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Abstract and clustering. Typical applications include: pattern
We consider the problem of approximating a Betf n points recognition in computer vision and image processing, bio-
in R by aj-dimensional subspace under the measure, in informatics, internet traffic analysis, web spam detection,

which we wish to minimize the sum d@f, distances from each PP ot
point of P to this subspace. More generally, el ¢, )-subspace and classification of text documents. In these applications,

approximation problem asks forjsubspace that minimizes theVe often have to process huge data sets that do not fit into
sum of qth powers of{,-distances to this subspace, up to main memory. In order to process these very large data

multiplicative factor of(1 + €). . . - .
We develop techniques for subspace approximation, regr%ggs’ we require streaming algorithms that read the data in

sion, and matrix approximation that can be used to deal wansingle pass and use only a small amount of memory. In
massive data sets in high dimensional spaces. In particular, gther situations, data is collected in a distributed way, and

develop coresets and sketches, i.e. small space represent ; ;
that approximate the input point sBtwith respect to the subfﬂ‘gﬂ% be analyzed centrally. In this case, we need to find

space approximation problem. Our results are: a way to send a small summary of the data that contains
e A dimensionality reduction method that can be applied &10ough information to solve the problem at hand.
Fq (£, )-clustering and shape fitting problems, such asthose The second problem one has to overcome is the
$h[8;"15t]'t o (s o dimensionality of the data. High-dimensional data sets are
" I high-dimengional spaces. Le. of ee poymomiar i tgten hard to analyze, and at the same time many data sets
dimension of the space. This coreset approximates th@ve low intrinsic dimension. Therefore, a basic task in
distances to anj+subspace (not just the optimal one).  data analysis is to find a low dimensional space, such that
e A (1 + e)-approximation algorithm for the-dimensional most input points are close to it. A well-known approach
F1((2)-subspace approximation problem with running, 4. oplem is principle component analysis (PCA)

timend(j/e)°'" + (n + d)2rPoVi/e), : . g ; :
e A streaming algorithm that maintains a coreset for thV(\eIhICh’ for a given set ok points ind-dimensional space,

F1 (£, )-subspace approximation problem and uses a sp&&@mputes a lineaj-dimensional subspace, such that the

S/oan poly(j) sum of squared distances to this subspace is minimized.
ofd < 2 > (weighted) points. Since this subspace is given by certain eigenvectors of the
corresponding covariance matrix, one can compute it in

e Streaming algorithms for the above problems Witb(min{ndz dn?}) time
bounded precision in the turnstile model, i.e, when coor- ’ . . .
dinates appear in an arbitrary order and undergo multiple However, for massive data sets this computation may
updates. We show that bounded precision can lead to fatready be too slow. Therefore, the problem of approx-

ther improvements. We extend results [of [7] for approxmating this problem in linear time has been studied in
imate linear regression, distances to subspace approxi

a- . . .

other than the Frobenius norm. Depending on the problem, it is also interesting to study
other error measures, like the sumf{gfdistances to the
1 Introduction subspace or, more generally, the sunetsf powers ofl,-

The analysis of high-dimensional massive data sets isitances, and other related problems like linear regres-

important task in data mining, machine learning, statistig¥n [€] or low-rank matrix approximation [12].
For example, an advantage of the sum of distances
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space with respect to sum of distances. That is, we argire documents and nodes.

given a setP of n points with the objective to find &
spaceC that minimizes cost(P, C) {pep Mincec ||p—
c/|2. We call this problem thé&; (£,)-subspace approxi-

mation problem. Most of our results generalize (in a non-
trivial way) to Fq ({,)-subspace approximations. Details
will be given in the full version of this paper. As dis-
cussed above, we are interested in developing algorithmg
for huge high-dimensional point sets. In this case we need
to find small representations of the data that approximate
the original data, which allows us to solve the problem in

a distributed setting or for a data stream.

In this paper, we develop such representations and
apply them to develop new approximation and streaming
algorithms for subspace approximation. In particular, we
developstrong coresetaindsketches, where the coresets
apply to the case of unbounded and the sketches to

bounded precision arithmetic.
A strong coresefl, [16] is a small weighted set of
points such that foeveryj-subspace oR¢, the cost of

the coreset is approximately the same as the cost of the
original point set. In contrary, weak coresetsl|[14,[12, 9]
are useful only for approximating the optimal solution.
One of the benefits of strong coresets is that they ares
closed under the union operation, which is, for example,

desirable in a distributed scenario as sketched below.
Application scenarios. For an application of core-

sets and/or sketches, consider the following scenario. We
are aggregating data at a set of clients and we would like
to analyze it at a central server by first reducing its di-
mensionality via subspace approximation, projecting the
data on the subspace and then clustering the projected
points. Using such a client-server architecture, it is typ-
ically not feasible to send all data to the central server.
Instead, we can compute coresets of the data at the clients
and collect them centrally. Then we solve the subspace
approximation problem on the union of the coresets and
send the computed subspace to all clients. Each client
projects the points on the subspace and computes a core-
set for the clustering problem. Again, this coreset is sent

to the server and the clustering problem is solved.
Specific applications for thgsubspace approxima-

tion problems, include the well known “Latent Seman-
tic Analysis” technique for text mining applications, the
PageRank algorithm in the context of web search, or the
Eigenvector centrality measure in the field of social net-

work analysis (see [12] 9] and the references therein).

These problems also motivate the turnstile streaming
model that is defined below, which is useful when new
words (in latent semantic analysis) or new connections
between nodes (in social network analysis) are updated
over time, rather than just the insertion or deletion of
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Results and relation to previous work.

e We develop a dimensionality reduction method that

can be applied té (£, )-clustering and shape fitting
problems|([15]. For example, the cluster centers can
be point sets, subspaces, or circles.

We obtain the first strong coreset fdr ({y,)-
subspace approximation in high-dimensional spaces,
i.e. of sizedj®U”) . e=2 . logn (weighted) points.
Previously, only a strong coreset construction with
an exponential dependence on the dimension of the
input space was known_[11]. Other previous re-
search [[B] 25| 10, 15] in this area constructed so-
called weak coresets. A weak coresetis a smalliset
of points such that the span dfcontains g1 + €)-
approximation to the optimglsubspace. The au-
thors [9,[10/ 15] show how to find a weak coreset
for sum of squared distances, andin/[10] Deshpande
and Varadarajan obtain a weak coreset for suitiof
power of distances. All of these algorithms are in fact
poly(j, e~ )-pass streaming algorithms.

Our next resultis an improved + € )-approximation
algorithm for thej-dimensional subspace approxi-
mation problem under the measure of sum of dis-
tances. The running time of our algorithm is
nd(i/e)°M + (n + d)20/¢1°"") . This improves
upon the previously best result afi20i/¢)°"" 25,
10].

We then show that one can maintain a coreset
in a data stream storin@(d(jziﬂ)po'ym)
(weighted) points. From this coreset we can extract
a(1+ e)-approximation to the optimal subspace ap-
proximation problem. We remark that we do not
have a bound on the time required to extract the sub-
space from the data points. Previously, hpass
streaming algorithm for this problem was known, ex-
cept for the case of thie, ({, ) objective functionl[[F].

We also study bounded precision in the turnstile
model, i.e., when coordinates are represented with
O(log(nd)) bits and encode, w.l.0.g., integers from
—(nd)°M to (nd)°M). The coordinates appear
in an arbitrary order and undergo multiple updates.
Bounded precision is a practical assumption, and us-
ing it now we can extract &1 + €)-approximation

to the optimalj-space in a data stream in polynomial
time for fixedj/e. Along the way we extend the re-
sults of [7] for linear regression, distance to subspace
approximation, and best rankapproximation, to er-
ror measures other than the Frobenius norm.
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Techniques. In order to obtain the strong coreset, wasing a structural result of Shyamalkumar and Varadara-
first develop a dimensionality reduction technique for sufan [24] that proves that &l + €)-approximate solution
space approximation. The main idea of the dimensionalisyspanned by = O(j/e) rows (points) ofA. That is,
reduction is to project the points onto a low-dimensiontiiere are two matriceB and C of sizej x r andr x n,
subspace and approximate thiferencebetween the pro- respectively, such that the columns Bf C - A span a
jected points and the original point set. In order to dd + e)-approximate solution. It is not clear how to find
so, we need to introduce points with negative weights tinese matrices in the streaming model, but we can use al-
the coreset. While this technique only gives an additigeebraic methods together with bounded precision to limit
error, we remark that for many applications this addititee number of candidates. We can test candidates offline
error can be directly translated into a multiplicative eusing the linearity of our sketch.
ror with respect to cost(P, C). The non-uniform sampling
technique we are using to estimate the difference betwdeh Preliminaries A weighted poinis a pointr € R4
the projected points and the original point set is similar tbat is associated with a weight(r) € R. We consider an
that in previous work [, 10, 14, 25]. (unweighted) point € R¢ as having a weight of one. The

