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Abstract

Computing driving directions has motivated many
shortest path heuristics that answer queries on continen-
tal scale networks, with tens of millions of intersections,
literally instantly, and with very low storage overhead.
In this paper we complement the experimental evidence
with the first rigorous proofs of efficiency for many of
the heuristics suggested over the past decade. We in-
troduce the notion of highway dimension and show how
low highway dimension gives a unified explanation for
several seemingly different algorithms.

1 Introduction

Gaius Octavius Thurinus (aka Augustus Caesar) was
put in charge of Roman roads (viae) in 20 BC. Formally,
all viae began at the Temple of Saturn in Rome.
Milestones along the roads gave distances along the
road and to the Forum in Rome. According to the
Cosmographia Julius Honorius, Consuls Julius Caesar
and Mark Anthony sent out four scholars to map the
world: Nicodemus, Didymus, Thodotus, and Polycletes.
This task took them 32 years, one month, and twenty
days. It is not clear how the Romans computed shortest
paths.

Although the raw data about geography and roads
may be more readily available today, computing shortest
paths is still not trivial. Dijkstra’s algorithm [6] allows
us to compute point-to-point shortest path queries on
any road network in essentially linear time. Unfortu-
nately, this is impractical for large road networks, such
as those of North America or Europe, where one would
like to answer queries while examining only a small frac-
tion of the graph.

Motivated by computing driving directions, sev-
eral heuristics have been proposed in the preprocess-
ing/query framework. In a preprocessing stage, these
heuristics compute some auxiliary data, such as addi-
tional edges (shortcuts) and labels or values associated
with vertices or edges. The auxiliary data is then used
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to accelerate an arbitrary number of s—¢ shortest path
queries, typically by pruning or directing Dijkstra’s al-
gorithm.

Heuristics within this framework are based on a
wide variety of ideas, such as arc flags [17, 14, 3], A*
search with landmarks [9], highway hierarchies [19, 20],
reach [13, 10, 11], transit nodes [1, 2], and contraction
hierarchies [8]. In experiments using real-world data,
queries answered with these heuristics are an amazing
improvement over plain Dijkstra: visiting a few hun-
dred vertices is enough to answer a random query on
road networks with tens of millions of intersections. All
methods are exact: they are guaranteed to find the ac-
tual shortest path, not an approximation. Moreover,
preprocessing is practical (as fast as a few minutes for
some algorithms) and produces auxiliary data struc-
tures that require only slightly more memory than the
road network alone.

Unfortunately, these excellent practical results are
purely experimental, with no provably good time guar-
antees. In fact, it is not hard to construct inputs for
which these heuristics fail to achieve any meaningful
speedup. No analysis of the heuristics on any non-trivial
graph classes has been known. Furthermore, there was
no theoretical understanding of which properties of road
networks make the heuristics perform well; previous
work in this direction has been experimental only [4].

The lack of theoretical understanding of the practi-
cal shortest path algorithms suggests the following nat-
ural questions, which are the subject of this paper. Can
one prove sublinear query bounds for these heuristics on
a non-trivial class of networks? For what graphs does
the preprocessing/query framework lead to algorithms
with provably good performance? Specifically, what
properties of road networks imply provably good per-
formance for the (de facto excellent) heuristics above?
Finally, is there a plausible explanation as to why real
road networks actually satisfy such conditions?

To address these questions, we define the notion
of highway dimension. Intuitively, a graph has small
highway dimension if for every r > 0, there is a sparse
set of vertices S, such that every shortest path of length
greater than r includes a vertex from S,.. A set is sparse
if every ball of radius O(r) contains a small number of
elements of S,.

Copyright © by SIAM.
Unauthorized reproduction of this article is prohibited.



We show that low highway dimension gives provable
guarantees of efficiency for the following algorithms
(sometimes with small modifications): reach (RE),
contraction hierarchies (CH), highway hierarchies (HH),
transit node (TN), and SHARC [3] (which is based on
arc flags). More precisely, given a connected, simple
graph with n vertices, m edges, highway dimension h,
maximum degree A, and diameter D, we can prove the
following:

e Preprocessing takes time polynomial in m (and n),
h and log D.

e The auxiliary data it produces has size linear in m
and polynomial in logn, h and log D.

e The s—t query returns an implicit representation of
the shortest s—t path (including the path length)
in time polynomial in A, h, logn, and log D. (The
dependence on logn can be dropped if superpoly-
nomial preprocessing is allowed.) If needed, the ac-
tual list of edges on the path can then be retrieved
in time proportional to the list size.

