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Abstract

We investigate the rank of the adjacency matrix of large
diluted random graphs: for a sequence of graphs converging
locally to a tree, we give new formulas for the asymptotic
of the multiplicity of the eigenvalue 0. In particular, the
result depends only on the limiting tree structure, showing

Our
work also gives a new formula for the mass at zero of the

that the normalized rank is ’continuous at infinity’.

spectral measure of a Galton-Watson tree. Our techniques
of proofs borrow ideas from analysis of algorithms, random
matrix theory, statistical physics and analysis of Schrédinger
operators on trees.

1 Introduction

The aim of this paper is to study some spectral proper-
ties of the adjacency matrix of random graphs. To moti-
vate our results, we first show consequences of our work
for G,,, the Erdos-Rényi graph with parameter A > 0.
Let G,, = (V, E) be an Erdés-Rényi graph on the vertex
set V.= [n] = {1,---,n} and edge set E: for each pair
of distinct vertices 4, j in [n], (ij) € E with probability
A/n independently of everything else. The adjacency
matrix A,, of G, is the n x n symmetric matrix defined
by (An)i; = 1((ij) € E). Let Mi(4n) > -+ > Ay(4p)
denote the eigenvalues of A,, (with multiplicities) and

1 n
fn = — Z Oni(A,)
=1

denote the spectral measure of A,,. The convergence
of the spectral measure u, as n goes to infinity to a
measure p was first rigorously proved by Khorunzhy,
Shcherbina and Vengerovsky [17], for an alternative
proof see [8].

THEOREM 1.1. (i) For all A > 0, there exists a de-
terministic symmetric measure p such that, almost
surely, for the weak convergence of probability mea-
sures,

lim p,, = p.
(ii) Almost surely,

lim 11, ({0}) = p({0})-
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Note that the first statement only implies a.s.-
lim sup,, 4, ({0}) < p({0}). With ”almost surely” re-
placed by ”in probability”, the first statement is con-
tained in the above mentioned references.

Our main concern will be the rank of the adjacency
matrix A,,:

rank(A,) =n — dimker(A4,) = n — nu, ({0}).
THEOREM 1.2. For all A > 0, almost surely,

(1.1) Tim DAnkAR)

n— o0 n

1 —pu({0})

= 2—q-— e M — )\qe*)‘q

where 0 < g < 1 is the smallest solution of the equation
q = exp(—Aexp(—Ag)).

In the sparse case, where A\ tends to infinity as n tends
to infinity as A,, = alogn with a > 0, Costello, Tao and
Vu [11] and Costello and Vu [10] study the rank of A,,.
Their results imply that for @ > 1, with high probability
dim ker(A,) = 0 while for 0 < a < 1, dimker(A4,) is of
order of magnitude n'~%. Our theorem answers one of
their open questions in [10].

The formula (1.1) already appeared in the remark-
able paper of Karp and Sipser [13] as the asymptotic
size of the number of vertices left unmatched by a max-
imum matching of G,,. To be more precise, it is easy
to see that the function G — dimker(G) is additive
on disjoint components and invariant under ’leaf re-
moval’, i.e. if z is a leaf of G and y its unique neighbor,
V' =V\{z,y} and G’ is the induced graph on V’, then
dimker(G’") = dimker(G). Karp and Sipser [13] study
the iterative leaf removal algorithm on G,, which gives
a final graph with isolated vertices and a core consisting
of vertices with degree > 2. They showed that the num-
ber of isolated vertices in the graph after leaf removal is
approximately (2 —q — e~ — A\ge~*%)n. Moreover for
A < e, the size of the core is o(n) so that (1.1) follows (by
additivity of dim ker) as observed by Bauer and Golinelli
[5]. However for A > e, the size of the core is not negli-
gible and the same argument only leads to the following
statement: liminf,, % >q+e M4 N\ge M -1,
Bauer and Golinelli [5] conjectured the formula for all
A, which is equivalent to saying that asymptotically the
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dimension of the kernel of the core is zero. The proof of
this conjecture follows from our work.

