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Abstract

The quadratic assignment problem (QAP) is a cen-
tral problem in combinatorial optimization. Several fa-
mous computationally hard tasks, such as graph match-
ing, partitioning, and the traveling salesman all reduce
to special cases of the QAP.

In this paper we propose a new approach to the QAP
based on the theory of non—commutative Fourier anal-
ysis on the symmetric group. Specifically, we present
a branch—and-bound algorithm that performs both the
branching and the bounding steps in Fourier space.

By exploiting the band-limited nature of the QAP
objective function and using FFT techniques, the algo-
rithm runs in O(n?) time per branch-and-bound node.
The techniques underlying the algorithm generalize to
a range of other combinatorial optimization problems.

1 Introduction

Given a pair of non-negative matrices A, A’ € R"*", the
quadratic assignment problem (QAP) is to solve

0 = arg max Z Asiy, o) Aligy

TES, |

(1.1)

3,j=1
where S,, is the group of permutations of {1,2,...,n},
also called the symmetric group of degree n
[18].  An equivalent way to write (1.1) is ¢ =

arg maXyes,, tr (P,,APUTA’)7 where P, is the permuta-
tion matrix corresponding to o,

P, . = 1 if o(j) =1,
777 ) 0 otherwise.

To keep the exposition as simple as possible, in this
paper we assume that the diagonal elements of A
and A’ are zero. Extending the ideas of the pa-
per to general matrices is relatively straightforward.
Note that instead of (1.1), some authors consider
the minimum quadratic assignment problem ¢ =
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argminges, Y_; =1 Ao(i),o(j) A'ij- The two problems
are trivially related and for the rest of this paper we
focus exclusively on (1.1).

Several famous NP-complete problems are natural
to cast in the form (1.1), making the QAP one of the
classic NP-hard problems of combinatorial optimiza-
tion. For example, if A and A’ are the adjacency ma-
trices of two weighted graphs, then (1.1) finds the best
matching between the two graphs. If A is the adjacency
matrix of a single weighted graph and

-1
(1.2) Ag,j = { 0

then (1.1) is the traveling salesman problem (TSP).

The time honored strategy for finding the exact so-
lution of QAPs is to use a so-called “branch and bound”
algorithm on a tree with the permutations {0 € S,,} at
the leaves. Branch—and-bound requires that at each
branch point we have an upper bound on the objective
function (in our case > ;| Ag(i) o) A'ij) restricted
to the leaves below. The algorithm proceeds by de-
scending from the root in a depth first manner, always
choosing the most promising branch until it reaches a
leaf that is a tentative maximizer. It then backtracks to
check all other branches which, according to the bound,
could yield a better maximum than the current maxi-
mizer.

Branch—and—bound algorithms for the QAP show
variation both in what branching strategy they employ
and what bounds they compute at each branch point.
However, for a given tree structure, such as the simplest
one, where each branching point corresponds to fixing
a single ¢ — o(i), small differences in the tightness
of the bounds can make a huge difference in overall
running time, especially towards the top of the tree.
Consequently, a great deal of effort has been directed
at devising improved bounds, even some that require
O(n®) or more operations per branch [18].

The Fourier transform of a general function
f:S, — C is the collection of matrices

F) =3 fo)palo),

o€ES,

if j=(imodn)+1,

otherwise,

where A extends over the integer partitions of n, and
px are the corresponding irreducible representations
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of the symmetric group. The starting point for the
present paper is the observation in [20] that if f is
the objective function of the QAP, then the only non-
zero components of f are the four matrices f((n)),

~ ~ ~

f((n_ L 1))) f((’I’L—Q, 2)) and f((n_za L 1))

The novel aspect of our branch-and-bound algo-
rithm is that its bounding strategy is based on these
Fourier matrices. Specifically, each branch of the tree
of permutations is identified with a certain coset of S,,,
and the bound is computed from the Fourier transform
of f restricted to that coset. The key to computational
efficiency is to exploit the representation theory of the
symmetric group, allowing us to (a) compute the Fourier
transform at the root of the tree in O(n?) time; (b)
compute each Fourier transform at level k of the tree
in O(k?) time from the Fourier transform immediately
above; (c) compute the corresponding bound by singu-
lar value decomposition in O(k?) time.

Together, these techniques result in an overall time
complexity of O(n?) per visited node, which is consid-
ered cheap by the standards of modern QAP algorithms.
In particular, it matches the complexity of the classic,
but still widely used (and in some situations hard to
beat) Gilmore-Lawler (GL) bound based QAP algo-
rithms [7][14].

In general, it is very difficult to derive theoretical
results on how many nodes a branch—and-bound algo-
rithm will visit, so most authors resort to empirical com-
parisons. Our preliminary experiments indicate that in
general the Fourier algorithm performs similarly to the
GL approach, while on at least one special class of QAPs
it is superior.

Related work The QAP is a bottleneck for both the-
oreticians and empiricists. Despite some approximation
results for special cases [2][6][1] no general approxima-
tion result was known for the QAP until the very re-
cent work of Nagarajan and Sviridenko [17]. In fact, for
the min-QAP problem there is a series of results show-
ing that it remains hard for any approximation factor
[23][19].