Although we apply the dimensionality reduction heréEuclidean) distance of a pointc R¢ to a set (usually,
in the context of subspaces, we remark that this technicaubspacel’ C R¢ is distr, C) := infeec |t —¢||,. The
can be easily generalized. In fact, we can replace thet C is called acenter. For a closed sél, we define
subspace by any closed set on which we can efficientisoj(r, C) to be the closest point te in C, if it exists,
project points. For example, we can easily extend thdere ties are broken arbitrarily. We further define the
dimensionality reduction method to geometric clusteringeight of proj(r, C)asw(proj(r, C)) = w(r). Similarly,
problems where the centers are low dimensional objeqisoj(P, C) = {proj(r,C) | r € P}. We let cost(P,C) =
We can also use the technique for any problem where We._, w(r) - dis{r, C) be the weighted sum of distances
are trying to minimize the sum of distances to manifoldeom the points ofP to C. Note that points with negative
[3l 4] (if the projection on the manifold is well-defined)weights are also assigned to their closest (and not farthest)
which might, for example, occur in the context of kernglointr € C.
methods([3], 4, 21]. For a specific class of centefswe can now define

In order to obtain a strong coreset, we apply otine Fq({,)-clustering problem as the problem to mini-
dimensionality reduction recursively using the fact thanize 3, infeec |7 — c||]‘j. For example, ifC is the

for a setP of points that are contained in & + 1)- collection of sets ok points fromR<, then theF; ({;)-

subspace ok, a coreset foi-subspaces is also a cores@justering problem is the standaemedian problem with

for j-subspaces] < j < d. This recursion is applied Eyclidean distances, and thg((, )-clustering problem is

until i = 0 and the points project to the origin. Thighek-means problem.

way, we obtain a small weighted sample $ebf size One specific variant of clustering that we are focusing

O(log(1/5)-j©6%) /e2) in O(ndj? +|S|) time, such that on is thej-subspace approximation problewith F; (L)

for an arbitrary quenyj-subspaceC, we have(1 — €) - objective function. The termrsubspacés used to abbre-

cost(P, C)< cost(S, C)< (1+4¢€)-cost(P, C). This result viatej-dimensional linear subspaceRf.

is then used to construct a strong coreset by showing that Given a setP of n points in R¢, the j-subspace

the approximation guarantee holds simultaneously for afyproximation problem witfft; (¢,,) objective function is

solutions from a certain grid near the input points. to find aj-dimensional subspace of R¢ that minimizes
Using the (standard) merge-and-reduce technigue ¢bst(P, C).

16] we use our coresets to obtain a streaming algorithm.

However, we remark that the use of negatively weight&FFINITION 1.1. (CORESET[1,[16]) Let P be a

points leads to some technical complications that do fgighted point set irR¢, and e > 0. A weighted

allow us to get down to Ioﬁ(”nspace. set of pointsQ is called a strong e-coresetfor the
With bounded precision, we use Space_eﬁicieﬁgimepsional .subspace approximation problem, if for

sketches of,-distances, a search over grid points, arYery linearj-dimensional subspace of R4, we have

a lower bound on the singular valuesAfo approximate

the £,,-regression problem in low dimensions in a dat(al —e)-cost(P, €)= cost(Q, )< (1 +¢) - cost(P, C) .

stream . A consequence is that we can efficiently approx-

imate the sum ofg-th powers of(,,-distances, denoted™ i ) )

Fq(L,), to any fixedj-subspace. We then approximat@“ this section we present our first result, a general dimen-

the optimalj-subspace foF,(£,) distances] < q < 2, Sionality reduction technique for problems that involve
sums of distances as a quality measure. Our result is that

Dimensionality Reduction for Clustering Problems
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for an arbitrary fixed subse@ C R9, cost(P, C)can be that minimizes cost(P, Q. Thus, if we compute axx-
approximated by a small weighted sample and the projepproximationC* for the (kj)-dimensional subspace ap-
tion of P onto a low dimensional subspace. This resuytoximation problem, and replaedy e /«, we obtain the
can be immediately applied to obtain a dimensionality reesult outlined above.

duction method for a large class of clustering problems, Analysis of Algorithm DiM REDUCTION. Let us
where the cluster centers are objects contained in Idfixan arbitrary setC. Our first step will be the following
dimensional spaces. Examples includemedian clus- technical lemma that shows that cost(Q,i€an unbiased
tering, subspace approximation undgrerror, variants estimator for cost(P,C). LetX; denote the random
of projective clustering and more specialized problemariable for the sum of contributions of the sample points
where cluster centers are, for example, discs or curwgdand proj(s,C)to C, i.e.

surfaces.
For these type of problems, we suggest an algorithmXi = w(s;) - dis{s, C) + w(s; ) - dis{proj(s; , C))
that computes a low dimensional weighted point Qet =w(sy) - (diss, C) — distproj(s;, C*), C)).

such that, with probability at leagt— o, for any fixed

query centerC, cost(Q, C) approximates cost(P,Clo |emma 2.1. LetP be a set of points ifiR9. Lete > 0,
within a factor of1 & e. The algorithm is a generalizationy < § < 1, andQ be the weighted set that is returned by
of a technique developed in [14] to compute coresets {@e randomized algorithr®IM REDUCTION(P, C*, 8, €).

thek-means clustering problem. ThenE|[cost(Q, C)] =cost(P, C) .
The main new idea that allows us to handle any type

of low dimensional center is the use of points that are @&roof. We have

sociated with negative weights. To obtain this result, we

first define a randomized algorithm®ReDpucTION; see E[Xi]

the figure below. For a given (low-dimensional) subspace ) : T : *

C* and a parameter > 0, the algorithm Dvm REDUC- %}Pl’[p} w(p) (distp, C) — distproj(p, C*), C))
TION computes a weighted point 98t such that most of 1

the points ofQ lie on C*, and for any fixed query center =

C we haveE[cost(Q, C)] =cost(P,C), i.e., cost(Q,C)  per
is an unbiased estimator of the cost@fwith respect to 1 )
P. Then we show that, with probability at ledst- 5, the = ;- (cost(P, C) —cost(proj(P, C'), C)) .
estimator has an additive error of at mestcost(P, C).

Bl Prlp] (dis{p, C) — dis{proj(p, C*), C))

By linearity of expectation we have

DIMREDUCTION (P, C*, 9, €) .
E[)> Xl = cost(P, C) —cost(proj(P,C"),C) .

i=1

1. Pickr = [%W pointssq,...,s, i.i.d. from

P, s.t. eaclp € P is chosen with probability
Since algorithm DM REDUCTIONcOomputes the union of

Prip] = distp, C) ) proj(P, C*) and the points; ands; , we obtain
cost(P, C*)
2. Fori— Ttordo 1 Efcost(Q,C)] = cost(proj(P,C"),C) +E[Y_ Xi]
w(si) & —5— i=1
r- Prisd = cost(P,C).
3. Return the multisetQ = proj(P,C*) U
{s1,...,5:} U {proj(s;, C*), ..., proj(s,, C*)}, The lemma follows. O

wheres is the points; with weight—w(s;). )
Our next step is to show that cost(Q, @) sharply

concentrated about its mean.

We can then apply this result to low dimensional clus-

tering problems in two steps. First, we observe that, THEOREM2.1. Let P be a set ofn points inR¢, and
each center is a low dimensional object, i.e. is containkd C* be aj-subspace. Led < 6,e < 1, andQ be

in a low dimensionaj-subspace, thek centers are con-the weighted point set that is returned by the algorithm
tained in a(kj)-subspace and so clustering them is at led3tM REDUCTION(P, C*, 8, €). Then for a fixed query set
as expensive as cost(P/; whereC’ is a (kj)-subspace C C R¢ we have
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lcost(P, C) — cos{(Q, C)| < e - cost(P,C'),

with probability at leasfl — 6. Moreover, only
—o <|09(1/5)>

e2
points ofQ are not contained irproj(P, C*). This algo-
rithm runs inO(ndj + r) time.

Proof. LetP = {p1,...,pn} be a set ofr points inR<.

to the optimalji-dimensional linear subspace with respect
to the £;-error. The success probability can be ampli-
fiedto1 — 6 in time O(ndjlog(1/%)). Such an approxi-
mation can be computed i@(ndj) time using the algo-
rithm APPROXIMATEVOLUMESAMPLING by Deshpande
and Varadarajan [10]. Once we have projected all the
points onC;, we apply the same procedure usinga1)-
dimensional linear subspa€¥ ;. We continue this pro-
cess until all the points are projected ont@-dimensional
linear subspace, i.e. the origin. As we will see, this pro-

We first prove the concentration bound and then discig$lure can be used to approximate the cost of a fixed

the running time.

In order to apply Chernoff-Hoeffding boundd [2] w
need to determine the range of valldgscan attain. By
the triangle inequality we have

dis{s;, C) < distsi, C*) + distproj(si, C*), C)
and

dis{proj(si, C*), C) < dis{s;, C) + dis{s;, C*).
This implies

|dis{s;, C) — dis{proj(s;, C*), C)| < dis{s;, C*).
We then have

Xi| = [w(si) - (dis{si, C) — distproj(si, C*), C))|
_ cost(P, C")

< w(si) - dists;, C) = ————.

Thus,—cost(P, C*)/r < X; < cost(P,C)/r. Using ad-
ditive Chernoff-Hoeffding bound$§ 2] the result follows.

subspace&..

ADAPTIVESAMPLING (P,j, 0, €)

1. Pj+] «— P.
2. Fori=j Downto 0

(a) C; — APPROXIMATEVOLUMESAM -
PLING(Piy1,1).