In the rest of this paper, we will not restrict
to Erd6s-Rényi graphs. We consider sequences of
random graphs converging locally to a random tree
as the number of vertices goes to infinity. We will
state a precise definition of the local convergence in
Section 4 which was introduced by Benjamini and
Schramm [6], Aldous and Steele [3]. The limiting
tree 7 is characterized by a distribution F, on N
(with finite mean) and is a rooted Galton-Watson Tree
(GWT) with degree distribution F, [2]: the root @ has
offspring distribution F, and all other genitors have
offspring distribution F', where for all k > 1, F(k —
1) = kF.(k)/ > ,LF.(¢). For Erd6s-Rényi graphs, the
limiting tree is a GWT with Poisson degree distribution
with parameter \.

The adjacency operator A of a GWT 7 = (V, E)
is a symmetric linear operator over the set of functions
of L*(V) with a finite support, defined for u,v in V
by (Aey,ey) = 1((uwv) € E). If F, has exponential
moments, then we show that A has a self-adjoint
extension also denoted by A. By the spectral theorem,
there is a spectral measure pg for A with vector eg
associated to the root @ of the tree 7, so that for any
bounded continuous function of A,

(f(A)eo, o) = / F(@)dpio ().

Our first main result computes the value of
Eug({0}) for rooted GWT 7.

THEOREM 1.3. Let 7 be a GWT with degree distri-
bution F, such that F, has a finite exponential mo-
ment [ e**F,(dx) for some s > 0. Let ¢ be the gen-
erating function of F' and @, be the generating func-
tion of F.. We define mg € [0,1] as the smallest so-
lution of the equation x = 1 — (1 — p(x)). We set
Too = @(m0). If @' (m0)p' (1 — Too) < 1, then we have:
Epg({0}) = @u(m0) +pu (1 = oo ) = 14 @ (1) oo (1 — o).

The condition ¢'(mp)p’ (1 — meo) < 1 is required for
an application of the implicit function theorem. This
theorem has already been used in the nearby context
of random Schrédinger operators on the Bethe lattice
by Klein [18]. At this stage, we may just notice that
the fixed point 7o is locally stable if -L(1 — o(1 —
S@)emry = ¢'(M0)F (1 — 7o) < 1. For regular
trees, there is an exact expression for ug which is
absolutely continuous. Hence, in this case, the value of
pe({0}) is just zero. In the case where F; is a Poisson
distribution with parameter A, the right hand side of
the formula is compatible with (1.1). For finite trees,
we will prove that pg({0}) is the probability that the
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root of the tree is left unmatched in a realization of a
leaf removal algorithm producing a maximal matching.
In Zdeborovd and Mézard [23, Equation (38)], the
right hand side of the formula already appeared in the
context of the maximal matchings. To the best of our
knowledge, this question has not been addressed for
general GWT. Bauer and Gollineli [4] have however
computed explicitly the asymptotic rank of the uniform
spanning tree of n vertices. Also Bhamidi, Evans and
Sen [7] have recently analyzed the convergence of the
spectrum of the adjacency matrix of growing random
trees.

Our second main result (Theorem 4.1) states that
for a sequence of graphs G, converging locally to a
GWT, we have lim,, n~'rank(4,) = 1 — Eug({0}). By
a truncation argument, we will also replace (see [9]) the
finite exponential moment condition on F, by a first
moment condition [ zF,(dz) < oc.