On the empirical front the situation is not much
better. Most exact methods proposed to solve the
QAP over the course of the last fifty years use branch—
and-bound techniques, and only differ in their bounds,
ranging from Gilmore-Lawler bounds, via eigenvalue
based bounds to more sophisticated and expensive
bounds that involve solving a semi-definite-program
or other optimization problem at each branch point.
Despite these achievements, solving a general QAP of
size n > 20 remains hard, and solving a QAP with
n > 30 is considered state—of-the-art. Some excellent
surveys of the QAP are [3] and [18].
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2 Graph functions and the graph correlation

To present our algorithm in the most intuitive manner,
without loss of generality, we regard A and A’ in (1.1) as
the adjacency matrices of a pair of weighted, directed,
loopless graphs G and G’ of n vertices. The objective
function

n

> Aotiy.ay Aij

4,j=1

(2.3) flo) =

of the quadratic assignment problem then captures the
degree of “alignment” between the two graphs when
overlaying them by identifying vertex ¢ of A’ with
vertex o(i) of A. We will also refer to (2.3) as the
graph correlation between G and G’. The quadratic
assignment problem is to find the maximum of (2.3)
over the symmetric group S,,. Throughout the paper
for the definitions of terms from group theory and
representation theory, the reader is referred to Appendix
A.

The natural “relabeling” action of S,, on the vertices
of Gisi+ 7(i); on the edges of G is (7, 7) — (7(7),7(4));
and on the adjacency matrix is A — A™, where

(2.4) AT = A1), n1(5)-
Thus, (2.3) can be regarded as the elementwise product
between a relabeled version of A and the original A’.
Since the action (7, j) — (7(i),7(j)) is transitive on the
off-diagonal entries of A and (n,n — 1) is stabilized by
the subgroup S,,_o, the off-diagonal part of A, viewed as
a homogeneous space of S,;, is isomorphic to S,/S,_s.
From an operational point of view, the above imply
that A induces a function

(25) fA: Sp — R, fA(g) = Ao’(n),a(nfl)a

called the graph function of G, which has the property
that under relabeling it transforms by left-translation.
This means that if A and A™ are related by (2.4), then
the corresponding graph functions are related by far =
fi, where f7 is the left-translate of f4 by 7, defined
f¥(o) = fa(r~'o). Graph functions were introduced
in [11] and [13] to define efficiently computable graph
invariants. In the present context they enter by way of
the following result.

PROPOSITION 2.1. The objective function of the QAP
given in (2.3) can be expressed as

1

1) = 5

(n—2)! > falom) falm).

TES,

Proof. For each (i,j) pair (with i,7,€ {1,2,...,n}
and i # j), there are exactly (n — 2)! permutations in
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S, mapping n to ¢ and n—1 to j (to be specific, such
permutations form a left coset o; ;S,,—2) Hence,

ZAO'(Z o ,j -

7,7=1

1
(n—2)! Z Aor

TES,

(n),om(n—1) A/ﬂ'(n) ,m(n—1) —

thmm

TES,

(n—-2)!

For general g,h: S, — R, > o g(om)h(n) is called
the correlation of g with A. Thus, Proposition 2.1
establishes a connection between the correlation of two
graphs and the correlation of the corresponding graph
functions.

3 Formulating the QAP in Fourier space

Instead of working directly with the objective function
(2.3), which is an object of size n!, in this paper we solve
the QAP by manipulating its Fourier transform. In
general, the Fourier transform of a function g: S,, —
R is the collection of matrices

i =3 g0) palo),

o€ES,

(3.6) A mn,

where A F n denotes that A = (A1, Ag, ..., A\;) extends
over all integer partitions of n, and for each partition,
oa: S, — C¥*dx is the corresponding irreducible
representation (irrep) of S,,. The inverse transform is

'Zd)\tr ox(o

AFn

37 gl g -

As explained in Appendix A, there is considerable
freedom in the choice of irreps, and naturally, this will
influence the form of the Fourier transform. However,
several of our results demand that the p, satisfy some
special properties, namely that they be real, orthogonal,
and adapted to the chain of subgroups S, > S,,_1 >
. > S;. Therefore, in the following, unless stated
otherwise, we assume that the p) are given in Young’s
Orthogonal Representation (YOR), which fulfills
all of these requirements. The rows/columns of py, and
hence of g(\) are usually indexed by standard Young
tableaux, or, equivalently, Yamanouchi symbols. If Y is
a Yamanouchi symbol of shape A, then [g]y will denote
the column of g(\) indexed by Y. Once again, see
Appendix A for the exact definitions of these terms.
While for a general function g the total number of
entries across all {g(A)},,,, matrices is n!, some impor-
tant functions on permutations are band—limited in
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the sense that their Fourier transform is identically zero
except for a small set of matrices {gx} ¢, or a small set
of columns {[g]y } ¢, Functions induced from homo-
geneous spaces generally turn out to be band-limited
in this sense. In [11] we have shown that the graph
function f4 is severely band-limited, and introduced the
term graph Fourier transform for f4.

PROPOSITION 3.1. (for proof, see [11]) The Fourier
transform of a (directed, weighted, loopless) graph G
with adjacency matrix A € R™™™ (expressed in YOR)
18 identically zero except for
1. the one dimensional Fourier component f((n));
2. the [_]/(\;4][2”.] and [ﬁ;hlg.,,] columns of the n — 1
dimensional component f((n —-1,1));
3. the [ﬁ][gzn] column of the n(n—3)/2 dimensional
component f((n —2,2)); and
4. the [ﬁﬂ[gzml column of the (n—1)(n—2)/2 dimen-
sional component f((n -2,1,1)).

We now show that Propositions 2.1 and 3.1 together
imply that the graph correlation is also band-limited.
This is crucially important, because otherwise any
algorithm attempting to maximize f in Fourier space
would require O(n!) storage. The fact that the objective
function of the QAP is band-limited was first discussed
in [20]. The following result goes further in that it also
describes the structure of the f ( ) matrices, and relates
them to fA and fA/

PROPOSITION 3.2. (¢f. [20]) Given a pair of graphs G
and G' of n wvertices with graph Fourier transforms fA
and f 4+, the Fourier transform of their graph correlation
(2.3) can be expressed as

~ 1
W=y

In particular, f()\) is identically zero unless A = (n),
(n=1,1), (n—2,2) or (n—2,1,1), and f((n—2,2)) and
f((n=2,1,1)) are dyadic (rank one) matrices.