(b) Qi «— DIMREDUCTION(P;4+1,CH, 0, €

1Y )

(¢) Pi ¢ proj(Pis1, Cy).

(d) S; « Q; \ Pi, whereS; consists of the
positively and negatively weighted samp
points.

e

3. ReturnS = [J!_, Si.

Note that P, is the origin, and so costpPC) = 0
for any j-subspaceC. Let C; be an arbitrary but fixed
sequence of linear subspaces as used in the algorithm.

In order to achieve the stated running time, we pro-

ceed as follows. We first compute D(ndj) time for
each pointp € P its distance di$p, C*) to C* and store

THEOREM3.1. Let P be a set ofn points inR4, and
€', 8’ > 0. Let C be an arbitraryj-dimensional linear

it. This can easily be done by first computing an orthono?lf'bSpace- If we call algorithm‘DAPT'VESAMPL'NS‘
mal basis ofC*. We sum these distances in order to obtaitith the parameters = O(8'/(j + 1)) ande = €'/j¢’
cost(P, C*) in O(n) time. From this we can also computéor a large enough constart then we get

Prp] andw(p) for eachp € P, in O(n) overall time. We
let P be the array of probabilitiegq,...,pn. Itis well

known that one can obtain a setradamples according to

a distribution given as a length-array inO(n + r) time,
see[[26]. O

3 From Dimensionality Reduction to Adaptive
Sampling

In this section we show how to use Theoilem 2.1 to obtain

a small weighted se& that, with probability at least — 5,
approximates the cost to an arbitrary fixedubspace.

(1—¢€’)-cost(P,C)< cost(S, C)
(

<
< (14 ¢€’)-cost(P,C),

with probability at leastl — &’. The running time of the
algorithm is

jOU%) log(1/8")

O(ndij(j +log(1/8)) + o2

Proof. Let C be an arbitraryj-subspace. We split the
proof of Theorenj 3]1 into two parts. The first and easy

The first step of the algorithm is to apply our dimensiofpart is to show that cost(S, Cis an unbiased estimator

ality reduction procedure with gsubspaceC; that is,
with probability at leas2/3 an O(j’*')-approximation
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of cost(P, C). The hard part is to prove that cost(S,i€)
sharply concentrated.
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We can apply Lemmp 2.1 witd* = C} to obtain with probability at leasi — 5. Hence,
that for anyl < 1 < j we haveE[cost(Q,C)] =

cost(P.1, C) and hence |Elcost(S, C)] —cost(S, C)
j—1
E[cost(S, C)] = cost(P,1,C) —cost(R,C) . <0 (Z e.ii-H) .cost(R. 1, C),
Therefore, i=0
j with probability at least —j - 6. Therefore, for our choice
E[cost(S, C)] :Z E[cost(§, C)] of 6 ande, a simple induction gives
1=0
— cost(R,1,C) — cost(R, C) |Elcost(S, C)] —cost(S,C)| < e - §00%) . cost(P, C)
= cost(P,C), with probability at least —j - 5. Further, the running time
where the last equality follows from;,; = P andP, IS proven as in the proof of Theor¢mP.1. O

being a set ofi points at the origin.
Now we show that cost(S, 0% sharply concentrated.4 Coresets
We have In order to construct a coreset, we only have to run
]E[cost(S,C)] —cost(S,C)] algorithm ADAPTIVESAMI.DLING_ L_lsing small enougts.

) One can computé by discretizing the space near the
input points using a sufficiently fine grid. Then snapping
a given subspace to the nearest grid points will not change
) ] - the cost of the subspace significantly. If a subspace does
The following observation was used in [11] for= T, and ot jntersect the space near the input points, its cost will
generalized later in [13]. be high and the overall error can be easily charged.

LEMMA 3.1. LetC be aj-subspace, antl be an(i+1)-
subspace, such that+ 1 < j. Then there exists aix
subspaceC;, and a constan® < vi < 1, such that for
anyp € L we havdis{p, C) = v - dist{p, C;) .

)
< Z |Elcost(§, C)] — cost(S, C)| -

i=0

THEOREM4.1. LetP denote a set of points inR¢,j >

0,and1 > ¢€’,8’ > 0,d < n. LetQ be the weighted set

that is returned by the algorithmPADAPTIVESAMPLING

with the parameter$ = } -8’/(10nd)"°Y and e =
Let0 < i < j. By substitutingl = SpanP;1}in e'/(G + 1)¢'9° for a large enough constant. Then,

Lemmg 3.1, there is asubspace&’; and a constantr, ith probability at least] — 8’ — 1/n2, Q is a strong

such that e-coreset. The size of the coreset in terms of the number

|Elcost(S, C)] — cost(S;, C)| of (weighted) points saved is

= |cost(R41, C) — cost(R, C) — cost(S;, C)|

=t -|cost(R,1,Cy) — cost(R, Ci) — cost(§, Ci)|
=y -|cost(P 1, Ci) — cost(Q, Ci)| . First we prove some auxiliary lemmata.

0(dj®U") . e’~2logn).

Here, the second equality follows from the fact that tHeEMMA 4.1. Let P be a set of points in a subspadeof

solution computed by approximate volume sampling B¢. LetM,e > 0, M > €, and letG C A be such that

spanned by input points and  C SpanP;,1}. We foreveryc € A,ifdis{c,P) < 2M thendistc,G) < e/2.

apply Theorer 2|1 witl€ = C; andC* = C; to obtain  LetC C A be al-subspace (i.e, a line that intersects the

. origin of R4), such thadis{p, C) < M for everyp € P.

[cost(R+1, Ci) — cost(Q, Ci)l < e~ Cost(Ry1, C) - gap there is d-subspacé that is spanned by a point

with probability at leasf — §. By our choice ofC;, we in G, such that,

also have

) |dist{p, C) — distp, D)| < e for everyp € P.
cost(R1,C;) < O(i*") - cost(R 1, Cy).
Proof. Let g be a point such that the angle between the
lines C and Spa#g} is minimized overg € G. Let
|[E[cost(§, C)] — cost(S;, C)] D = Spang}, andp € P. We prove the lemma using
<~ -e-cost(Rq,Cl) the f9l|oyving case analysis(:i) dis{p,D) > distp, C),
and(ii) dis{p, D) < dis{p, C).

Combining the last three inequalities yields

< O(ve-e-i*1) - cost(Ry1, Ci) (i) distp,D) > dis{p,C): Letc — proj(p,C). We
=0(e-i'"") - cost(R41,C) , have distc,P) < [lc —p|| = distp,C) < M. By the
635 Copyright © by SIAM.
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assumption of the lemma, we thus have(disE) < e. Letq € P be such that proj(q, &) = q’. Letc € R¢
By the construction ofD, we also have digt,D) < be such that proj(c, €) = ¢’ and|c —c’|| = |lq — q|.
dis{c,G). Combining the last two inequalities yielddHence,
disf{c,D) < €. Hence

2 2
la—cl=y/la—c2 = e’ —c|

. m2 ’ 2 _ / l

(i) distp,D) < distp,C): Letq = proj(p, D), and \/Hq cI"=lla" —all” =1lla" — ||
q’ = proj(q,C). We can assume that digtq’) > ¢ By @) and the last equatiorjq —c|| < 2M, i.e,
since otherwise by the triangle inequality, tistC) < gis(c, P) < lg—c|| < 2M. Using the assumption of
distp, q) +distq,q’) < distp, D) +e, and we are done. this lemma, we thus have distG) < e/2, so, clearly

Define¢ = 959 andt’ = ¢/|¢||,. Now consider the dist(c’, proj(G, C*)) < e/2.
pointr = ¢+ $¢’. We claim thatr has distance fronC From the previous paragraph, we conclude that
andD more thane/2. Assume, this is not the case. Thefor every ¢/ € C*, if distc/,P’) < 2M then
C (the proof forD is identical) intersects a baB with dist(c’, proj(G,Ct)) < e/2. Clearly, we also have
centerr and radius: /2. Letr’ be an intersection point of dis{ proj(p, C*), proj(C,Ct)) = dis{p,C) < M. Us-
C with B. Letr” be the projection of on the span of.  ing this, we apply Lemmia 4.1 while replaciAgwith C*,
Since,B has radius /2, we have that dist”,r’) < e/2. P with P/, C with proj(C, C*) andG with proj(G, C*).
However, the intercept theorem implies that@iéfr’) > We obtain that there is &subspacé® C C* that is
€/2, a contradiction. To finish the proof, we observepanned by a point from proj(G,Q, such that
that distp,r) < dis{p,q) + dist{q,{) + dis{{,r) <
dist{p, C) + € < M +e. UsingM > e the assumption of [dist{proj(p, C*), proj(C, C*+)) — dist(proj(p, C+),D)| < e.
lemma implies dist, G) < €/2, but distr,C) > ¢/2 and
dis{r, D) > €/2, which means there is a grid poigt for ~ Since disfproj(p, C*), proj(C, C*)) = dis{p, C) by the
which Z(Spar{g’},C) < Z(Span(g}, C), contradicting definition of C*, the last two inequalities imply
the choice of. O

distp, D) < [[p — c|| +distc, D) < distp, C) + .