In this paper, we have performed a detailed analy-
sis of the atom at 0 of the limiting spectral measure pu.
It is however a small achievement for the global under-
standing of this measure. For example, for Erdés-Rényi
graphs, the atomic part of p is dense in R and noth-
ing is known on the mass of atoms apart 0. There is
also a conjecture on the absolutely continuous part pig.
of the measure pu. We say that p has extended states
(resp. no extended state) at E € R if the partition
function « — pg.(—00, z) is differentiable at * = E' and
its derivative is positive (resp. null). This notion of ex-
tended states was introduced in mathematical physics
for studying the spectrum of random Schrodinger op-
erators, for a recent treatment on the subject see for
example Aizenman, Sims and Warzel [1]. For Erdés-
Rényi graphs, Bauer and Gollineli conjectured that if
0 < A < e, pu has no extended state at £ = 0, whereas
if A > e, p has extended states at £ = 0. More gener-
ally, one might conjecture that if 0 < A < e, g = 0.
Finally, the existence of a singular continuous part in p
is apparently unkown.

The remainder of the paper is organized as follows,
in Section 2, we analyze the adjacency operator of a
GWT. In Section 3, we study ug({0}) and prove Theo-
rem 1.3. In Section 4, we prove finally the convergence
of the spectrum of finite graphs and prove Theorems 1.1
and 1.2. We also include a section on statistical physics
of matchings in trees in Section 5.

2 Galton-Watson Trees and their adjacency
operators

2.1 Self-Adjointness. Let F' be a distribution on
N. A GWT with offspring distribution F' is a ran-
dom rooted tree obtained by a standard Galton-Watson
branching process with offspring distribution F'. More-
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over if F, is a distribution on N with finite first mo-
ment, a GWT with degree distribution Fj is a random
rooted tree obtained by a Galton-Watson branching pro-
cess where the root has offspring distribution F} and all
other genitors have offspring distribution F', where for
all k> 1,

(2.2) F(k—1) = kF.(k)/ Y (F.(0).
4

In this paper, we will make the following assumption
on the distribution F, (we refer to [9] to see how one
can relax it for some of the results presented here):

(A) For some s > 0, ), exp(sk)F.(k) < .

We consider 7 = (V,E) a GWT with degree
distribution Fj as a rooted graph. This graph is locally
finite (i.e. the degree of each vertex in V' is finite) and we
denote i = i1i2...17q € V a dth-generation individual,
the igth child of its parent ¢14s . . .i4—1 and we denote by
li| = d its generation. Label the root @ and let |@| = 0.
Assume first that the cardinal of V the vertex set of
7T, is infinite. Then the breadth-first search in the tree
defines a bijection ¢ from V to N, with ¢(0) = 0. If
the cardinal of V' is finite, say equal to n, then ¢ is a
bijection from V to {0,---,n — 1} and we set ¢(k) = k
for k > n.

Let ep = {0ir : @ € N} be the specified complete
orthonormal system of L?(N). The adjacency operator
A of T is a linear operator over L?(N), which is defined
on the basis vector e as follows:

(e, ej) = 1((¢7 (k). 071 (5)) € B).

For i € V, we will sometimes use the notation e; for
the vector ey if no confusion is possible, so that
(Aek,e5) = 1((k,j) € E). Since T is locally finite,
Aey, is an element of L?(N) and A can be extended
by linearity to a dense subspace Hy of L?(N), the set
of functions of L?(N) with a finite support. Let Ag be
the corresponding operator with domain D(Ag) = Hp.
The operator Ap is symmetric on Hy and thus closable
(Section VIIL2 in [21]). We will denote the closure of
Ag by the symbol A. The operator A is by definition
a closed symmetric transformation: the coordinates of
y = Ax are

yi = Zl(w—l(z'),dfl(j)) € E)zj, €N,

The next proposition (proved in [9]) gives a sufficient
condition for A to be self-adjoint.

PRrROPOSITION 2.1. Let T be a GWT with degree distri-
bution Fy. If (A) holds then with probability one A is
self-adjoint.
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2.2 Spectral measure. As above let 7 be a GWT
with degree distribution F such that (A) holds. Since
its adjacency operator A is a.s. self-adjoint, by the
spectral theorem, there is a.s. a spectral measure ug
for A with vector eg € L?(N) associated to the root @.
That is, so that for any bounded function of A

23)  (f(A)eo.ca) = [ f@duo(o)
Since eg € D(A), the domain of A, (2.3) extends to
polynomially bounded function and we have

T = (A"eg, ep) = /x”du@(x)
(2.4) = #{paths of length n from @ to @ in 7T}.