(3.8) Fa) - (Fa O, AFn.

Proof. Given ¢g: S, — R, let g7:S,, — R be
defined g~ (o) = g(c~1). By the orthogonality of YOR,
pa(c™1) = pa(0) T, hence g~ (A) = g(\)T. Therefore,
> falom) far(m) = D falon™!) far(x™!) =
TES, TES,
D falon™) fa(m) = fax fa,
TES,

where * denotes convolution, and (3.8) follows by the
convolution theorem (see Appendix A). Plugging in
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Proposition 3.1 gives the explicit expressions

F(m) = ey Wl L]
fl(n—1,1) = e ( [:&] : [fA’][z.A.] +
[/,\4][12 1 [fA'][le..i]),
f((n 2,2)) = Giun [faliz2.. - [fA/][ng..]v
Fln=2,11) = &g Fale - Pl s

where the product of a column vector v with a row
vector w '
matrix, [ow All other components of f
are zero. ]

T] ij = Vywy.

4 Searching the tree of cosets

Letting [, j] denote the special permutation (called a
contiguous cycle)

k+1 fork=id,i4+1,...,5—1,
[[Z?J]]: i for k = j,
k otherwise,

the symmetric group can be partitioned into a union
of (disjoint) S,_1—cosets as S, = UJ; _; _,[in,n] Sp—1.
Each [in,n] S,—1 itself partitions into S,,_s—cosets as

U

in—1=1,...,

[[Zn;n]] Snfl = [[in;n]]ﬂinflan_lﬂ Sn727

n—1

and so on, forming a tree of cosets with individual
permutations at the leaves.

Our Fourier space branch—and-bound algorithm
maximizes (2.3) by searching in this tree. To formulate
the algorithm, to each vertex we associate a restricted
objective function f;, i, _;....in01 0 Sk — R defined

(49) fin,yin—17~~-7ik+l (T) =

f([[invnﬂ[[infhn— 1H ..

and assume that we have access to corresponding upper
bounds

[[ikJrlv k+ H] T)7

(4.10) B(fin;inflw--aik‘Fl)'

f_%%):fin,in,l,...,ikﬂ(T) <
We also introduce the shorthand flk for fi i 1ing-

The actual algorithm (Figure 1) follows the clas-
sic branch—and—bound strategy of searching in a depth—
first manner, always following the branch with the high-
est bound. Having found a tentative maximizer opest,
it backtracks, considering the second, third, etc. most

is to be interpreted as the outer product

than the current maximizer. However, there is no need
to explore branches with B(ﬂ“) < f(opest). The ef-
ficiency of branch—and—bound algorithms depends on
what fraction of the branches they can eliminate in this
way.

The novel feature of our algorithm is that all the
above steps are performed in Fourier space, without
ever computing a full inverse Fourier transform. To
demonstrate that for the QAP objective function this
is a viable strategy, we need to

(1) show that the fF functions are band-limited just
like f is,

(2) provide a way to efficiently compute each Jﬂf from
the node above it,

(3) propose an efficiently computable bound B(ﬂc),
which is as tight as possible.

Of these goals (1) and (2) hinge on the following gen-

eral result, which is implicit in Clausen’s inverse FFT

[4][16][9]. Once again, for the definition of restricted

partitions A|,_1, extended partitions pT" and the p—

blocks [-] v the reader is referred to Appendix A.

PROPOSITION 4.1. Given any f: S, — R, and letting
fi be defined as in (4.9) (with k=n—1 and f; = f, ),
i YOR,

F =3 2 palinD)

Aepln H

(4.11) ],

for all = n—1. In particular, if f is band—limited to the
set of Fourier components indexed by A C {\+ n}, then
fi is band—limited to the Fourier components indexed by

Aln,1: U)\EA A lnfl .

Proof. (Sketch) By definition of the Fourier trans-
form,

= 5" (o) flo) =

O'GSW,
Z Z ox([Z,n]7) f([i,n]T) =
i=11€S,_1
pr ivnl) 3 pa(r) £i(r),
TESH_1

which, by the branching rule, px(7)
we can write as

N =3 (i)

The proposition follows by inverting this mapping from

= @uear,_, Pu(r)

P Fiw

HEN n—1

promising branch at each level and updating opest when- f17 R fn) to f The full proof is in Appendix B. W
ever it finds a leaf with higher objective function value
1020 Copyright © by SIAM.
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COROLLARY 4.1. If f:S,, — R is the QAP objective
function (2.3), then J/‘}“()\) is identically zero unless
A= (k), (k—1,1), (k—2,2) or (k—2,1,1). Moreover,
f?“(k‘—2, 2) and ]ﬂf(k—Q, 1,1) are dyadic.

Proof. Proposition 3.2 has shown that f is band-
limited to {(n),(n —1),(n —2,2),(n —2,1,1)}. Since
(n)lnflz {(n_ 1)}, (n—1, 1)ln*1: {(n_ 1), (n—2, 1)}7
n — 2,2) |po1=  {(n—2,1),(n—3,2)}, and
(n —2,1,1) lpo1= {(n—-2,1),(n—3,1,1)}, each
fi (with ¢« = 1,2,...,n) is band-limited to
{(n-1),(n—2,1),(n—-3,2),(n—3,1,1)}.  Moreover,

since d
n (n—2,2)
i(n—3,2) = —————
flln=3,2)) = Tp=22

X [p(n—2,2) ([[7’5 n]])T f((n -2, 2)) ] (n—3,2)"

N dn—2,1,1)

(n—3,1,1)) =
fil( ) ndin a1

X [P(n—Q,l,l)([[i7 nﬂ)T f((n -2,1,1)) } (n—3,1,1)

~ ~

and f((n—2,2)) and f((n—2,1,1)) are dyadic matrices,
so will ﬁ((n—3,2)) and ﬁ-((n—?), 1,1)) be. This proves
our statement for k =n—1. The k =n—2,...,1 cases
follow by induction. |

5 Fourier space bounds

We leave the discussion of the complexity of computing
f}“()\) to the next section, and now move on to our third
goal of bounding fF(7). While the general trace-norm
bound presented below is stated in terms of functions
on S,, since any finite group has unitary irreps and non-
commutative Fourier transforms, it would hold equally
well in this wider setting. We are not aware of any
bounds of this type having previously been published in
the non-commutative harmonic analysis literature.