(4.2) |distp, C) — dist(proj(p, C*),D)| < e.
LEMMA 4.2. Let P be a set ofn points in R4, and
M,e > 0, M > e. LetG C R9 be such that for every  Let E be thej-subspace oR¢ that is spanned bip
c € R4, if dis{c,P) < 2M thendis{c,G) < ¢/2. LetC andey,---,e;_1. Let D+ be the(d — 1)-subspace that
be aj-subspace, such thdis{p, C) < M — (j — 1)e for is the orthogonal complement &f in R4. SinceD C E,
everyp € P. Then there is &-subspac® that is spanned we have that proj(E, B) is a(j — 1)-subspace dR¢. We

byj points fromG, such that thus have
|dis{p, C) —dis{p, D)| < je for everyp € P. (4.3)
distproj(p, C*), D) = dis{proj(p, D*), proj(E, D))
Proof. The proof is by induction of. The base case of — dis(p, E).
j = 1is furnished by substituting = R in Lemmd 4.1.
We now give a proof for the cage> 2. Lete;,--- ,¢; Using [4.2), with the assumption of this lemma that

denote a set of orthogonal unit vectors 6n Let Ct dis{p,C) < M — (j — 1)e, yields
be the orthogonal complement of the subspace that is

spanned bye,---,e;_7. Finally, fix p € P. The distproj(p, C*), D) < distp,C) + €
key observation is that for anysubspacel in R¢ that <M-—(j=2e.
containsey, - - - ,ej_1, we have

By the last inequality and (4.3), we get
dis{p, T) = dis{proj(p, C*), proj(T, C*)).
(4.4) distproj(p, DY), proj(E, D)) < M — (j — 2)e.
Note that for such g-subspaceT, proj(T,Ct) is a 1-
subspace. For P’ = proj(P,D+) andc’ € D+, we have that if
Let P’ = proj(P,C1), and letc’ € C* be such that dis{c’,P’) < 2M then distc’, proj(G, D*) < e/2. This
dis{c’,P’) < 2M. Hence, there is a poinf’ € P’ such can be proved similarly to the cas¥ = proj(P,C*)

that that was already proven. Using this afd {4.4), we apply
this lemma inductively withC as proj(E,D"), G as
(4.1) lqg" —c'|| = distc’,P’) < 2M. proj(G,D+) and P as proj(P,D"), to obtain a(j —
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1)-subspaceF that is spanned by — 1 points from
proj(G, D*), such thatdistproj(p, D*), proj(E, D+)) —
distproj(P,D+),F)| < (j — 1)e. Hence,

(4.5)
|dis{p, E) — dis{proj(p, D*), F)|
|dis{proj(p, D*), proj(E, D+)) — distproj(p, D), F)|
<(@G—-1e.

Let R be thej-subspace oR¢ that is spanned bjp
andF. HenceR is spanned by points ofG. We have
|distp, C) — dis{p, R)|
= |distp, C) — distproj(p, D~), F)|
< ldis{p, C) — distp, E)|
+ [distp, E) — dis{proj(p, D), F)|.
By (@.3), we have digp,E) = dis{proj(p,C+),D).
Together with the previous inequality, we obtain
dis{p, C) — distp, R)|
< |dis(p, C) — distproj(p, C*), D)
+ |distp, E) — distproj(p, D), F)|.

PROPOSITION4.1. For everyj-subspaceC of R¢ such
that
cost(P, C)> 2cost(P, C) /e,

we have
|cost(P, C) —cost(Q, C)|< € - cost(P, C).
Proof. Let C be aj-subspace such that
cost(P, C)> 2cost(P,C')/e.
LetS = Q \ proj(P, C*). Hence,

(4.6)
|cost(P, C) —cost(Q, C)|
= |cost(P, C) —cost(proj(P,C), C) — cost(S, C)|
< |cost(P, C) —cost(proj(P, C), C)| + |cost(S, C)|.

We now bound each term in the right hand side

of (4.9).

Let s; denote theth point of S, 1T < i < [S|. By the
triangle inequality,

|dis{s;, C) —dis{proj(s;, C*), C)| < dis{s, C*),

Combining [@2) and (@]5) in the last inequality proves tfar everyl < i < |S|. Hence,

lemma.

NET (P,M, €)
1. G« 0.
2. For eachp € P Do

(a) G, « vertex set of ad-dimensional grig
that is centered ai. The side length of th
grid is 2M, and the side length of each ce
ise/(2Vd).

(b) G~ GUG,.

3. Return G.

1, and P be a set
Let C* be aj-

LEMMA 4.3. Let 0 < ¢€,8' <
of n points in RY with d < n.

subspace, and) be the weighted set that is returned

by the algorithmDIMREDUCTION with the parameter
5 5'/(10nd)10id,
1 — 5’ — 1/n?, for everyj-subspaceC C R we have
(simultaneously)

cost(P, C)—cost(Q, C)| < e-cost(P, C')+e-cost(P, C).

The following two propositions prove the lemma.
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Then, with probability at least

|cost(S, C)|

D wisi)(dists, C) — distproj(s;, C*), C))

1<i<s|

> wisy)ldistsi, C*)| = cost(P, C°).

1<i<Is|

IN

Similarly,

|cost(P, C) —cost(proj(P, C), C)|

> distp,C)— Y distproj(p, C*), C)

peP peP

< ) distp,C")
peP
= cost(P, C").

Combining the last two inequalities i (3.6) yields

|cost(P, C) —cost(Q, C)|
< |cost(P, C) —cost(proj(P,C), C)| + |cost(S, C)|
< 2cost(P,C") < € - cost(P,C).
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PROPOSITION4.2. Let0 < ¢ < T andd < n. With
probability at least

1—-8 —1/n?,
for everyj-subspaceC such that
cost(P, C) < 2cost(P, C) /¢,
we have (simultaneously)

|cost(P, C) —cost(Q, C)|< e - cost(P, C) +ecost(P, C').

yields that there is g-subspacéD that is spanned by
points fromG, such that

|dis{p, C) —distp,D)| <j- €,
for everyp € P U proj(P, C*).
with (4.7) yields

(4.8)

cost(P, C) —cost(Q, C)|

< |cost(P, C) —cost(P, D)|+ |cost(P, D) —cost(Q, D)
+|cost(Q, D) —cost(Q, C)|

Using the last equation

Proof. Let G denote the set that is returned by the< (1 4 ¢)|cost(P, C) —cost(P, D)|+ ecost(P, C)

algorithm NET(P U proj(P,C*),M,e’), where M
10cost(P, C") /e, ande’ = ecost(P,C*)/n'®. Note that
G is used only for the proof of this proposition.

By Theorenj 2.]1, for a fixed cent&r € G we have

|cost(P,D) —cost(Q, D)|
(4.7) < e-cost(P,D)
< e-cost(P,C) +e - |cost(P, C) —cost(P, D)|,

with probability at least

5’ 5’

=02l - >l = —.
1=821 (10nd)‘01d_] IG]

Using the union bound[ (4.7) holds simultaneouslyith probability at leastl — 1/(n?|S|).

for everyj-subspacé that is spanned by points from
G, with probability at least — &'.

Letp € P. By the assumption of this claim, we have |

distp, C) < cost(P, C)< 2cost(P, C')/e,
and also
dis{proj(p, C*), C)
< ||proj(p, C*) — p|| + distp, C)

2cost(P, C)
+ —

< dis{p, C*) -

3cost(P, )
< ——m.
€

By the last two inequalities, for every € P U
proj(P, C*) we have

distp, C) <

3cost(P, C) < 10cost(P, C) B cost(P, C)
€ - € €
< M — () - ])el»

where in the last derivation we used the assumptieh
d < nand0 < e < 1. By the construction ofs, for
everyc € R4, ifdist{c, P) < 2M, then distc, G) < €'/2.
Using this, applying Lemma 4.2 witR U proj(P, C*)
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+|cost(Q, D) —cost(Q, C)|
< ecost(P, C)
+3 ) |w(p)l-|distp, C) —distp, D)|

pePUQ

< ecost(P, C) +3je’ Z w(p)l,
pPEPUQ

with probability at leasi — &'.
Lets € S be such thatv(s) > 0. By the construction
of S, we have

dists, C*) > cost(P, C*)/(n?|S])

Hence, with

probability at least — 1/n?, for everys € S we have
~ cost(P, ) 5
WSl = Sidists, o <™

Combining the last two equations wifh (4.8) yields
|cost(P, C) —cost(Q, C)|

< ecost(P,C) +3je’ Y w(p)|
pePUQ
< ecost(P, C) +ecost(P, C),

with probability at least — 1/n? — &', as desired. 0O

Proof. [of Theorem[4.]l] LetP;, S;, Q; and C} de-
note the set that are defined in thth iteration of
ADAPTIVESAMPLING, for every0 < i < j. For every
1,0 <1i<j, we haveS;| = O(log(1/5)/€?). Hence,

jlog(1/6
Q| = U SiO() ge(z/))

0<i<)
< jo(jz) ' log(1/d’)

— e’2

This bounds the size dp. For the correctness, 16t <
i<,
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Fix 0 < i < j. By the previous lemma and our  Hence,
choice ofd, we conclude that, with probability at least G
1—5'/j — 1/n?, for anyj-subspaceC we have for our cost(R1,C) < O(’" " )cost(P,C)

choice ofe (assuming:’ large enough) for every0 < i < j
S1%).

