(rl, C
∗
i ) = dist(rl, Ci) ≤ 2 · cost(P,Ci) · Pr[rl],

we know thatB(rl, 10 · Opt · Pr[rl], A ∩ H⊥
i ) intersects

C∗
i . This implies that proj(rl, C∗

i ) lies also inB(rl, 10 ·
Opt · Pr[rl], A ∩H⊥

i ).
In fact,

2 · cost(P,Ci) · Pr[rl] ≤ 5 ·Opt · Pr[rl]

implies that

B(proj(rl, C
∗
i ), 5 ·Opt · Pr[rl], A ∩H⊥

i )

⊆ B(rl, 10 ·Opt · Pr[rl], A ∩H⊥
i ).

SinceC∗
i ⊆ A ∩H⊥

i we also have that there is a point

q ∈ C∗
i ∩ B(proj(rl, C

∗
i ), 5 ·Opt · Pr[rl], A ∩H⊥

i )

with dist(q, 0) ≥ 5 ·Opt · Pr[rl].
Now consider the set which is the intersection of

N (rl, 10 ·Opt · Pr[rl], A ∩H⊥
i , γ/20)

with

B(proj(rl, Ci), 5 ·Opt · Pr[rl], A ∩H⊥
i ),

which is a(γ/10)-net of

B(proj(rl, Ci), 5 ·Opt · Pr[rl], A ∩H⊥
i ).

Hence, there is a point

q ′ ∈ N (rl, 10 ·Opt · Pr[rl], A ∩H⊥
i , γ/20)

with dist(q, q ′) ≤ γ
10 · 5 ·Opt · Pr[rl] ≤ γ ·Opt · Pr[rl].

Let ` be the line throughq and let ` ′ be the line
throughq ′. Let C⊥

i denote the orthogonal complement
of ` in Ci. Define the subspaceCi+1 as the span ofC⊥

i

and` ′. Sinceq lies in C∗
i we have thatC⊥

i containsHi.
Hence,Ci+1 also containsHi.

It remains to show that

cost(P,Ci+1) ≤ (1 + γ) · cost(P,Ci).

Now define Li to be the orthogonal complement of
C⊥

i . Note that for anyp ∈ Rd and its projection
p ′ = proj(p, Li) we have dist(p,Ci) = dist(p ′, Ci) and
dist(p,Ci+1) = dist(p ′, Ci+1). Further observe thatCi

corresponds to the linèin Li andCi+1 corresponds to a
line ` ′′ = proj(`′, Li).

Defineα to be the angle betweeǹand` ′ andβ the
angle betweeǹ and` ′′. Note thatα ≥ β. Then

dist(proj(p,Ci), Ci+1) = dist(proj(proj(p,Ci), Li), `
′′)

= dist(proj(p, `), `′′).

This implies

dist(proj(p, `), `′′) = dist(proj(p, `), 0) · sinβ

≤ dist(p, 0) · sinα.

We have

sinα ≤ γ ·Opt · Pr[rl]

5 ·Opt · Pr[rl]
≤ γ

5
.

Similar to the first case it follows that

cost(P,Ci+1) − cost(P,Ci) ≤
∑

p∈Pi+1

dist(p, 0) · sinα

≤ γ

5
·
∑

p∈Pi+1

dist(p, 0).

Since we are in Case 2 we have∑
p∈Pi+1

dist(p, 0) < 4 · cost(Pi+1, Ci),

which implies

cost(P,Ci+1) − cost(P,Ci) ≤
γ

5
·
∑

p∈Pi+1

dist(p, 0)

≤ γ · cost(Pi+1, Ci)

≤ γ · cost(P,Ci).

This concludes the proof of Lemma 5.1.

6 Streaming Algorithms in the Read-Only Model

We can maintain our coreset with

Õ

d

(
j2O(

√
logn)

ε2

)poly(j)


(weighted) points via known merge and reduce technique
[1, 16] in the read-only streaming model where only
insertion of a point is allowed. The presence of negative
points makes the process of maintaining a coreset harder.
The problem is that the sum of the absolute weights of the
coreset is about three times the size of the input point set.
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If we now apply our coreset construction several times
(as is required during merge and reduce), we blow up
the sum of absolute weights with each application by a
constant factor. This blow-up, together with the fact that
we have to estimate the difference between positively and
negatively weighted points, cannot be controlled as well
as in the case of a standard merge and reduce approach,
and requires taking larger sample sizes with every merge
step. The proof of the following theorem will appear in
the full version of this paper.