PROPOSITION 5.1. For any function f: S, — R,

1 -
512 )< Sl
where || M|, denotes the trace norm of the matriz M.
Proof. For a general matrix A € R?*? with sin-

gular values si,S82,...,84, the trace norm of A is
IAll, = ijl s;, while the spectral norm of A is
|All, = maxj<ij<qsi. It is well known that these two
norms are dual to one-another in the sense that | 4|, =
sup| g|,<1 tr (AB) . In particular, since px(o) is orthog-

function find max(f,n) {
o < best_leaf (f,n, f(e)) ;
if o # () then return o;

return e;
} -
function best_leaf (f, k, mazsofar) {
o—0;
if k=1 then
if f(e) > mazsofar then o — ¢;
else
for j =1 to k do
compute J?, ;
end
s—(1,2,...,k);
sort s so that B(fsl) >...> B(fsk) ;
for j=1 to k do
if B(ﬁj) < mazsofar then return o ;
7 + best_leaf (f,;, k—1, maxsofar) ;
if 7 # () then
o [, k]T;
maxsofar «— f(o) ;
end
end
end
return o ;
}

Figure 1: Our main branch—and-bound algorithm for
solving the QAP.

COROLLARY 5.1. For the QAP objective function (2.3),

each upper bound B(Jﬂf) =n"'Y d,\HﬁC(A)Hl can
be computed in O(k?) time.

Proof. By Corollary 4.1, B(fF) = n!~ ! (b +b(_1.1)+
bik_22) + bk_2.1.1)), where by = dy||fF(\)]. Since
E“((k)) is one-dimensional, b is trivial. The second
component ]ﬂf((k:—l)) is k—1-dimensional, so computing
its SVD takes O(k3) time. The third component
E“((lc—2, 2)) is O(k?)-dimensional but diadic, therefore,
IFE((k =2.2)) [ = lu- vy = |lull - [[ol] takes only
O(k?) operations to compute. Finally, ﬁ“((k -2,1,1))
is analogous. |

~ ~

Together, f((n)) and f((n—1,1)) determine the matrix
of “first order marginals” F;; = >, ;) _; ¥ (o) (see,
e.g., [5][8] or [12]). Hence, a slightly tighter version of
(5.12) for the QAP is

onal, [[px(0) |z = 1, and hence tr(F(A) - pa(0)~1) < (5-13) max flo) < F maxtr (P F)
I f(A)|l1 for all o €S,, and A F n in the inverse Fourier 1 ~
transform (3.7). | + o Z dall fF(A) (1
“ae{(n—2,2),(n—2,1,1)}
1021 Copyright © by SIAM.
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In effect, this not only constrains the matrix multiply-
ing f((n—1,1)) in the bound to be orthogonal, but
also to be an actual representation matrix. The com-
plexity of evaluating (5.13) is still O(n?), though, since
max,es, tr (P, F) is a linear assignment problem, which
can be solved in O(n?®) time by the Kuhn-Munkres

(Hungarian) algorithm.

6 Computational complexity

To bound the complexity of our Fourier space branch—
and-bound algorithm, we need to quantify the number
of operations needed to compute f and each Jﬂf In
addition to the structural results of the previous section,
the key to efficient computation is to exploit the special
properties of YOR.

In particular, letting 7, € S,, be the adjacent
transposition that swaps ¢ with i+1 and leaves every-
thing else fixed, [, j] can be written as 7,741 ... 71,
and hence for any A - n and any M € Réxc,

(6.14) pa([i, 1) M = pa(7i)-pa(Tig1) - - .- pa(Tj—1) - M.

Since in YOR each row of px(7x) has at most two non-
zero entries, the right-hand side of this equation can
be computed in just 2(j —i)cdy scalar operations.® If
M € R™*dr is a dyadic matrix stored in the form
uv' (where u and v are column vectors), then the
computational cost is further reduced to 2(j — i)dy.
Exploiting the sparsity of YOR in this way is at the
heart of Clausen’s FFT for S, [4][16]. In the proof
of the following result we also refer to Maslen’s FFT
[15], which uses somewhat more involved techniques,
and under certain circumstances can shave off an extra
factor of n from the complexity of Fourier transforms.

PROPOSITION 6.1. The Fourier transform of the QAP
objective function (2.3) can be computed from A and A’
in 3(2n — 3)n(n — 1) + 2(n — 1)2 + 1 scalar operations.