|cost(P.1, C) — cost(Q, C)| Combining the last inequalities together yields,

< ecost(R 1, C) + ecost(R 1, Ci)
! /

Pr{|cost(P, C) —cost(Q, C)|< €’cost(P, C)]

< O(j,.%Jcostmﬂ, )+ 055 Jeost(Ry1, C) >1-8 —1/n%
By construction ofC}, we have 0
cost(R1,C}) < O('") ngi,nCOSt(PiH ,C") 5 Subspace Approximation
<o *! Jcost(R.1,C) In this section we show how to construct in
Combining the last two inequalities yields O(nd - poly(j/e) + (n+ d) - 2P0/

€ )-cost(P1,C) time, a small set¢ of candidate solutions (i.e.j-
1+1) )

1“ subspaces) such thatontains d1+¢€/3)-approximation

to the subspace approximation problem, i.e., for the point

set P, one of thej-subspaces ir¢ is a (1 + €/3)-

approximation to the optimgtsubspace. Given such a

candidate set, we run the algorithm AAPTIVESAM -

|cost(P, C) —cost(Q, C)| PLING with parametersd/|€| and /6. By the union

bound it follows that everyC € € is approximated by

= [cost(P, C) — U cost(§;, C)| a factor of (1 + €/6) with probability at leasl — 6. It
0sis) follows that the cost of the optimal candidate solution in

<| Z (cost(PiH , C) —cost(R, C) — cost(§, C))\ Cis al + O(e)-approximation to the cost of the optimal

lcost(R+1,C)—cost(Q, C)| < O(=++

with probability at least — &’/j — 1/n?.
Summing the last equation over all thaerations of
ADAPTIVESAMPLING Yields

0<i<j j-subspace of the original set of poirits
The intuition behind the algorithm and the anal-
= cost(P,q,C)—cost(Q,C . . : . .
‘O<Zi<' +1,€) (Q ))‘ ysis. The first step of the algorithm is to invoke approx-
= imate volume sampling due to Deshpande and Varadara-
< Z lcost(R.+1, C) — cost(Q, C)| jan [10] to obtain inO(nd - poly(j/€)) time, anO(j*
0<i<j (3/€)3)-dimensional subspacdethat contains &1+¢/6)-
cost(P approximationj-subspace. We ugg, to denote a linear
= )J+1 o<Z< (R, C), j-dimensional subspace af with
i<
with probability at least — &’ — 1/n2. cost(P, Q) < (T +¢/6) - Opt.

By Lemma[3.1, there is am-subspaceC; and a
constant0 < ~vp < 1, such that for anyp € L we
have didtp, C) = v - dist{p, C;). Hence/cost(P,C) —
cost(R41, C)[ =vr -|cost(R, Ci) — cost(R 1, Ci)|. We

Our candidate set® will consist of subspaces OA.
Then the algorithm proceeds inphases. In phasg
the algorithm computes a s€; of points inA. We
defineG<; = J; <,<; Gi. The algorithm maintains, with

thus have - 0.5 Lo .
probability at least — IT the invariant that points from
cost(R, C) G<i span an-subspacéd; such that there exists another
< cost(P.1,C) + cost(P, C) —cost(P.1,C) j-subspace&;, H; € C; C A, with
< cost(R1,C) + cost(R, C) — cost(R 1, C)|

cost(P,G) < (14 ¢/6)- (1+v)*- Opt

(R+1,€)
(R+1,€)

= cost(R1,C) +vi - [cost(R, Ci) —cost(R 1, Ci) < (1+e/3)-Opt
(R, C) - ’
(R+1,€)

< cost(R1,C) +vr - cost(P1, CY)
< cost(R,1,C) +vi - O(it*) - cost(R 1, Ci) whgre Opt Is the_ cost of an optlma! s_ubspace (nqt neces-
i sarily contained i) andy = €/(12j) is an approxima-
=cost(R41,C) +O(i™") - cost(R 1, C) tion parameter. The candidate getould be the spans of
=O(it*"). cost(P,1, C) everyj points fromGg;.
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Notation \ Meaning

( Theset of candidate solutions (i.¢-subspaces)

A Thepoly(j/e)-subspace that containg b+ €/6)-approximation

Opt Thecost of an optimal subspace (not necessarily containég in

Ci A j-subspacevhich is a(1 + y)*-approximation to the optimatsubspace oP
H; An i-subspacevhich is the span of points fromG<; whereH; C C;

Hi Theorthogonal complement of the linear subspaigen RY

C: Theprojection ofC; on H-

N {p € Piyq :distp,Ci) < 2-cost(P,G) - Pripl}

T A pointinN; C Hi that hasPr[r] > 0

g in casel proj(ri, C¥)

g in case2 A pointin C; N B(proj(r, C§),5- Opt- Pr[ri, AN Hil) s.t. distq,0) > 5 - Opt- Pr[r]
q’ A pointinN'(r, 10 - Opt- Pr[rJ, A N H{",v/20) s.tdistq, q’) < ¥ - Opt- Prlry]
¢ Span(q}

% Spanq’}

Ct Theorthogonal complement dfin C;

L; Theorthogonal complement @ in R¢

Cit A j-subspacevhich is the span of - and¢’

N(p,R,A,v) | Avy-netofaballB(p,R, A) in the subspacA with radiusR centered ap

Table 1: Notation in Section 5.

5.1 The algorithm. In the following, we present our | CANDIDATESET (P, Hi,1,7,v)
algorithm to compute the candidate set. We tife to o
denote the orthogonal complement of a linear subspdce 1. if i =j then return H;.
H; in RY. We useN(p, R, A,v) to denote ay-net of a P —

: VT . ) 2. Piyq1 < proj(P’, Hy).
ball B(p, R, A) in the subspac@ with radiusR centered v projl i)

at p, i.e. a set of points such that for every pointe 3. Samples = [log(j/8)] pointsty,...,rs i.i.d.
B(p,R,A) there exists a point; in A(p,R, A,y) with from Py s.t. eachp € Py, is chosen with
dis{t,q) < yR. Itis easy to see that ga-net of a ball probability

B(p,R,A) of size O(vd’/y4) (See[2]) exists, where Prlp] = dis{p,0)/ quPm dis{q, 0)

d’ is the dimension ofA. The input to the algorithm

is the point setP’ = proj(P,A) in the spaceA, ani- 4. Gis+1 &

dimensional linear subspatg and the parameteisand Uizy MV (1,10 Opt- Prir, A N Hi, v/20).

y. The algorithm is invoked with = 0 andH; = 0 5. return U, cq,

andj being the dimension of the subspace that is sought.
Notice that the algorithm can be carried out in the space
A sinceH; C A and so the projection dt’ to Hi- will

be insideA. Note, that although the algorithm doesn 5 |nyariant of algorithm CANDIDATE SET. We will

know the cost Opt of an optimal solution, it is €aSyroye that the algorithm satisfies the following lemma.
to compute the cost of a@(j’*')-approximation using

approximate volume sampling. From this approximatiolp
we can generat®(jlogj) guesses for Opt, one of which]f'\/I
includes a constant factor approximation. v

CANDIDATE SET(P/, SparfH; U q},i+1,j,7).

MA 5.1. Let C; C A be a subspace that contains
Assume tha€; is a (1 + y)'-approximation to the
optimal j-subspace oP. Then, with probability at least
1 —6/j, there is aj-subspaceC; ;1 C A containingH;
and a point fromG;_ 1, such thatC;; is a (1 +y)!
approximation to the optimgtsubspace oP.

Once the lemma is proved, we can apply it induc-
tively to show that with probability at lea$t— 6 we have
a subspace€’; that is spanned by points fromG<; and
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that has We useC? to denote the projection df; on H;-. Note
thatC; hasj — i dimensions a$l; C C;. The ideais to

cost(P,G) < (1 +v)’ - cost(P, ) find a pointq from Gi,; C Hi N A such that we can

(
<(T+¢€/6)-(1+7vy)  -Opt rotate C} in a certain way to contaig and this rotation
<(1+¢/6)-(14€/12)-Opt will not change the cost with respect Rosignificantly.
< (1+¢/3) - Opt. Let

The running time of the algorithm is dominated by thaVi = {p € Piyq :distp, Ci) < 2-cost(P, G) - Pripl}.
projections in line 2j (_)f which are qarrled out. for/ eachNi contains all points that are close to the subspage
element ,Of th? gandldate set. Slnce th.e '”P““‘? where closeness is defined relative to the distance from
the algorithm is in the subspack, its running time is 4 origin. We will first show that by sampling points with

. Qpoly(j/e) initiali i - . o ..
n - 2°9V07¢ To initialize the algorithm, we have (o, apility proportional to their distance from the origin,
compute spacé and project all points orA. This can we are likely to find a point fronN;

i

be done inD(nd - poly(j/€)) time [10].
Finally, we run algorithm AAPTIVESAMPLING t0 PRropPOSITIONS.1.
approximate the cost for every candidate solution gener-
ated by algorithm @NDIDATE SET. For each candidate Prigr,1<1<s:rieNij>1-5/j .
solution, we have to project all points on its span. This
can be done i®(d - 2P?Y(i/¢€)) time, since the number of Proof. We first prove by contradiction that the probability
candidate solutions igP°"(/¢) and the size of the sam-to sample a point fronN; is at leastl /2. Assume that
ple is poly(j/e). Thus we can summarize the result in
the following theorem setting§ = 1/6 in the approximate Z Prip] > 1/2.
volume sampling and in our algorithm. PEPi1\Ny