THEOREM 6.1. LetC be a fixedj-subspace ofRd. LetP
be a set ofn points inRd, j ≥ 0, andε, δ > 0. In the
read-only streaming model we can maintain two setsS ′′

andQ using

Õ

d

(
j · 2

√
logn

ε2

)poly(j)


weighted points such that, with probability at least1 − δ,

|cost(P,C) −cost(S′′, C) − cost(Q,C)| ≤ ε · cost(P,C).

Moreover,Õ() notation hidespoly(logn) factors.

7 Streaming Algorithms with Bounded Precision in
the Turnstile Model

In this section, we consider the problems of previous
sections in the1-pass turnstile streaming model. In this
model, coordinates of points may arrive in an arbitrary
order and undergo multiple updates. We shall assume
that matrices and vectors are represented withbounded
precision, that is, their entries are integers between−∆

and∆, where∆ ≥ (nd)B, andB > 1 is a constant. We
also assume thatn ≥ d.

The rank of a matrixA is denoted by rank(A).
The best rank-japproximation ofA is the matrixAj

such that‖A − Aj‖F is minimized over every matrix of
rank at mostj, and‖·‖F is the Frobenius norm (sum of
squares of the entries). Recall that using the singular
value decomposition every matrixA can be expressed as
UΣVT , where the columns ofU andV are orthonormal,
andΣ is a diagonal matrix with the singular values along
the diagonal (which are all positive).

LEMMA 7.1. ([7]) Let A be an n × d integer matrix
represented with bounded precision. Then for everyw,
1 ≤ w ≤ rank(A), thew-th largest singular value ofA is
at least1/∆5(w−1)/2.

COROLLARY 7.1. Let A be an n × d integer matrix
represented with bounded precision. LetAj be the best
rank-j approximation ofA. If rank(A) ≥ j + 1 then
||A − Aj||F ≥ 1/∆5j/2.

Proof. Let σj+1 denote the(j+1)-th singular value ofA.
By Lemma 7.1, we have||A − Aj||2 ≥ σj+1 ≥ 1/∆5j/2,
where the first inequality follows by standard properties
of the singular values. ut

For an n × d matrix A, let Fq(`p)(A) =∑n
i=1 ||A(i)||

q
p, whereAi is thei-th row of A. Let A

q
j,p

be the matrix which minimizesFq(`p)(B − A) over every
n×d matrixB of rankj. The next corollary follows from
relations between norms and singular values.

COROLLARY 7.2. LetA be ann× d matrix, andp, q =
O(1). If rank(A)≥ j + 1 then

Fq(`p)(A − A
q
j,p) ≥ 1/∆O(j).

Proof. By Corollary 7.1,

F2(`2)(Aj − A) =

n∑
i=1

||(Aj)
i − Ai||22 ≥ 1/∆5j.

We use the following relations between norms. Letx be a
d-dimensional vector. For anya ≥ b,

||x||b

d(a−b)/ab
≤ ||x||a ≤ ||x||b.(7.14)

It follows that for anyp ≤ 2,

F2(`p)(A
q
j,p − A) =

n∑
i=1

||(Aq
j,p)i − Ai||2p

≥
n∑

i=1

||(Aq
j,p)i − Ai||22

≥
n∑

i=1

||(Aj)
i − Ai||22

≥ 1/∆5j,

On the other hand, ifp > 2,

F2(`p)(A
q
j,p − A) =

n∑
i=1

||(Aq
j,p)i − Ai||2p

≥
n∑

i=1

(
||(Aq

j,p)i − Ai||2

d(p−2)/(2p))

)2

≥
n∑

i=1

||(Aj)
i − Ai||22

d(p−2)/p

≥ 1

∆5j+1
,

where we use∆ ≥ nd. Hence, in either case,(
F2(`p)(A

q
j,p − A)

)1/2

≥ 1/∆5j/2+1/2.
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Again, appealing to the right part of (7.14), ifq ≤ 2, then(
Fq(`p)(A

q
j,p − A)

)1/q

≥
(
F2(`p)(A

q
j,p − A)

)1/2

≥ 1

∆5j/2+1/2
.