Our motivation for the definition of highway dimen-
sion were the experiments performed by Bast et al. [1, 2],
who exploited a very intuitive observation: when driv-
ing on a shortest path from a compact region of a road
network to points that are “far away,” one must pass
through one of a very small number of access nodes.

For the US road network, the preprocessing algo-
rithm of Bast et al. [1, 2] finds a set of approximately
10,000 transit nodes that “cover” 99% of all shortest
paths, omitting only those shortest paths whose end-
points are very close to each other. Additionally, for a
vertex v, removing about 10 of these transit nodes from
the road network would increase the length of all suffi-
ciently long shortest paths emanating from v. Further-
more, a variant of the algorithm uses multiple layers of
transit nodes to handle local queries efficiently; the av-
erage number of access nodes in the more “local” layers
is just as small. This strongly indicates that real road
networks exhibit small highway dimension, at least in
some average sense.

One can view this road network model as being
somewhat analogous to small-world models for social
networks [16, 18]. Although real social networks do
not look exactly like small-world graphs, the latter give
insight into and allow complexity analysis of various
routing algorithms. Similarly, while real road networks
may have anomalies that do not agree with small
highway dimension, highway dimension gives insight
into and allows rigorous analysis of many shortest path
algorithms that actually work astonishingly well in
practice.
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To complement the experimental evidence, we seek
to explain why it is reasonable to assume that real road
networks have low highway dimension. Consider the fol-
lowing scenario: Legionnaire veterans are sent to form
new coloniae (e.g. Berytus—mow Beirut). Such new
cities should be connected by roads to the existing road
network. Roman roads were either long and fast pri-
mary roads (viae), shorter and slower secondary roads
(viae rusticae), or even shorter and even slower dirt
roads (viae terrenae). Thus, there are two different met-
rics involved, distance and time. Roman road planning
seeks travel-time efficient roads, without excessive ex-
penditure. A natural approach is to ensure that one
does not need to follow dirt roads for too long before
transferring to a better (faster) road. Moreover, one
does not seek to add too many expensive roads to the
network. A natural greedy approach is to connect the
new colonia via primary roads only if it is sufficiently
far from any entry point into such roads. Given that
Rome is colonizing the known world (constant doubling
dimension), this implies that the time metric has con-
stant highway dimension.

Motivated by the (somewhat tongue in cheek) dis-
cussion above, we suggest what could be a plausible
generative model for road networks, and show that the
networks it produces have low highway dimension (see
Section 6). This provides a possible explanation for
the emergence of low highway dimension networks. Our
model captures the incremental manner in which roads
are added over time, the fact that the underlying geo-
metric structure on which roads are built has low dou-
bling dimension, and the observation that long high-
ways are typically faster to drive on than shorter roads.
These results also allow one to generate synthetic net-
works with low highway dimension.

The notion of highway dimension may be interesting
on its own. Conceivably, better algorithms for other
problems can be developed and analyzed under the
small highway dimension assumption.

For simplicity and clarity of exposition, in most
of this paper we deal with undirected graphs. In
Section 3.1, we comment on how to extend our results
to directed graphs.

This paper is organized as follows. Section 2 estab-
lishes some basic notation, definitions, and background.
Section 3 formally introduces the notion of highway di-
mension. Section 4 describes our preprocessing algo-
rithm. In Section 5, we prove that various shortest-path
heuristics are space- and time-efficient on networks of
low highway dimension. Section 6 presents our genera-
tive highway model. In Section 7 we conclude with some
final remarks.
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2 Definitions and Dijkstra’s Algorithm

The input to the preprocessing stage of a shortest path
algorithm is an undirected graph G = (V,E) with
length ¢(e) > 0 for every edge e. For simplicity, we
assume that all shortest paths are unique and that G
is connected. We also normalize the graph so that the
minimum length of an edge is one.

Let P(u,v) denote the shortest path from u to v,
and let |P(u,v)| be its length (the sum of its edge
lengths). We assume that every edge e € F is the
shortest path between its endpoints (otherwise we can
delete e from G). Given a non-negative r, let B, , =
{v € V,|P(u,v)| < r} be the ball of radius r centered
at u. Let D = max|P(u,v)| be the diameter of the
network, and let A be the maximum degree of a vertex
in G.