The measure pg is a random probability measure on
R and we now characterize its law. Let H be the
set of holomorphic functions f from C, to C,; such
that |f(z)] < (Sz)~!. We denote by P(H) the set
of probability measures on H. The Cauchy-Stieltjes
transform of a probability measure on R is the function

in ‘H given by
du(x
m(z) = / ()
R

r—z

For any i € 7, let 7; be the subtree of 7 containing i
and restricted to iN = {j, [j| > [i|, j1 = i1,...,73 =
ig}. If i # O, then 7; is a GWT with offspring
distribution F'. The adjacency operator of 7; denoted
A;, is the projection of the adjacency operator of 7°
on iN. Assumption (A) implies that A; is self-adjoint
with probability one. As above, we define pu; the
spectral measure for A; with vector ¢; and m; := my,
the associated Cauchy-Stieltjes transform. FEach p; is
a random probability measure and hence each mj; is
a random element in H. The recursive structure of
the tree implies a simple recursion for Cauchy-Stieltjes
transforms m;. We show in the proof of the forthcoming
Proposition 2.2 that for any i € 7

-1

mi(z)=—[z+ Y mz) |

JED()

(2.5)

where D(i) = {j € iN, |j| = |i| + 1}. The recursion
(2.5) is valid for any locally finite tree with self-adjoint
adjacency operator. In the particular case of GWT
with offspring distribution F', the (mj)jepq) are i.i.d.
with distribution m; and it allows us to characterize
the law of the random spectral measures p;. Namely,
the law of its Cauchy-Stieltjes transform is given as
the unique solution of the Recursive Distributional
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Equation (RDE) given below (2.6). Then, the recursion
(2.5) applied at the root, allows us to characterize the
laws of the random mg as follows:

PROPOSITION 2.2. Let T be a GWT with degree distri-
bution F,. . We assume that (A) holds.

(i) There exists a unique probability measure Q €
P(H) such that for all z € Cy,

N —1
(26) V()£ - ( + Zym) :

where N has distribution F' and Y, Y; are iid copies
with law Q and independent of N.

(i) If |i| > 1, the law of m; € H is Q and

N, -1
(2.7) mo(z) L - ( + Zmz)) :

where Ny has distribution F, and Y; are iid copies
with law Q and independent of N..

Proof. Point (i) is proved in [8] under a weaker
assumption on F,. Point (ii) follows from a classical
operator version of Schur complement formula (see e.g.
Proposition 2.1 in Klein [18] for a similar argument). We
define the operator U on L%(N) by its matrix elements:

<€®a U€i> = <€ia U6@> = <€@,A€i> = 1)
for all i with |i] = 1 and (ej, Uex) = 0 otherwise. We
now have the following decomposition:
A=U+@P 4,
li|l=1

where Aj, is the projection of the adjacency operator
of T on iN. Clearly U and A = @m:l A; are self-
adjoint operators and we write R(z) = (4 — 2I)~! and
R(z) = (A — zI)~! for the associated resolvents with
z € C4. The resolvent identity gives:

(2.8)

R(2)UR(z) = R(z) — R(2).

First note R !