If insteadq > 2,

(
Fq(`p)(A

q
j,p − A)

)1/q

≥

(
F2(`p)(A

q
j,p − A)

)1/2

n(q−2)/(2q)

≥

(
F2(`p)(A

q
j,p − A)

)1/2

n1/2

≥ 1

∆5j/2+1
,

using that∆ ≥ nd. Hence, in all cases,

Fq(`p)(A
q
j,p − A) ≥ 1/∆5jq/2+q = 1/∆Θ(j).

ut

In the remainder of the section, we shall assume that
p andq are in the interval[1, 2]. It is known [5, 6] that
estimating||x||r for anyr > 2 requires polynomial space
in the turnstile model, so this assumption is needed. Also,
p, q ≥ 1 in order to be norms.

We start by solving approximate linear regression.
We use this to efficiently solve distance to subspace ap-
proximation. Finally, we show how to efficiently(1 + ε)-
approximate the best rank-japproximation via a certain
discretization of subspaces. Our space is significantly less
than the input matrix descriptionO(nd log(nd)).

7.1 Approximate Linear Regression

DEFINITION 7.1. (APPROXIMATE LINEAR REGRESSION)
Let A be ann × d matrix, andb be ann × 1 vector.
Assume thatA and b are represented with bounded
precision, and given in a stream. The approximate linear
regression problem is to output a vectorx ′ ∈ Rd so that
with probability at least2/3,∣∣∣∣||Ax ′ − b||p − min

x∈Rd
||Ax − b||p

∣∣∣∣
≤ ε min

x∈Rd
||Ax − b||p.

Let Gp,γ,d,Z be the d-dimensional grid inRd

of all points whose entries are integer multiples of
γ/(d1+1/p∆), and bounded in absolute value byZ. We
show that if we restrict the solution space to the grid
Gp,γ,d,∆Θ(d) , then we can minimize||Ax − b||p up to
a small additive errorγ. The proof follows by bounding
the entries of an optimal solutionx∗ ∈ Rd, where

x∗ = argminx∈Rd ||Ax − b||p.

LEMMA 7.2. SupposeA is ann× d matrix, andb is an
n× 1 column vector with bounded precision. Then,

min
x∈Rd

||Ax − b||p ≤ min
x∈G

p,γ,d,∆Θ(d)

||Ax − b||p

≤ min
x∈Rd

||Ax − b||p + γ.

Proof. Let x∗ = argminx∈Rd ||Ax − b||p.

We first argue that the entries ofx∗ cannot be too
large. We can supposex∗ 6= 0d, as otherwise the entries
are all bounded in absolute value by0. By the triangle
inequality,

||Ax∗ − b||p + ||b||p ≥ ||Ax∗||p.

Now,

||Ax∗ − b||p + ||b||p ≤ 2||b||p ≤ 2n∆.

Also, ||Ax∗||p ≥ ||Ax∗||2. Sincex∗ 6= 0d, it holds that
||Ax∗||2 ≥ σr||x

∗||2, wherer = rank(A) andσr is the
smallest singular value ofA. Hence,

||x∗||2 ≤ 2n∆/σr.

By Lemma 7.1,σr ≥ ∆−5d/2, and so

||x∗||∞ ≤ ||x∗||2 ≤ 2n∆ · ∆5d/2 ≤ ∆6d.

PutG = Gp,γ,d,∆6d . Then

min
x∈G

||Ax − b||p ≤ min
x∈Rd

||Ax − b||p

≤ max
y∈{0,γ/(d1+1/p∆)}d

min
x∈G

||Ax + Ay − b||p

≤ min
x∈G

||Ax − b||p + max
y∈{0,γ/(d1+1/p∆)}d

||Ay||p

≤ min
x∈G

||Ax − b||p + (d(d∆γ/(d1+1/p∆)p)1/p

≤ min
x∈G

||Ax − b||p + γ.

ut

We use the following sketching result (see also [17, 23]).

THEOREM 7.1. ([19]) For 1 ≤ p ≤ 2, if one chooses
the entries of an(log1/δ)/ε2 × n matrix S with en-
tries that arep-stableO(log1/ε)-wise independent ran-
dom variables rounded to the nearest integer multiple
of ∆−2 = (nd)−2B and bounded in absolute value by
∆2 = (nd)2B, then for any fixedx ∈ Rn, with integer
entries bounded in absolute value by∆, there is an effi-
cient algorithmA which, givenSx, outputs a(1 ± ε/3)-
approximation to||x||p with probability at least1−δ. The
algorithm can be implemented inO(log(nd) log1/δ)/ε2

bits of space. Moreover, it can be assumed to output an
implicit representation ofS.
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THEOREM 7.2. There is a1-pass algorithm, which given
the entries ofA andb in a stream, solves the Approximate
Linear Regression Problem withO(d3 log2(nd))/ε2 bits
of space and∆Θ(d2) time (we will only invoke this later
as a subroutine for small values ofd).