THEOREM5.1. Let P be a set ofn points inR4, 0 < Observe that cost(P,{J > cost(P,C;) since C; C

e <landl <j < d. A(1+ e)-approximation for the A and P’ = proj(P,A). Further, cost(P, C;)
j-subspace approximation problem can be computed, we®st(R. 1, Ci) sinceP; 1 = proj(P’, Hi-) andH; C C;.
probability at leas®/3, in time It follows that

O(nd - poly(j/e) + (n+ d) - 2PoV06/€)y, cost(P,G) > cost(P, C;) = cost(R, 1, Cy)

> ) distp,Cy)

5.3 Overview of the proof of Lemma[5.]1.The basic PEPLI\NG
idea of the proof follows earlier results of [25]. We
show that by sampling with probability proportional to > 2-cost(P,G) - Z Prip]
the distance from the origin, we can find a point PEPLL1\N:
whose distance to the optimal solution is only a constant > cost(P, G),

factor more than the weighted average distance (where o

the weighting is done according to the distance from tMdlich is a contradiction. Hence,

origin). If we then consider a ball with radius a constant

times the average weighted distance and that is centered at Priry € NiJ = Z Prip] > 1/2.

p, then this ball must intersect the projection of the current peN:

spaceC; solution onH{-. If we now place a fine enoughy; foliows that

net on this ball, then there must be a padinof this net

that is close to the projection. We can then defineacertain Pri3l,1 <1 <s:m e NyjJ>1—(1-1/2)°
rotation of the current subspace to contqito obtain the >1-—5/j.

new subspac€;, ;. This rotation increases the cost only

slightly andC; 7 contains SpafH; U {q}}. o

5.4 The complete proof of Lemmd 5JLWe assume We now make a case distinction in order to prove
that there is d-subspac€;, H; C C; C A, with Lemma5.1.

cost(P,G) < (1 +v)" - cost(P, &)
< (1+4¢/3)-Opt.
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Case 1: Points are on average much closer t6; than This implies

to the origin. _ _ , _ _ _
We first consider the case that distproj(p, £),£") = dis{proj(p, ¢),0) - sinp
> distp,0) =4 Y distp,Cy). = distp, 0) - sinec
PEPLH PEPL We need the following claim that the distanceqofo
In this case, the points iN; are much closer t@; than the origin is not much smaller than the distancerpfo
to the origin. the origin.

Now let 1y be a point fromN; C Hi that has

Prfry] > 0. SinceC; C A and PROPOSITIONS.2. If

distr, C7) = dis{ry, Ci) < 2-cost(P, G) - Prlr] D distp,0) >4 } distp,Cy)
Piy Piy
we know thatB(r, 10 - Opt- Pr[ri], A N H{") intersects pef pefi
Cy. This also implies thaty := proj(r, C;) lies in then
B(r1,10 - Opt- Prr], A N Hi). Hence, there is a point dis(q,0) > ldisi(n 0)
) — 2 ) M

q’ € N(r,10-Opt- Prlri], AN H, v/20)

with dis(q, q’) < ¥ - Opt- Prlr].

Let £ be the line throughy and let{’ be the line
throughq’. Let Ci- denote the orthogonal complement
of £ in Ci. Define the subspadg;; as the span of;

Proof. Sincer; € N; we have

dis{r,0)

dis{r, C;) < 20pt . .
‘ PS er, distp, 0]

and(’. Sinceq lies in C; (and hence irHi") we have By our assumption we have
that C% containsH;. Hence,C;,; also containdd;. It
remains to show that Z dis(p,0) > 4 Z dis(p, C3),
cost(P,G1) < (1+7) - cost(P, G). pere PEPe
We have which implies distr, Ci) < 1dis(r,0) by plug-
ging in into the previous inequality. We further have
(5.9) cost(P, G 1) — cost(P, G) distry, C;) = dis{ry, C¥) and so
(5.10) < ) distproj(p,Ci),Ciy1) :
pep dis{q,0) > dis{r,0) — dis{r, C) > zdisl(n,O)
(5.11) = ) distproj(proj(p,A), Ci), Cit1) _ _ _
pep by the triangle inequality. O
(5.12) = ) distproj(p,Ci),Cis1) We get
peEP’
1 !/
(6513) = Y distproj(p,Ci), Ciir) sinae < dSta.q’)
PEPi d|S(q,O)

1/2-v - Opt- Prlr{]

where Stefp 5.31 follows from the fact thdt C A and < 724 0
so proj(proj(p, A, Ci) = proj(p, C;) for all p € R and /2 - distry, .)
Stef[5.1B follows fronH; C Cy, Ci41. _ Y - Opt- dis{ry,0)
Now defineL; to be the orthogonal complement of dis{ry,0) - >, cp, ., distp,0)
Ci in R, Note that for anyp € R? and its projection v - Opt
p’ = proj(p, L;) we have digp, C;) = dis{p’, C;) and = ZDEP1+1 dis(p, 0)"

dis{p, Ciy1) = distp’, Ci,1). Further observe that;

corresponds to the lingin L; andC; ¢ corresponds to a The latter implies

line {” = proj(¢’, L;). Definex to be the angle between

andt’ andp the angle betweehand¢”. Note thatoe > 3. cost(P, G..1) — cost(P, G) < Z dist(p, 0) - sinx

Then PEPi 1
diS(proj(p) Ci)» Ci+1 ) = dis‘(proj(proj(pa Ci)) Li)) e//) S Y- Opt
— distproj(p, £),£"). < -cost(P,G)
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which implies the lemma in Case 1. Now define L; to be the orthogonal complement of
C{. Note that for anyp € R9 and its projection
Case 2: Points are on average much closer to thep’ = proj(p, L;) we have disp, C;) = dis{p’, C;) and

origin than to C;. dis{p, Ci 1) = dist{p’, Ci1). Further observe that;
Now we consider the case that corresponds to the linkin L; andC;,; corresponds to a
line ¢” = proj(¢’, L;).
Y distp,0) <4 ) dis(p,Ci). Define« to be the angle betwednand¢’ andp the
PEPi+ PEPi+ angle betweeii and{”. Note thatx > 3. Then

Let r, be a point fromP; 1 C H{" that is inN; and that dis{proj(p, C;), Ci,1) = distproj(proj(p, C.), L1), ")
hasPr[r,] > 0. SinceC; C A and — distproj(p, £), ").

diS(T‘l, Cf) = diS‘(T‘[, Cl) < 2. COSt(P, Q) . PT[T‘L], This lmplles
we knoyv '_chatl?(n, 10 - Op_t- Pr[n]_,A N Hf_) intersects distproj(p, £),¢") = dis(proj(p, ¢),0) - sinp
C:. This implies that proj(r, C}) lies also inB(r, 10 - . .
Opt- Prlr], A N HL). < dis(p,0) - sina.
In fact, We have Opt. Prir]
. y-Opt-Prlrd _ vy
2.cost(P,G) - Priri] <5-Opt- Pr[r] sina < 5 Opt. Prird] < 5
implies that Similar to the first case it follows that
B(proj(r, C),5 - Opt- Pr[r], A N H{) cost(P,G41) —cost(P,G) < Z dis{p,0) - sinx
C B(r(,10- Opt- Prlr, A N HY). ';,epi“
<z > distp,0).
SinceC; C A N Hi" we also have that there is a point PEPi 1
q € C; N B(proj(r, C¥),5 - Opt- Prlry],A N H) Since we are in Case 2 we have
with dis{q,0) > 5 - Opt- Pr[r]. > distp,0) <4-cost(R 1, Cs),
Now consider the set which is the intersection of PEPi+1
N(ry, 10 - Opt- Prlry, A N HE,v/20) which implies
. Y
with cost(P, 1) —cost(P, G) < - p; distp, 0)
i+1
B(proj(rlv Ci))s : Opt Pr[TL], AN H%)v S Y- COSt(Pi+1 , Cl)
which is a(y/10)-net of <vy-cost(P,G).
B(proj(ri, Ci),5 - Opt- Priry, A N H). This concludes the proof of Lemrpap.1.
Hence, there is a point 6 Streaming Algorithms in the Read-Only Model

We can maintain our coreset with
q’ € N(r,10-Opt- Prlri], AN Hi,v/20)

5 50(+/logn) poly(j)
with distq, q’) < {5 -5- Opt- Pr[ri] <+ - Opt- Pr[r]. Ola (122>
Let ¢ be the line throughy and let¢’ be the line €

throughq’. Let Ci- denote the orthogonal complement
of ¢ in C;. Define the subspadg; ,; as the span of;- (weighted) points via known merge and reduce technique
and{’. Sinceq lies in C: we have thaC: containsH;. [1, [16] in the read-only streaming model where only

Hence,Ci 1 also containsHi. insertion of a point is allowed. The presence of negative
It remains to show that points makes the process of maintaining a coreset harder.
The problem is that the sum of the absolute weights of the
cost(P,Gy1) < (1+7y)-cost(P,G). coreset is about three times the size of the input point set.
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If we now apply our coreset construction several tim&soof. Let o;, ;1 denote théj + 1)-th singular value oA.