Proof. By definition, f4 is right S, _o—invariant
(fa(or) = fa(o) for all 7 € S,,_2), therefore it is in-
duced from the corresponding fi%: S, /S,—2» — R.
By Theorem 4.1 of [15] the Fourier transform of such
functions can be computed in 3(2n — 3)n(n — 1)/2 op-
erations. The same holds for fA/. Once we have fA
and fa/, by Proposition 3.2, f((n)) can be computed by

~

a single multiplication; f((n—1,1)) can be computed
in 2(n — 1)? scalar operations; and f((n —2,2)) and

o~

f((n—2,1,1)), assuming that we store them in dyadic

THere and in the following, in accordance with the majority of
the algebraic complexity literature, by a single scalar operation
we mean multiplying two scalars and adding them to a third.
Multiplication by constants and copying are assumed to be free.
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form, can be computed without any scalar operations
at all. ]

PROPOSITION 6.2. If f is the objective function of
the QAP, then f; can be computed from
ﬁnﬂ;n—ly--ﬂ;k+1 in O(k3) scalar operations for any k =
n,n—1,...,2 and any choice of in,in—1,...,i (with
1<i; <j)

naltn—1,ylk

Proof. To simplify notation, let f}“ = finsinotving
and fkfl = finin_1.....i- By Corollary 4.1, the only
non-zero components of ]ﬂf are Jﬂf((k)), ﬁ((ki— 1,1)),
FE((k—2,2)) and fF((k—2,1,1)). Furthermore, the last
two of these components are dyadic, and we assume that
they are stored in dyadic form. Since p) is the trivial
representation, p(x)([ir, k]) " - ]ﬂf((k)) = ﬁ((k)) By
the hook rule d(;,—1,1) =k —1, d(x—22)=k(k—3)/2 and
d(k—2,1,1) = (k—1)(k—2)/2. Applying the analog of (6.14)
with px([ir, k]) T = pa(7e—1) - .. pa(7i,) then gives that
pte—1)([in, K1) T - FF((k — 1)) can be computed in 2(k —
i) (k — 1)2 operations; (.2 ([ir, k)T - FF((k —2,2))
can be computed in (k — ix)k(k — 3) operations; and
p(k,g,l’l)([[ik,k]])T . ﬁf((k; —2,1,1)) can be computed
in (k — ig)(k — 1)(k — 2) operations. Now applying
Proposition 4.1 gives that from these products ﬁffl ((k—
1)) can be computed in 1 scalar operation (2 scalars to
be added); Alkfl((k—Q, 2)) can be computed in 2(k—1)2
operations (two dyadic products to be added to a third
matrix); and f51((k—3,2)) and 5 ((k—3,1,1)) can
be computed by just copying numbers. In total this is
2k(k — 3)(k —ix) + 2(k — 1)® + 1 scalar operations. B

Combining Propositions 6.1 and 6.2 with Corollary 5.1
gives our main complexity result.

THEOREM 6.1. The running time of Algorithm 1 is
O((1+ ¢)n?), where c is the total number of calls made
to the recursive function best_leaf.

Theorem 6.1 tells us that our Fourier space algorithm is
efficient at evaluating individual nodes of the branch—
and-bound tree. However, as is often the case with
branch—-and-bound algorithms, proving a meaningful
bound for the number of tree nodes that need to be
visited seems very challenging. For this reason, QAP
algorithms are generally evaluated by empirical com-
parison on benchmark examples or random problems
drawn from some ensemble.
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7 Comparison to other algorithms, generaliza-
tions, and empirical results

To the best of our knowledge, apart from [20], the idea
of using non—-commutative harmonic analysis to solve
QAPs has not been previously explored, and both the
branching and bounding strategies described above ap-
pear very different to those employed by other algo-
rithms. However, there are some interesting connec-
tions.

7.1 Alternative coset trees. The coset [i,, n]S,—1
is exactly the set of permutations that map n to position
in. Similarly, [in,n][in-1,n —1]Sp—2 is the coset of
permutations that map n to i,, and n—1 to either ,,_1
or i,_1+1, depending on whether 4,, > i,,_1 or not, and
so on, down to lower levels in the tree. In other words,
descending the coset tree corresponds to successively
assigning the vertices n,n—1,n—2,... of G to vertices
of G’. Many classical QAP algorithms subdivide the
assignment problem in a very similar way, by assigning
vertices of one graph to vertices of the other. Thus, even
though the computations involved in branching are very
different, some aspects of the behavior of the Fourier
space algorithm can be expected to be similar to that
of its classical counterparts. Moreover, at each branch
point one could evaluate both the Fourier and a classical
bound and hope to improve performance by using the
lesser of the two.

An advantage of the Fourier framework is that it
permits a range of variations on the branching strategy.
The simplest of these is to branch to two—sided cosets

[[Z'n,’fl]] - [[ik+1, k+1]] Sk [[jk+1,]{1 + 1}]71 .. [[jn,n]]il,

corresponding to assigning j, to i,, etc.. While by
a slight generalization of Proposition 6.2 the objective
function can still be restricted to these cosets in O(k?)
operations, being able to vary both the i’s and the
j’s can make it easier for the algorithm to narrow its
search to the most promising subset of permutations.
Branching to cosets induced by subgroups of S,, other
than Sy is also possible, but would make the branching
step somewhat more involved.

7.2 Comparison to GL-bounds. It is interesting
to compare (5.12) with classical QAP bounds, in par-
ticular, the GL-bound mentioned in the introduction,
which at the top of the tree takes the form f(o) <
min,¢s, tr (PM), where M; ; = A:A;, A; is a column
vector composed of the entries of the the i’th column of
A excepting Ay; sorted in decreasing order, and /i;- is de-
fined similarly. At lower levels of the tree, as expected,
n would be replaced by k, A and A’ by their submatri-
ces indexed by the unassigned vertices, and tr (P-M) is
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replaced by tr (P-(M + L)), where L captures the inter-
action between the vertex next to be assigned and those
already assigned. It is remarkable that both the modi-
fied Fourier bound (5.13) and the GL-bound hinge on
solving a linear assignment problem, but the objective
functions are quite different.

7.3 Peak amplification. Composing f with a con-
vex positive function ¢ accentuates its peaks, and can
thus improve the performance of branch—and—bound
search. Unfortunately, in our Fourier setting there is
no general guarantee that ¢ o f will be band-limited.
For polynomial ¢ the Fourier space multiplication t/h\Q'
orem [8] does imply a band-limit, but in general ¢o f
involves many more components than f, and computing
each component requires Clebsch—Gordan transforms,
which are themselves very expensive.