. that (eg, R(z)ep) = —27' and
(eg, R(z)ex) = (ex,R(z)eg) = 0 for all k| > 1.
For any k, we have:

(ex, R(z)UR(2)eg) = Z(ek,R(z)eQ))(ei,R(z)e@)

li=1
+  (ex, R(2)es) (en, R(2)eq)
(e R(2)en) Y (€1, R(2)eq)

In particular we get from (2.8),
(e, R(2)UR(2)en) = (ex R(2)en) — (e, R(2)eo)-
First consider k with |k| = 1, then we get

(eo, R(2)eq) Y (ex, R(z)es)

li|=1

—(ex, R(2)eg) =

= (eg, R(2)eg)(ex, R(z)ex)
= mg(z)mx(2)

Now consider k = @, then we get:
(=)' > (en R(2)eo)
li=1

= z7lmg(2) Z m;i(2)

lil=1

—zt—mg(z) =

Hence we proved that for any locally finite tree with
self-adjoint adjacency operator:

-1

mp(z)=— |2+ Z m;i(z)

lil=1
Point (ii) follows then easily. O

3 Computation of Eug({0})

3.1 Recursion Equation. First note that for any
symmetric measure u, we have for ¢ > 0,

. x it . t
my,(it) = /R e + o du(z) = Z/Rmdu(x).

Now, consider a rooted tree 7 with self-adjoint adja-
cency operator. By (2.4), we see that ug, the spectral
measure with the root vector ey, is symmetric. In what
follows we denote hg(t) = S(my, (it)). Then we have
for t > 0,

th@ (t) = ‘/]R M

2 + 127
so that by the dominated convergence theorem, we have

(39)  uo({0}) = lim tho(r) € [0,1]

For any i € 7, p; is also symmetric and we define
hi(t) = S(m;(it)) = —im;(it). Then (2.5) gives:

jij=1 -1
+ (e, R(2)e) O (ew, R(2)es).  (310)  hi(t) = [t+ > hy(t)
li|=1 JED(i)
1392 Copyright © by SIAM.
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Since we are interested in the limit of thgy (), we iterate
once Equation (3.10) to obtain an equation with th;(t)
on each side:

thi(t) =

1+ )

JED()

—1\ 1!

(3.11) 2> th(t)

keD(j)

As in (3.9), we know that u;({0}) = lim;_qthi(t) €
[0,1]. With the convention 1/0 = oo and 1/00 = 0, the
map x +— 1/z is continuous on [0, 0], so that we have

ui({0}) =

1+ )

JjeD(i)

—1\ !

(3.12) > m{o})

keD(j)

First consider the case where 7 is a finite tree. Then
for any leaf i of the tree, we have h;(t) = t~! so that
1i({0}) = 1. Then one can use the recursion (3.12)
to compute pg({0}) bottom up’. Now consider the
general case, where 7 might be infinite. We define
Tk = 7 N Br(9,k) as the truncated tree of depth
k from the root, ie. Br(0,k) = {i € 7T, |i|] < k}.
Since p3({0}) € [0, 1], thanks to the monotonicity of the
recursion (3.12), we get:

LEMMA 3.1. Let T be a locally finite rooted tree with
self-adjoint adjacency operator. We have for any k:

u5T{0)) < no({0}) < ud™ ({0},

where u%k is the spectral measure with vector ey of the
adjacency operator of the finite truncated tree T*.

If 7 has leaves, it is natural to try to extend the
"bottom up’ procedure described above for finite trees
to infinite trees. We follow this idea in the next Section
3.2 by defining a leaf removal process similar to the
one of Karp and Sipser [13]. When 7T is finite, this
leaf removal process remove all the vertices and leave
an empty graph. However, when 7 is infinite, this
leaf removal process can leave a non-empty tree. This
remaining tree is infinite with no leaf. We will compute
pe({0}) for trees with no leaf in Section 3.3. In the last
Section 3.4, we put our results together and give the
general formula for Eug({0}).