Proof. [of Theorem 7.2] We first consider the case thatb

is in the columnspace ofA. In this case, we have

0 = min
x∈Rd

||Ax − b||p = min
x∈Rd

||Ax − b||2.

Let y be such thatAy = b. In [24], it is shown
how to recovery with O(d2 log(nd)) bits of space with
probability at least11/12, and to simultaneously report
thatb is in the columnspace ofA.

We now consider the case thatb is not in
the columnspace ofA. We seek to lower bound
minx∈Rd ||Ax − b||p. Consider then × (d + 1) matrix
A ′ whose columns are the columnsa1, . . . , ad of A ad-
joined tob. Also consider anyn×(d+1) matrixT whose
columns are in the columnspace ofA. Then

min
x∈Rd

||Ax − b||p = min
T

||T − A ′||p.

Since b is not in the columnspace ofT , rank(A′) =
rank(T) + 1. By Corollary 7.2, it follows that

min
x∈Rd

||Ax − b||p ≥ 1/∆Θ(d).

Putγ = ε/(3∆Θ(d)), and letG = Gp,γ,d,∆Θ(d) be
as defined above, so

|G| ≤ (3d1+1/p∆Θ(d)/ε)d.

For1 ≤ p ≤ 2, let S be a random(log1/δ ′)/ε2 × n

matrix as in Theorem 7.1, whereδ ′ = Θ(1/|G|). The
algorithm maintainsS ·A in the data stream, which can be
done withO(d3·log2(nd))/ε2 bits of space. LetA be the
efficient algorithm in Theorem 7.1. Then for a sufficiently
smallδ ′, with probability at least3/4, for everyx ∈ G,

|A(SAx − Sb) − ||Ax − b||p|

≤ ε

3
||Ax − b||p.

(7.15)

By Lemma 7.2, there is anx ′ ∈ G for which

min
x∈Rd

||Ax − b||p ≤ ||Ax ′ − b||p

≤ min
x∈Rd

||Ax − b||p +
ε

3∆Θ(d)
.

Moreover,(
1 −

ε

3

)
||Ax ′ − b||p ≤ A(SAx ′ − Sb)

≤
(
1 +

ε

3

)
||Ax ′ − b||p.

Moreover, forε ≤ 1, (1 + ε/3)ε/3 ≤ 2ε/3. Hence,(
1 −

ε

3

)
min
x∈Rd

||Ax − b||p ≤ A(SAx ′ − Sb)

≤ (1 + ε) min
x∈Rd

||Ax − b||p.

By a union bound, the algorithms succeed with prob-
ability ≥ 3/4 − 1/12 = 2/3. The time complexity
is dominated by enumerating grid points, which can be
done in∆Θ(d2) = (nd)Θ(j2) time. This assumes that
ε > ∆−Θ(d), since whenε = ∆−Θ(d) the problem re-
duces to exact computation. The theorem follows. ut

7.2 Distance to Subspace ApproximationGiven an
n×d integer matrixA in a stream with bounded precision,
we consider the problem of maintaining a sketch ofA

so that from the sketch, for any subspaceF in Rd of
dimensionj, represented by aj × d matrix of bounded
precision, with probability at least2/3, one can output a
(1± ε)-approximation to

Fq(`p)(projF(A) − A),

where projF(A) is the projection ofA ontoF.

THEOREM 7.3. For p, q ∈ [1, 2], there is a1-pass al-
gorithm, which solves the Distance to Subspace Approxi-
mation Problem withO(nj3 log3(nd)/ε2) bits of space
and ∆O(j2) time. If p = 2 this can be improved to
O(nj2 log(nd))/ε space andpoly(j log(nd)/ε) time.

Proof. Setδ = 1/(3n). We sketch each of then rows
of A as in the algorithm of Theorem 7.2. That algorithm
also outputs a representation of its sketching matrixS. In
the offline phase, we are givenF, and we computeF · S.
We independently solve thèp-regression problem with
matrix F and each of then rows ofA. For each rowAi,
we approximate minx∈Rj ||xF − Ai||p. By a union bound,
from the estimated costs for the rows, we get a(1 ± ε)-
approximation toFq(`p)(projF(A) − A). The value ofd
in the invocation of Theorem 7.2 isj. Using results in [7],
for p = 2 this can be somewhat improved. ut

7.3 Best Rank-jApproximation Given ann × d ma-
trix A with bounded precision in a stream, we consider
the problem of maintaining a sketch ofA so that one can
(1 + ε)-approximate the valueFq(`p)(A

q
j,p − A) with

probability at least2/3. We shall only considerp = 2.
We first give a1-pass algorithm near-optimal in space, but
with poor running time, using sketches of [18]. We then
improve this to achieve polynomial running time. Note
that the case(q, p) = (2, 2) was solved in [7].