The following proposition shows that for the sim-
plest case of ¢(z) = 22, gb/o\f can be computed
directly from a sequence of “higher order graph
functions” XM, Z’k, Xjk,... without any Clebsch-
Gordan transforms. In a branch-and-bound setting
Jirintsying Can then be computed by Proposition 4.1,
and the corresponding bounds can be computed by
Proposition 5.1.

PrOPOSITION 7.1. The square of the QAP objective
function (2.3) can be expressed as

L ke gkl
(n74)! AJ ()‘)( A]’

—

P = )"

—_—

el LR RGO SRR G

—_ —_—

) )T+ BP0 (P )]

— —_

totan | OGO 0 ).

where
ijke
AJ (7T) = Aﬂ(n),ﬂ'(n—l) Aﬂ'(n—2),7r(n—3)7
ijik
(1) = Arn), m(n-1) Ar(n), w(n—2)>

/k:
f;;” (77) = Aﬂ'(n),ﬂ'(nfl) A7T(7l71),ﬂ'(’ﬂ72)?

f;‘J-”(W) = Aﬂ—(n),ﬂ'(nfl) Aﬂ(nfl)Vﬂ—(n)’
() B

™) = (Aﬂ(n), Tr(n—l))

In particular, ‘]/& 18 band limited to the ten Fourier

o~ o~

components {f(A)}rem—ayn. Moreover, f((n—4,4)),
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F((n—4,2,2)),f((n—4,2,1,1)) and f((n—4,1,1,1)) are

dyadic.

Proof. The squared objective function

= ( Zn: Ao (i), o) A’z',j)Q

1,0=1
n
Z Ag(i)70'(j) Ao’(k), a(f) A/’i,j Alk:,[
1,5,k f=1

can be broken down into a sum of three expressions.
First, we write the contribution to the sum on the right
hand side form terms where ¢, j, k and £ are all different

as
z : zgk:é
(n — 4

TES,

zgkz(ﬂ_)‘

Secondly, the contribution from terms corresponding to
the four ways that either ¢ or j can match k or ¢ we
write as (n—3)!7! times

Z 1j1k l]’Lk z fl]]k ﬂ' z]jk( )+
TES, TES,

S £ om) 75w + Y £ om) 179 (o)
TES, TES,

Finally, we have the contribution from terms where both
i and j match one of k and ¢, which is (n—2)!=! times

Z zj]z Z fZ]z] 0'7T zjzj(ﬂ_)

TES, TES,

zy]z

Our experiments suggest that for a variety of ensembles
of random QAP problems, squaring the objective func-
tion does indeed lead to tighter bounds, but at least in
the n < 20 regime, the resulting reduction in the num-
ber of branches visited does not justify the extra cost
of carrying around much larger Fourier transforms and
having to compute larger SVDs. On large benchmark
problems the situation might be different. Proposition
7.1 has natural generalizations to f2, 4, and so on.

7.4 Higher order assignment. The third—order
version of the QAP is

= argmax Z Ag(i),0(),0(k) Al j k>
"ig k=1

and corresponds to finding the best alignment between
two hypergraphs. From an algebraic point of view, how-
ever, the only difference is that solving this problem in-
volves searching over S,,/S,,_3, as opposed to S,,/S,,_».
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While we do not have space to describe this case in
detail, the results of the paper generalize to third and
higher order assignment problems with relative ease, ex-
cept that naturally the per-node computational com-
plexity will increase.

7.5 Empirical results. We have implemented our
algorithm as an extension to the S,ob[9] open source
object—oriented S,, FFT library, and will make the code
publicly available. Experiments to compare the perfor-
mance of the Fourier method to that of established QAP
algorithms are under way, but at this stage our results
are too preliminary to report in detail.

Our experience is that in general the performance
of the basic Fourier algorithm is comparable to that of
the GL method in terms of the tightness of the bounds,
number of nodes visited, as well as total CPU time.
Restricting ourselves to specific subclasses of QAPs,
however, significant differences start to emerge. In
particular, when A and A’ are both symmetric, the GL
algorithm seems to do better, while the case when they
are anti-symmetric favors the Fourier algorithm.? For
example, on 100 randomly generated anti-symmetric
QAP instances of size n = 12 (where each entry of A
above the diagonal is chosen independently from the
uniform distribution on [0,1] and A}, = i — j), on
average, the mean Fourier bound at the top of the
tree was 293.4 4+ 22.8, while the mean GL-bound was
358.3 + 18.2, and the mean number of nodes visited by
the two algorithms was 51.3 £ 29.2 vs. 484.5 4 247.0.

Clearly, more extensive experiments are needed to
find out how useful our algorithm can be for solving
QAPs arising in practical applications, and how com-
petitive it is on standard benchmarks.

8 Conclusions

We presented a new algorithm for solving the quadratic
assignment problem, which, to the best of our knowl-
edge, is the first attempt to attack the QAP in the
Fourier domain. The feasibility of the algorithm hinges
on the following points. (1) The Fourier transform of
the objective function of the QAP is very sparse (this
was already pointed out in [20]) and can be computed
in O(n3) time by FFT methods. (2) The Fourier space
objective function can be restricted to each node of the
search tree from the node above in O(n?) time. (3) Each

2The anti-symmetric case appears in ranking problems. If Aij

is the number of voters preferring candidate ¢ to candidate j and
Aj ; =1i—j, then the solution of QAP gives the optimal ranking
of the candidates with respect to a natural metric. Also note that
when one of the two matrices is (anti—)symmetric, the other one
can also be (anti-)symmetrized without affecting the objective
function.
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branch can be upper bounded from its Fourier transform
in O(n?) time.