Dijkstra’s algorithm is an efficient implementation
of the scanning method for graphs with non-negative
edge lengths (see e.g. [21]). For every vertex v, it
maintains the length d(v) of the shortest path from the
source s to v found so far, as well as the predecessor
p(v) of v on the path. Initially d(s) = 0, d(v) = oo for
all other vertices, and p(v) = null for all v.

Dijkstra’s algorithm maintains a priority queue of
unscanned vertices with finite d values, the values
serving as keys. At each step, the algorithm extracts the
minimum valued vertex, v, from the queue and scans it.
Le., the algorithm looks at all edges (v,w) € E and, if
d() + £(v,w) < d(w), sets d(w) = d(v) + £(v,w) and
p(v) = w. The algorithm terminates when the target t
is extracted, without scanning .

The bidirectional version of Dijkstra’s algorithm is
similar, but it runs a forward search from s and a reverse
search from ¢. When an edge (v,w) is scanned by the
forward search and w has already been scanned by the
reverse search, the concatenation of paths s—v and w—t is
a new path P from s to ¢ (the same holds in the reverse
search). The algorithm keeps track of the shortest such
path found during the execution; when the searches
meet, this path will be optimum.

3 Highway Dimension

To explain and give some justification to the observa-
tions of Bast et al. [1, 2] mentioned above, we propose
the notion of highway dimension:

DEFINITION 1. [Highway dimension] Given an edge-
weighted graph G = (V, E), the highway dimension of G
s the smallest integer h such that
V reRT,VueV,38 C By, |S| < h, such that
v v,w € Bu,4ra
if |P(v,w)| > r and P(v,w) C By 4y
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then P(v,w) NS # 0.

The definition says that for every r and every ball of
radius 4r, a small set of vertices covers all shortest paths
of length greater than r which are inside the ball. Note
that one could use constants bigger than 4, but then
the constant in Definition 2 below should be adjusted
appropriately.

The findings of Bast et al. suggest that real road
networks may have low highway dimension.

We note that this definition is related to that of
doubling dimension. A graph is said to be a doubling
(or to have doubling dimension log «) if every ball can be
covered by at most « balls of half the radius. Doubling
and highway dimension are not the same, however. A
square grid with unit lengths is an example of a graph
of constant doubling dimension that has large (©(y/n))
highway dimension. A star graph with unit edge lengths
has constant highway dimension and large (O(logn))
doubling dimension.

However, the star graph is in some sense an ex-
ception. We show that for “continuous” graphs, small
highway dimension implies small doubling dimension.
By continuous graphs we mean graphs where each edge
is viewed as infinitely many vertices of degree two with
infinitely small edges (formally the continuous graph is
the geometric realization of the graph topology).

CLAIM 1. If the geometric realization of the graph topol-
ogy of G has highway dimension h, then its shortest path
metric is h doubling.

Proof. Consider a ball B = B, 4, and a set S with
|S| < h such that every shortest path P in B with
|P| > r contains an element of S. We claim that the
union of the balls of radius r around the elements of S
contains B. Suppose there is a vertex v € B not covered
by the union, and let w be a vertex of S that is closest
to v. Then the shortest w—v path @) does not contain
any element of S as an internal vertex (or w would not
be the closest vertex) and |Q| > r (or v would be in the
ball around w). This contradicts the choice of S. H

It seems that a notion stronger than doubling di-
mension is indeed necessary to fully explain the success
of speedup heuristics on road networks. It has been
shown experimentally [11] that some of the speedup
heuristics do not perform as well on planar grids as
they do on road networks, even though both classes
of graphs have low doubling dimension. Highway di-
mension might be necessary to explain the difference
between these classes.

Next we define shortest-path covers and relate them
to highway dimension.
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DEFINITION 2. [(r, k) Shortest-Path Cover ((r,k)-
SPC)] A set C is an (r,k)-SPC of G if and only if
Vu € V, |C N Byar| <k and V shortest path P : r <
|P| <2r, PNC #0.

Intuitively, an (r, k)-SPC is a set of vertices that covers
all paths of length between r and 27 and is locally sparse,
i.e., has a small intersection with every ball of radius 2r.