For the time-inefficient solution, the work of [18]
gives a sketchSA of the n × d input matrixA so that
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Fq(`2)(A) (recallq ≤ 2) is estimable to within(1 + ε)
with probability 1 − δ using poly(log(nd)/ε)log1/δ

bits of space, where all entries are integer multiples of
1/∆ and bounded in magnitude by∆. In the offline
phase, we enumerate all rank-jmatricesF with a certain
precision. In Lemma 7.3 we show we can consider only
∆O(j2(d+n)) different F. We computeSF − SA for
eachF by linearity, and we choose theF minimizing the
estimate. Settingδ = Θ(∆−O(j2(d+n))), we get a1-
pass(n + d)poly((lognd)/ε)-space algorithm, though
the time complexity is poor.

LEMMA 7.3. There is a set of∆O(j2(d+n)) different
matricesF containing a(1+ε)-approximation to the best
rank-japproximation toA.

Proof. By Corollary 7.2, we can restrict toF with entries
that are integer multiples of∆−Θ(j) and bounded in
magnitude by poly(∆). Choose a subset ofj rows of
F to be linearly independent. There are

(
n
j

)
choices

and∆O(dj2) assignments to these rows. They containj

linearly independent columns, and once we fix the values
of other rows on these columns, this fixes the other rows.
In total, the number ofF is ∆O(j2(d+n)). ut

We now show how to achieve polynomial time complex-
ity. We need a theorem of Shyamalkumar and Varadarajan
(stated for subspaces instead of flats).

THEOREM 7.4. ([25]) Let A be ann × d matrix. There
is a subsetQ of O( j

ε log 1
ε ) rows ofA so that span(Q)

contains aj-dimensional subspaceF with

Fq(`2)(projF(A) − A) ≤ (1 + ε)Fq(`2)(Aq
j,2 − A).

Let r
def
= O( j

ε log 1
ε ). Theorem 7.4 says that given a

matrix A, there is aj × r matrix B and anr × n subset-
matrixC (i.e., a binary matrix with one1 in each row and
at most one1 in each column), with

Fq(`2)(projB·C·A(A) − A) ≤ (1 + ε)Fq(`2)(Aq
j,2 − A).

We enumerate all possibleC in nr time, which is
polynomial for j/ε = O(1), but we need a technical
lemma to discretize the possibleB.

LEMMA 7.4. Suppose rank(A)> j. Then there is a
discrete set of∆O(j3 log2 1/ε)/ε2

different B, each with
entries that are integer multiples of∆−Θ(j) and bounded
in magnitude by∆O(j log1/ε)/ε, so that for everyA, there
is aB in the set and a subset-matrixC with

Fq(`2)(projB·C·A(A) − A) ≤ (1 + ε)Fq(`2)(Aq
j,2 − A).

Proof. We can assume rank(A)≥ r > j. If rank(A) < r

but rank(A) > j, we can just repeat this process for each
value of ` betweenj and r, replacingr in the analysis
below with the valuè. We then take the union of the sets
of matrices that are found. This multiplies the number of
sets by a negligible factor ofr.

From Theorem 7.4, there is aj×r matrixB for which
BCA has orthonormal rows and for which we have

Fq(`2)(projB·C·A(A) − A) ≤ (1 + ε)Fq(`2)(Aq
j,2 − A).

There may be multiple suchB; for a fixedC,A we letB
be the matrix that minimizesFq(`2)(projB·C·A(A) − A).

Note that one can find such aB, w.l.o.g., since
rank(A) > r. Furthermore, we can assumeCA has full
row rank since rank(A)≥ r. Note that ifCA does not
have this property, there is someC ′A with this property
whose rowspace contains the rowspace ofCA, so this is
without loss of generality.

Fix any rowAi of A, and consider they that mini-
mizes

min
y∈Rj

||yBCA − Ai||2.