Preliminary experiments suggest that on certain
classes of QAPs, such as anti-symmetric ones, the
Fourier approach is more efficient than other algorithms
of the same per—node complexity, but more empirical
work is needed to establish where the new algorithm
fits in among established QAP solvers. One attractive
feature of the Fourier approach is its generality: the
framework is flexible enough to accommodate a variety
of branching strategies, modifications to the objective
function, and higher order assignment problems. In
fact, it is applicable to optimizing over any finite group.
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9 Appendix A: Definitions from group theory
and representation theory

In an effort to make our paper as close to self-
contained as possible, in the following we give the defini-
tions of some standard terms from group / representation
theory, as well as of some not necessarily so standard
notations. For a gentle introduction to representation
theory, see, e.g., [24]. For information specific to the
symmetric group, we recommend [22], and for more de-
tails on non—commutative Fourier transforms and their
applications, see [5] [21] and [10].

Conjugation. We denote the complex conjugate of a
number z € C by z* and the Hermitian conjugate M* T
of a matrix M € C4*% by MT.

Groups. A group is a set G endowed with an oper-
ation G x G — G (usually denoted multiplicatively)
obeying the following axioms:

Gl.
G2.
G3.

for any xz,y € G, zy € G (closure);
for any z,y,z € G, x(yz) = (xy)z (associativity);

there is a unique e € G, called the identity of G,
such that ex = xe = x for any x € G

G4. for any x € G, there is a corresponding element

27 '€ @G called the inverse of z, such that z2~! =

z lz=e.
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We do not require that the group operation be com-
mutative, i.e., in general, xy # yx. A subset H of G
is called a subgroup of GG, denoted H < G, if H it-
self forms a group with respect to the same operation
as G, i.e., if for any x,y € H, zy € H. If x € G and
H <G, thenzH ={zh | he H} C G is called a (left—)
H-coset.

Representations. For the purposes of this paper a
representation of G over C is a matrix—valued function
p: G — C%*do that satisfies p(x)p(y) = p(zy) for any
z,y € G. We call d, the order or the dimensionality
of p. Note that p(e) = I for any representation. Two
representations p; and ps of the same dimensionality
d are said to be equivalent if for some invertible
T € C™, pi(z) = T lpe(2)T for any » € G. A
representation p is said to be reducible if it decomposes
into a direct sum of smaller representations in the form

p(x) =T (pr(x) ®pa(2)) T
_ =1 p1(z) 0
=7 ( 0 | paA2) ) g

for some invertible 7' € C% >, A maximal system of
pairwise inequivalent, irreducible representations we call
a system of irreps. It is possible to show that if R; and
Ro are two different systems of irreps of the same finite
group G, then Ry and R, have the same (finite) cardi-
nality, and there is a bijection ¢: R; — R4 such that
if ¢(p1) = p2, then p; and py are equivalent. A finite
group always has at least one system of irreps in which
all the p(x) matrices are unitary, i.e., p(z) ! = p(z)f =
p(x)*T for all z € G. The theorem of total reducibil-
ity asserts that given a system of irreps {p1, p2,..., Pk},
any representation p can be reduced into a direct sum of
the p;’s in the sense that there is an invertible matrix T
and sequence of multiplicities mq, ma, ..., my such that
pla) = T B, By pil)]T.

Permutations. A permutation of {1,2,...,n} isa
bijective mapping o: {1,2,...,n}— {1,2,...,n}. The
product of two such permutations is defined by com-
position, (0201)(i) = 02(01(i)) for all i € {1,2,...,n}.
With respect to this operation the set of all n! possi-
ble permutations of {1,2,...,n} form a group called
the symmetric group of degree n, which we denote
S,. For m < n we identify S,, with the subgroup of
permutations that only permute 1,2,...,m, i.e., S, =
{reS,|rm+1)=m+1,...,7(n) =n}.

VeeG

Cycle notation. A cycle in a permutation o € S, is a
sequence (¢1,¢a, ..., cx) such that fori =1,2,... . k—1,
o(c;) = ¢i41 and o(cg) = c¢1. Any permutation can
be expressed as a product of disjoint cycles. Some
special permutations that we will be interested in are
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the adjacent transpositions 7, = (i,i+ 1) and the
contiguous cycles [i, j] = (i,i+1,...,75).

Partitions and Young diagrams. The sequence of
positive integers A = (A1, A2,...,A;) is said to be an
integer partition of n (denoted A F n) if Zle Ai=n
and A\; > Ajyq for i = 1,2,...,k — 1. The Young
diagram of A consists of A1, Ag, ..., Ax boxes laid down
in consecutive rows, as in

for A = (4,3,1). One natural partial order on partitions
is the inclusion order of their diagrams: for A =
Myeo s X)) Fonand p = (ug,.. o) Emy, A > p
if and only if A; > p; for all ¢ = 1,2,.... max(k, k") (for
i > k' we take p; = 0). We define the restriction
of A\ F n to m < n as the set of partitions A |,,=
{pFm|X>p}, and the extension of p - m to
n > m as the set of partitions u]"={AFn|A>pu}.

Young tableaux. A Young diagram with numbers in
its cells is called a Young tableau. A standard
tableau is a Young tableau in which each of the
numbers 1,2, ..., n is featured exactly once, and in such
a way that in each row the numbers increase from left
to right and in each column they increase from top to
bottom. For example,

[\
ot

8]

‘@OJH
N
\]

(9.15)

is a standard tableau of shape A\ = (4,3,1). An
alternative way to specify a standard tableau t is by
its so-called Yamanouchi symbol ¢ = [r,r,—1...71],
where r; is the row index of the number i in t. We use
the shorthand [r,rp—1...7—k ..., for the Yamanouchi
symbol beginning with r,,7,_1 ...7,_; and padded with
the appropriate number of 1’s so as to result in a tableau
of n boxes. For example, [123122...]5 is equivalent to
(9.15), and [. . .],, is the unique standard tableau of shape
A= (n).