The constants in definitions 1 and 2 are chosen to
enable the proof of the following lemma, which also
relies on the upper bound on |P| in Definition 2.

LEMMA 3.1. If G has highway dimension h, then for
any r there exists an (r,h)-SPC of G.

Proof. Let S* be the smallest set that covers all shortest
paths P satisfying r < |P| < 2r. We prove that S* is
an (r, h)-SPC. Suppose by way of contradiction that for
some u, U = S* N By, 2, and |U| > h. By the definition
of h, there is a set H, with |H| < h, covering all shortest
paths in B, 4, of length greater than r. In particular,
H covers all shortest paths of length between r and 2r
covered by U. Therefore (S* — U) U H is smaller than
S* and covers all shortest paths of length between r and
2r, contradicting the optimality of S*. ®

The natural exhaustive enumeration of all vertex
subsets of size h or less gives an algorithm with running
time n®" . Adapting the greedy approximation algo-
rithm for set cover [15] gives a polynomial-time con-
struction (nO(l) time independent of the highway di-
mension) with a logarithmic approximation factor.

LEMMA 3.2. If G has highway dimension h, then

for any r we can construct, in polynomial time, an
(r,O(hlogn))-SPC.

Proof. Starting from an empty set, repeatedly choose a
vertex that covers the most uncovered paths, breaking
ties arbitrarily. It is easy to see that this algorithm
runs in polynomial time. We must show that the set it
returns is an (r, O(hlogn))-SPC.

Pick v € V and let B; and By be the balls centered
at v of radius 2r and 4r, respectively. By Definition 1,
there is a set S in By with |S| < h such that every
shortest path in By of length at least r is covered by S.
We say that a shortest path P is relevant if its length
is between r and 2r and P intersects B;. Note that all
relevant paths are contained in By and are covered by
S.

Suppose at some step the algorithm chooses a vertex
w in B;. Every path covered by w must be relevant,
and by the greedy choice of w and the fact that the
relevant paths are covered by S, w covers at least 1/h
of the currently uncovered relevant paths. As the initial
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number of relevant paths is O(n?), the algorithm can
choose O(hlogn) vertices in B;. N

Note that one can use an alternative definition of
highway dimension by defining it to be the smallest
h for which (r,h)-SPC exists for all » > 0. For this
definition, an argument similar to that used in the proof
of Lemma 3.2 can be used to construct (r, O(hlogn)-
SPC in polynomial time. We think that our original
definition is cleaner. However, the alternative definition
can be extended to directed graphs, as we discuss below.

3.1 Directed Graphs

In this section we extend the results to directed
(asymmetric) graphs. First we define a (directed) ball.
The directed ball B,, , is the subgraph of G induced by
vertices v such that dist(u,v) < r or dist(v,u) < r.

Unfortunately our proof of Lemma 3.1 does not
work in the directed case. One way to extend the
results is to use the alternative definition of the highway
dimension: the smallest & for which an (r, h)-SPC exists
for all r.

Another way to handle directed graphs is to assume
that asymmetry is limited. For ¢ > 0, we say that a
graph is e-symmetric if for all v, w we have dist(v, w) <
(1 + €)dist(w,v). One can show that, with appropriate
change to constant factors in the definitions and the
proofs, the results for undirected graphs extend to the
e-symmetric graphs.

4 Preprocessing

This section describes our basic preprocessing algo-
rithm. In Section 5, this basic construct is used to show
that the RE algorithm [10] is efficient on networks with
low highway dimension. Moreover, with small modifica-
tions (which will be described as needed), the algorithm
can also be applied to obtain variants of CH, HH, TN,
and SHARC that are provably efficient. Before we get
to our preprocessing algorithm, we describe an idea of
Geisberger et al. that inspired it: contraction hierar-
chies [8].

4.1
cuts
Most state-of-the-art shortest-path heuristics, in-
cluding the CH algorithm, depend crucially on a very
simple notion: shortcuts [20]. Let u,v € V be two ver-
tices such that the distance between w and v is d. A
shortcut is a new edge e = (u,v) with length d. The
shortcut operation deletes a vertex v from the graph and
adds edges between its neighbors to maintain the short-
est path information. In particular, for any neighbors u,
w such that (u,v)- (v, w) is the shortest path between u

Contraction Hierarchies (CH) and Short-
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