It is well-known that

y = Ai(BCA)T [(BCA)(BCA)T ]−1,

but sinceBCA has orthonormal rows,y = Ai(BCA)T .
For conforming matrices we have||y||2 ≤ ||Ai||2||BCA||F.
SinceBCA has orthonormal rows,||BCA||F =

√
j. More-

over,||Ai||2 ≤
√

d∆. It follows that

||y||∞ ≤ ||y||2 ≤
√

dj∆ ≤ ∆2.

Consider the expression||yBH − a||2, wherea = Ai

for somei, andH = CA. The entries of botha andC are
integers bounded in magnitude by∆.

Let ther rows ofH beH1, . . . , Hr, and thej rows of
BH be

r∑
`=1

B1,`H`,

r∑
`=1

B2,`H`, , . . . ,

r∑
`=1

Bj,`H`.

Then the expression||yBH − a||22 has the form

d∑
v=1

(
av −

j∑
u=1

r∑
`=1

yuBu,`H`,v

)2

.(7.16)

Notice that|yuH`,v| ≤ ∆3 for everyu, `, andv. It follows
that if we replaceB with the matrixB ′, in which entries
are rounded down to the nearest multiple of∆−cj for a
constantc > 0, then a routine calculation shows that
expression 7.16 changes by at most∆−Θ(cj), where the
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constant in theΘ(·) does not depend onc. As this was for
one particular rowa = Ai, it follows by another routine
calculation that

Fq(`2)(projB·C·A(A) − A)

≤ Fq(`2)(projB ′·C·A(A) − A)

≤ Fq(`2)(projB·C·A(A) − A) + ∆−Θ(cj).

(7.17)

We would like to argue that the RHS of inequality 7.17
can be turned into a relative error. For this, we appeal
to Corollary 7.2, which shows that if rank(A) ≥ j + 1,
the error incurred must be at least∆−Θ(j). Since ε

can be assumed to be at least∆−Θ(j), as otherwise the
problem reduces to exact computation, it follows that if
rank(A)≥ j + 1, then for a large constantc > 0,

Fq(`2)(projB·C·A(A) − A)

≤ Fq(`2)(projB ′·C·A(A) − A)

≤ (1 + ε)Fq(`2)(projB·C·A(A) − A).

It remains to bound the number of differentB ′.
Observe that||B ′||F ≤ ||B||F. Now,

B = B(CA)(CA)−,

whereM− denotes the Moore-Penrose inverse of a matrix
M (that is, if we writeM = UΣVT using the singular
value decomposition, thenM− = VΣ−1UT ). Here we
use the fact thatCA has full row rank. Hence,

||B||F ≤ ||BCA||F||(CA)−||F =
√

j||(CA)−||F,

since the rows ofBCA are orthonormal. Lete =
rank(CA). Now,

||(CA)−||2F =

e∑
i=1

σ−2
i ,

whereσ1 ≥ σ2 ≥ · · ·σe > 0 are the non-zero singular
values ofCA. SinceCA is an integer matrix with entries
bounded in magnitude by∆, by Lemma 7.1 all singular
values ofCA are at least1/∆Θ(e), and thus

||(CA)−||2F ≤ e∆Θ(e) ≤ ∆O(j/ε log1/ε).

In summary,

||B ′||F ≤ ||B||F ≤ ∆O(j/ε log1/ε).

As B ′ contains entries that are integer multiples of∆−cj,
the number of different values of an entry inB ′ is
∆O(j/ε log1/ε). SinceB ′ is a j × r matrix, wherer =
O(j/ε log1/ε), it follows that the number of differentB ′

is ∆O(j3/ε2 log2 1/ε), which completes the proof. ut

We sketch each rowAi of A independently, treating it
as the vectorb in Theorem 7.2 with thed there equaling
the j here, thereby obtainingAiS for sketching matrix
S and eachi ∈ [n]. Offline, we guess each ofnr ·
∆O(j3 log2 1/ε)/ε2

matrix productsBC, and by linearity
computeBCAS. We can(1± ε)-approximate

min
x∈Rj

||xBCA − Ai||p

for eachi, B, C providedS is a d × O(j3 log2 1/ε)/ε2

matrix. Finally by Theorem 7.1,

THEOREM 7.5. There is a 1-pass algorithm for Best
Rank-jApproximation with

O(nj4 log(nd) log3 1/ε)/ε5

bits of space and∆poly(j/ε) time. The algorithm also
obtains then × j basis representation of rows ofA
in BC for the choice ofB and C resulting in a (1 +
ε)-approximation. In another pass we can obtain the
subspaceBCA in O(jd log(nd)) additional bits of space.
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