Indexing the irreps. The significance of integer par-
titions and standard Young tableaux is that the former
are in bijection with the irreps of S,,, while the latter
are in bijection with the rows and columns of the actual
representation matrices. Exploiting these bijections, we
label the irreps by the partitions {A F n}, and we la-
bel the individual rows and columns of py(o) by the
standard tableaux of shape A (or, alternatively, the Ya-
manouchi symbols of shape A). The dimensionalities
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dy = d,, can be computed from the so-called hook
rule

(9.16) dy =

[T;¢()°

where i ranges over all the cells of A\, and £(i) are the
lengths of the corresponding “hooks”, i.e., the number
of cells to the right of cell ¢ plus the number of cells
below ¢ plus one. For example, it is easy to check that
d(l) = ]., d(n—l,l) =n — ].7 d(n—?,?) = ’I’L(’I’L—g)/27 and
d(n,2,171) = (n — 1)(7’L — 2)/2

Young’s Orthogonal Representation. The specific
system of irreps that we use in this paper is called
Young’s orthogonal representation, or just YOR.
A special feature of YOR is that its irreps are not only
unitary, but also real-valued, hence the py (o) matrices
are orthogonal. YOR is defined by explicitly specifying
the representation matrices corresponding to adjacent
transpositions. For any standard tableau ¢, letting 7;(¢)
be the tableau that we get from ¢ by exchanging the
numbers ¢ and ¢ 4+ 1 in its diagram, the rule defining
px(7;) in YOR is the following: if 7;(¢) is not a standard
tableau, then the column of py(7;) indexed by t is zero,
except for the diagonal element [px(7;)], , = 1/dy (i, i+1);
if 7;(t) is a standard tableau, then in addition to this
diagonal element, we also have a single non-zero off-
diagonal element, [px(7i)],, (1), = (1—1/du(3, i+1)2)1/2,
All other matrix entries of py(7;) are zero. In the above
di(i,i+1) = ¢4 (i 4+ 1) — ¢¢(4), where ¢(j) is the column
index minus the row index of the cell where j is located
in ¢t. Note that the trivial representation piyv(0) = 1
is the irrep indexed by A = (n). Also note that for
any A F n, each row/column of py(7;) has at most two
non-zero entries.

Restricted representations. If pis an irrep of a finite
group G and H is a subgroup of G, then p restricted to
H is a representation of H (denoted p| ), but in general
it is not irreducible. This means that if p1, p2,..., pg is
a system of irreps of H, then by the theorem of total
reducibility p |y (z) = T! [@5:1 @;n:kl pi(z)] T for
some T and mq, ma, ..., mg. We say that p is adapted
to H < G (equivalently, that it is in a Gelfand—Tsetlin
basis wr.t. H < G) if in this formula T is the
identity. An important property of YOR is that it is
adapted to the entire chain S; < S; < ... < §,. In
particular, Young’s branching rule tells us that in
YOR the irreps of S, restricted to S,_1 are of the
particularly simple form py |,_1= @ue&n_l Pu, ie.,
for any 7 € S,_1, pa(7) is block—diagonal and each
block corresponds to a different p € A|,,_1. The block
corresponding to p in M = py(o) or any square matrix

of the same size we denote [M],.
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The Fourier transform. The Fourier transform of
a function f: S, — C is defined as the collection of

matrices
=" (o) palo)

(9.17) AF 7.
oES,

As always, we assume that the p) representations are
given in YOR. Since YOR is a system of real valued
representations, if f is a real valued function, then
the f(A) Fourier components will also be real valued.
Non-commutative Fourier transforms such as (9.17)
enjoy some of the same properties as the usual Fourier
transforms on the real line and the unit circle. In
particular (9.17) is a an invertible, unitary mapping
C% — @,,,, C»*4 with inverse given by

'Zd)\tr (o)~ 1}.

AFn

Convolution and correlation. The convolution of
f:S, — C with ¢g: S, — C is defined (f * g)(o) =
Y res, f(em71) g(1). The convolution theorem states
that f/;q( A) = f()\)ﬁ()\) for each A F n. The
correlation of f with g is defined (f x g)(o) =
>res, f(oT)g(T)" and the correlation theorem states

that [ xg(\) = fl

RVIONE

10 Appendix B: Proof of Proposition 4.1

The inverse Fourier transform of ﬁ on S,_1 in YOR is

fi(r) > dutr[pu(r) " fi(w)].

puFn—1

(10.18) T

On the other hand, the inverse Fourier transform on S,
tells us that
f(li,n]7) = F)

filr) = detr ox([i,n] )"

" AFn

' der p)\

AFn

) oa(li,n]) T F(N)]

for any 7 € S,_1, By the branching rule, p\(r) =
@He&%l pu(T), hence

tr[pa(r) T pa(Lis )T F)]
~ul[ @ n) o) 0]

HEN n—1

| [ B w7 [ D Iailind” i), |

HEN n—1 HEN n—1
FOLa)-

= 3" twe[ou() T lpalin]) "

HEN n—1
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Furthermore, the double summation ) ,, , > is

equivalent to >, 1 > y¢,4n-1, hence

(10 19)
Z Z dAtr pulT

,ukn 1xeutn

HEAN n—1

oAl nD) " FOL]-

By the invertibility of the Fourier transform,
{pu(7)}, cs, _, must span R>du_ Hence, for (10.18)
and (10.19) to both hold for all 7 € S,,_1, we must have
(4.11). [
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