(as is required during merge and reduce), we blow By Lemma 7.1, we havgA — A;ll; > 0,1 > 1/A%/2,
the sum of absolute weights with each application bywehere the first inequality follows by standard properties
constant factor. This blow-up, together with the fact thaf the singular values. O

we have to estimate the difference between positively and )

negatively weighted points, cannot be controlled as well  FO" (a)n g d matrix A, let Fq((,)(A) =

as in the case of a standard merge and reduce approach-1 1A "'llp, whereA® is thei-th row of A. Let Ay,
and requires taking larger sample sizes with every me the matrix which minimizeB, (£,) (B — A) over every

step. The proof of the following theorem will appear it < & matrixB of rankj. The next corollary follows from
the full version of this paper. relations between norms and singular values.

THEOREM®6.1. Let C be a fixeg-subspace aR¢. Letp COROLLARY 7.2. LetA be ann x d matrix, andp, q =
be a set of1 points iNRY, j > 0, ande, s > 0. Inthe O(1)- If rank(A)>7j 41 then

read-only streaming model we can maintain two sets Fq(L)(A—AJ ) >1/A00),

and Q using »p

Proof. By Corollary[7.1,

. 2\/@ poly(j)

e Fa(2) (A5 —A) =) lI(A)) = AT3 > 1/4%.
i=1

weighted points such that, with probability at ledst 5, We use the following relations between norms. Léte a
cost(P, C) —cost(S", C) — cost(Q, C) < e - cost(P, C). d-dimensional vector. For any > b,

Moreover,Q() notation hidegoly(logn) factors.

[l
714 e < Ixla < Ix.
7 Streaming Algorithms with Bounded Precision in
the Turnstile Model It follows that for anyp < 2,
In this section, we consider the problems of previous n
sections in thel-pass turnstile streaming model. In this Fa(tp) (A, = A) =Y [IA])F =AY

model, coordinates of points may arrive in an arbitrary
order and undergo multiple updates. We shall assume
that matrices and vectors are represented Wwibinded
precision, that is, their entries are integers between
andA, whereA > (nd)®, andB > 1 is a constant. We
also assume that > d.

The rank of a matrixA is denoted by rank(A
The best rank-japproximation ofA is the matrix A;
such that||A - Ajll; is minimized over every matrix OfOn the other hand, i > 2,
rank at most, and||-||; is the Frobenius norm (sum of
squares of the entries). Recall that using the singular
value decomposition every matri can be expressed as ~ F2(&) (A, —A) =
UrVvT, where the columns dfl andV are orthonormal, i
andX is a diagonal matrix with the singular values along
the diagonal (which are all positive).

1

o
Il

M

H
Il
-

I(AF)E =AY

(A5 — AY3

™M=

1
5
A

Vv
—_ e
~ |

hE

(A9 ) — A¥2
1

. . 2
(AL )E — Al
- d(r—=2)/(2p))

(A5 = AY[l3
dr—2)/»

M-

1

LeEmmMA 7.1. ([4]) Let A be ann x d integer matrix
represented with bounded precision. Then for ewery
1 <w < rank(A), thew-th largest singular value oA is

at least1/A>w—1/2

,4
Il
-

M-

—_

> —
COROLLARY 7.1. Let A be ann x d integer matrix

represented with bounded precision. L&t be the best Where we usé > nd. Hence, in either case,
rank-j approximation ofA. If rank(A) > j + 1 then 12 _
1A= Ajllr > 1/4%/2, (Fale) A7, —A)) > 1/a8/20172,
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Again, appealing to the right part ¢f (7]14),gf< 2, then LEMMA 7.2. Supposeé\ is ann x d matrix, andb is an
12 n x 1 column vector with bounded precision. Then,

(Falt)(Ag, ~A) > (R (AT, - A))

min ||Ax —bl|, < min [[Ax —Dbll,
1 x€Rd X€G 4 a0(4a)
> .
— A5i/2+1/2 < mirll IAx —bll, +v.
If insteadq > 2, xeR
1/2 Proof. Letx* = argmin cgallAx —bl,.
. 1/q (Fz(‘fp)(Aﬂp - A)) We first argue that the entries af cannot be too
(Fq(ep)(A)’,p - A)) > (@ 2)/(2a) large. We can suppose # 09, as otherwise the entries
1/2 are all bounded in absolute value By By the triangle
N (Fz(ﬂp)(Aﬂp — A)) inequality,
= 1/2
. IAX* = blly + [Iblly > AX"l,.
= BT Now,

using thatA > nd. Hence, in all cases,

, , IAx" —bllp, +bllp, < 2[[bll, < 2ZnA.

Fal(lp)(Af —A) > 1/AY9/24 = 1/A90), _ _
Also, [|[Ax*|l, > [|[Ax*[|z. Sincex* # 09, it holds that
[|[Ax*|l2 > o.lx*||2, wherer = rank(A) and o, is the

In the remainder of the section, we shall assume tt&pallest singular value ot. Hence,
p andq are in the intervall, 2]. It is known [5, 6] that N
estimating x|l for anyr > 2 requires polynomial space Ix*[l2 < 2nA/o;.
in the turnstile model, so this assumption is needed. Algg, Lemmd 7.1o, > A=59/2 and so
P, q > 1in order to be norms.

We start by solving approximate linear regression. x*lloo < lIX*|l2 < 2nA - ASY/2 < AS4,
We use this to efficiently solve distance to subspace ap-
proximation. Finally, we show how to efficiently + ¢)- PUtG = Gy y a,a6a. Then
approximate the best rankapproximation via a certain
discretization of subspaces. Our space is significantly less

O

min||Ax — bll, < min [|[Ax — bl|,
€G x€Rd

than the input matrix descriptiof(nd log(nd)). < max min [|Ax + Ay — bl|,
T ye{o,y/(aT+1/p A x€G
7.1 Approximate Linear Regression < min[[Ax —Dbll, + max Ayl
xeG ye{0,y/(al+1/rA)}d

DEFINITION 7.1. (APPROXIMATE LINEAR REGRESSION . 141/ 1/

: min|[Ax —b A PA)P)/P
Let A be ann x d matrix, andb be ann x 1 vector. - erGH x llp -+ (d(dAy/(d )
Assume thatA and b are represented with bounded < min||[Ax—bll, +v.

G

precision, and given in a stream. The approximate linear x€

regression problem is to output a vector € R¢ so that O
with probability at leas2/3, ] .
We use the following sketching result (see alsg [17, 23]).

, .
1A% — bl —X'”Q]{{l 1A% — bl THEOREM7.1. ([19]) For 1 < p < 2, if one chooses
the entries of an(log1/8)/e? x n matrix S with en-
tries that arep-stableO(log 1/¢)-wise independent ran-
dom variables rounded to the nearest integer multiple

Let Gp,y,a,z be the d-dimensional grid inR¢ > B .
of all points whose entries are integer multiples (9!2A - (ngd) and bou_nded n absoll_Jte _value by
= (nd)~", then for any fixeck € R™, with integer

v/(d'*1/PA), and bounded in absolute value By We A" =

show that if we restrict the solution space to the ngéPt”esl bog?]dej mhthsolgten\galue By there]|sian ;ﬁ"
G, a0, then we can minimizéAx — b}, up to clent algorithm.A which, givenSx, outputs a( €/3)-

a small additive erroty. The proof follows by bounding approximation td|x||,, with probability atleast —3. The

the entries of an optimal solutiorf € R4, where algorithm can be implemented @(log(nd)log 1/5) /e
’ bits of space. Moreover, it can be assumed to output an

X" = argmin cgallAx —bll,. implicit representation o§.

< e min [[Ax — bl[,.
x€R4
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THEOREM 7.2. There is al-pass algorithm, which givenMoreover, fore < 1, (1 + ¢/3)e/3 < 2¢/3. Hence,
the entries ofA andb in a stream, solves the Approximate c

Linear Regression Problem with(d> log? (nd))/e? bits (1 — §> mir?i IAx —bll, < A(SAx’' — Sb)

of space andh®(4”) time (we will only invoke this later xR

as a subroutine for small values df. <(T+e) mn 1A% —bll,.

Proof. [of Theoren] 7.R] We first consider the case that By a union bound, the algorithms succeed with prob-

is in the columnspace &. In this case, we have ability > 3/4 — 1/12 = 2/3. The time complexity
: . is dominated by enumerating grid points, which can be
0 = min ||[Ax — bl[, = min |[|Ax — b||5. . 2 .
x€Rd A =l x€ERd IAx = bllz done inA®(4*) = (nd)©6”) time. This assumes that
- —0(d) gj — A—O(d) -
Let y be such thatAy — b. In [24], it is shown € =~ & , since where = A the problem re

how to recovery with O(d2 log(nd)) bits of space with duces to exact computation. The theorem follows. O

probability at leasfl1/12, and to simultaneously report ) L .
thatb is in the columnspace k. 7.2 Distance to Subspace ApproximationGiven an

We now consider the case thai is not in Txdinteger matrixA in a stream with bounded precision,
the columnspace ofA. We seek to lower bound"e consider the problem of maintaining a sketch2of
. : d
Min, g [|Ax — bll,. Consider then x (d + 1) matrix SO that_frqm the sketch, for‘ any subspaben R¢ of
A’ whose columns are the columas, . ... aq of A ad- dimensionj, represented by a x d matrix of bounded
joined tob. Also consider anys x (d+1) matrixT whose precision, with probability at leagt/3, one can output a

columns are in the columnspacef Then (1+ e)-approximation to
min |Ax — bll, = min|T — A’[|,. Fq(Lp)(proje(A) — A),
x€Rd T

. . . h i(A)isth jecti A ontoF.
Sinceb is not in the columnspace of, rank(A’) = where proj(A) is the projection oA onto

rank(T) + 1. By Corollary{7.2, it follows that THEOREM7.3. For p,q € [1,2], there is al-pass al-
; _ > o(d). gorithm, which solves the Distance to Subspace Approxi-

ML IAx = bllp = 1/4 mation Problem withO (nj3 log®(nd)/e2) bits of space

and A°G?) time. Ifp = 2 this can be improved to

— e(d) = ola .
Puty = ¢/(3A ) and 1etG = G, y,q a01a) be O(nj? log(nd))/e space angoly(jlog(nd)/e) time.

as defined above, so

Gl < (3d"+1/PA®) /¢ )d, Proof. S.eté = 1/(3@). We sketch each of the rows
of A as in the algorithm of Theoremn 7.2. That algorithm
For1 <p <2, letS be arandonflog1/5’)/e? x n  also outputs a representation of its sketching marin
matrix as in Theorerh 7.1, whet€ = ©(1/|G|). The the offline phase, we are givéih and we computé - S.
algorithm maintain$ - A in the data stream, which can b&Ve independently solve thg-regression problem with
done withO(d3-log®(nd))/e? bits of space. Lefl be the matrix F and each of the rows of A. For each rowAt,
efficient algorithm in Theorefn 7.1. Then for a sufficientlye approximate mig.; |[xF — Al||,,. By a union bound,
smalld’, with probability at leass /4, for everyx € G, from the estimated costs for the rows, we géfl at €)-
approximation tdrq ({,)(proj:(A) — A). The value ofd

|A(SAx — Sb) — [|[Ax — b, | in the invocation of Theorefn 7.2 js Using results in[7],
(7.15) c for p = 2 this can be somewhat improved. O
< gIIAx —bllp.
) ) 7.3 Best Rank-jApproximation Given anm x d ma-
By Lemmg 7.2, there is ax/ € G for which trix A with bounded precision in a stream, we consider
min [|Ax — bll, < [|Ax" —bll, the problem of maintaining a sketch Afso that one can
xER4 (1 + €)-approximate the valuéq(ﬂp)(A;{p — A) with
< min [|[Ax — bl + € probability at leas2/3. We shall only considep = 2.
x€Rd 3A0(d) We first give al-pass algorithm near-optimal in space, but
Moreover, with poor running time, using sketches bf [18]. We then
c improve this to achieve polynomial running time. Note
(1 — g) A’ = bll, < .A(SAx’—Sb) that the caséq, p) = (2,2) was solved in[[7].
c For the time-inefficient solution, the work of [18]
< (1 + §) [AX" —bl[,. gives a sketctSA of then x d input matrix A so that
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Fq(€2)(A) (recallg < 2) is estimable to within1 4+ €) Proof. We can assume rank(A% v > j. If rank(A) < r
with probability 1 — & using poly(log(nd)/e)og1/6 but rank(A) > j, we can just repeat this process for each
bits of space, where all entries are integer multiples wdlue of { betweenj and r, replacingr in the analysis
1/A and bounded in magnitude b%. In the offline below with the valué. We then take the union of the sets
phase, we enumerate all ranknagtricesF with a certain of matrices that are found. This multiplies the number of
precision. In Lemm@a 7]3 we show we can consider orggts by a negligible factor of

AOGZ(a+n)) (ifferent . We computeSF — SA for From Theorerh 714, there is & r matrix B for which
eachF by linearity, and we choose tifeminimizing the BCA has orthonormal rows and for which we have
estimate. Setting = ©(A~CG*(d+n))) we get al- _
pass(n + d)poly((lognd)/e)-space algorithm, though'a(£2)(Projg.c.al
the time complexity is poor.

A)—A) < (14 €)Fq(L2)(A], —A).

There may be multiple such; for a fixedC, A we letB
be the matrix that minimizeg, ({2)(projz.c.A (A) — A).
Note that one can find such B, w.l.o.g., since
rank(A) > r. Furthermore, we can assur@é\ has full
row rank since rank(A}> r. Note that ifCA does not

Proof. By Corollary[7-2, we can restrict with entries have this property, there is soni€A with this property
that are integer multiples oA—©0) and bounded in whose rowspace contains the rowspac€af, so this is

magnitude by poly(A). Choose a subsetjofows of Withoutloss of generality.

LEMMA 7.3. There is a set ofACU’(d+n)) different
matricesF containing a(1+ €)-approximation to the best
rank-j approximation toA.

F to be linearly independent. There a(&) choices Fix any rowA* of A, and consider thg that mini-
and A®(d4i*) assignments to these rows. They contain min [uBCA — Al
linearly independent columns, and once we fix the values y€ER '

of other rows on these columgs, this fixes the other rowsis \vell-known that
In total, the number oF is ACU” (d+1)),

, I y=AYBCA)T[(BCA)(BCA)T]',
We now show how to achieve polynomial time complex-
ity. We need a theorem of Shyamalkumar and Varadarajgi sinceBCA has orthonormal rows; = A#(BCA)T.

(stated for subspaces instead of flats). For conforming matrices we haig|l» < ||AY[2|[BCA.

T 74 L b i Th SinceBCA has orthonormal row§BCA||r = +/j. More-
HEOREM7.4. ([25]) Let A be ann x d matrix. There over,||At|l, < vdA. It follows that

is a subseQ of O(% Iog%) rows of A so that span(Q)

contains g-dimensional subspadewith lleo < Iyl < \/d>jA < A2
Fq(€2)(proje(A) — A) < (14 €)Fq(L2)(Af; —A). Consider the expressidiyBH — al|>, wherea = At

def - ' for somei, andH = CA. The entries of botlu andC are
Letr = O(Llog). Theore says that given antegers bounded in magnitude By

matrix A, there is g x r matrix B and anr x n subset- Let ther rows ofH beH;, ..., H,, and thej rows of

matrix C (i.e., a binary matrix with oné in each row and BH pe

at most ond in each column), with

Fq(£2)(projg.c.a(A) — A) < (1 + €)Fq(L2) (AT, — A). ;BmHz, ;BMH@, ;Bj,eHe.

We enumerate all possiblé in n™ time, which is
polynomial forj/e = O(1), but we need a technical
lemma to discretize the possilie

d j T
LEMMA 7.4. Suppose rank(A)> j. Then there is a (7.16) Z (av - Z Z‘JHB“»@H@»V>

discrete set ofAC(i’10g” 1/€)/¢* gifferent B, each with v wet e

entries that are integer multiples @f©') and bounded Notice thaty, H, »| < A3 for everyw, ¢, andv. It follows
in magnitude byA©(i1°91/¢)/<, 5o that for even, there  that if we replaced with the matrixB’, in which entries
is aB in the set and a subset-mati@with are rounded down to the nearest multiple/ofei for a

. q constantc > 0, then a routine calculation shows that
Fa(2)(projg.c.A[A) —A) < (1+€)Fq(L2)(Aj5 —A). - expressiof 7.6 changes by at mast®(©)), where the

Then the expressiofyBH — al|3 has the form

2
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constant in th@®(-) does not depend an As this was for We sketch each rowA! of A independently, treating it
one particular rona = A', it follows by another routine as the vectob in Theorenf 7.2 with thel there equaling
calculation that the j here, thereby obtaining'S for sketching matrix
. S and eachi € [n]. Offline, we guess each of" -
Fq(QZ)(prOJB'C_'A(A) —A) AO(i*log* 1/€)/¢* matrix productsBC, and by linearity
(7.17K Fq(£2)(projg..c.a(A) — A) computeBCAS. We can(1 + €)-approximate
< Fq(€2)(projg.c.A(A) — A) + ATOED),

min [xBCA — A,
We would like to argue that the RHS of inequality 7.17 Xl

can be turned into a relative error. For this, we app&g| eachi B. C providedsS is ad x O(j3log? 1/¢)/e?

to Corollary[7.2, which shows that if ratk) > j + 1, atrix. Finally by Theorerfi 7)1
the error incurred must be at leadt®U), Sincee '

can be assumed to be at led@st®U), as otherwise the THEOREM7.5. There is al-pass algorithm for Best
problem reduces to exact computation, it follows that Rank-jApproximation with
rank(A)>j + 1, then for a large constant> 0,
O(nj*log(nd)log® 1/¢) /€’
Fq(gz)(projg.c.A(A) - A)
< Fq(€2)(projg,.c.a(A) —A)
< (14 €)Fq(L2)(projg.c.A (A) — A).

It remains to bound the number of differeBt.
Observe thatiB'|[r < [|B||r. Now,

bits of space and\P°Y(i/¢) time. The algorithm also
obtains then x j basis representation of rows ok

in BC for the choice ofB and C resulting in a(1 +
€)-approximation. In another pass we can obtain the
subspac@CA in O(jdlog(nd)) additional bits of space.
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