3.2 The leaf removal Markov process. Let G =
(V,E) be a finite graph (not necessarily a tree). The
leaf removal (LR) is a Markov process that describes a
pruning of G. Denote by Gy the set of graphs on V,
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My, the set of pairs of V' and Uy the subsets of V. The
state space of the Markov process is Gy x My xUy . Let
(G,M,U) € Gy x My xUy. If v € V has degree one
in G, then its only neighbor is say u. We denote by N,
the set of neighbors of u that are of degree one. In the
LR process, at rate 1 the following transition occurs:

(G, M, U) — (G\(Na U{u}), MU{(u,0)}, UUN\{o}),
(3.13)

where as usual G\ (V,, U {u}) is the graph on [n]\(N, U
{u}) induced by G. All other transitions have rate
0. Now we consider the initial condition (G\Vy, 0, V),
where Vj is the set of vertices of degree 0 in G, i.e.
isolated points. Let (G(t), M(t),U(t)) denote the state
of the Markov process at time ¢. Since the size of
G(t) is non-increasing, the LR process reaches a.s. an
absorbing state (C,M,U) in finite time. C is called
the core of G, all vertices have a degree at least 2
in C. U is called the set of uncovered vertices of G
and M is a matching of G (i.e. a set of edges with
distinct adjacent vertices). By recursion on the size of
G it is straightforward to check that |U|, |M|, and C
do not depend on the order of the leaf removal. As a
consequence, we get:

LEMMA 3.2. For a finite graph G, |U|, |M|, and C are
not random.

For a finite graph G, let P& be the probability mea-
sure associated to the LR process with initial condition
(G\Vy, 0, Vo). A consequence of the above lemma is that
foranyv € V,Pg(v € MUU) =1-Pg(v € C) € {0,1}.

Now, for k£ € N and a locally finite rooted graph G
with root @, we define a new process, the Leaf Removal
process at depth k, denoted by LRy. With the above
notation, if the graph distance from @ to v is less or
equal to k, in the LRy process, at rate 1 the transition
(3.13) occurs. All other transitions have rate 0. Since
G is locally finite, the process LRy is properly defined.
Note that by construction LRy is the restriction of LR
to Gy the subgraph of G with vertices at distance at
most k from the root (and with possibly some inactive
vertices at distance k from the root). Again, the LRy
process reaches a.s. an absorbing state (Cx, My, Ug) in
finite time. Note that any vertex v at distance from the
root O larger than k + 1 is in Cj.

For a fixed (possibly infinite) locally finite rooted
graph G with root ), we couple the LRy processes
for all k € N as follows: to each vertex v € V, we
attach an independent exponential random variable &(v)
of parameter 1. If v is at distance less than k from
the root @, define 7;(v) as the first time that v has
degree one in the LRy process. Note that 75 (v) = oo if
vertex v is removed (v € M) or becomes of degree 0
(v € Ug) after a leaf removal. Let 7 (v) + £(v) be the
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time of activation of vertex v. At any time ¢, the next
transition (3.13) to occur is the removal of the leaf with
the least activation time and this transition occurs at
its activation time. With this coupling, we see that the
event {@) € Ci} is a non-increasing event in k and has
probability 0 or 1. We define

Ps(0eC) = 1i}£nPGk(@ € Cy)
= irklfPGk(@ €Cy) € {0, 1}.

We have thus defined the core C(G) of any locally finite
graph G. We now consider 7 a locally finite rooted
tree with adjacency operator A which is self-adjoint (as
in Section 2.1) and show how the spectral measure g
associated to the root @ is related to the LR process.
We also define 7% = TN B7 (0, k) as the truncated tree
of depth & from the root (as in previous section).

LEMMA 3.3. Let T be a locally finite rooted tree with
self-adjoint adjacency operator. If @ ¢ C then there
ezists a random a.s.-finite K1 such that for any integers
k>/{> Kz, we have

16({0}) = P (0 € Up) =: Pr(O € U).

Proof. If T is a finite tree, then C is empty and the
matching obtained by the LR process is maximal. More
precisely, the matching M obtained by the LR process is
uniformly distributed over the set of maximal matching
of 7. Then it follows from Section 5 see (5.22) that

Pr(0 e U) = np({0}).

Now we deal with the general case. First, we define
the weighted distance between @ and i = i1---1; as
wy = &) +&(G1 .. ip—2) + ... +E(O) if |i| is even and
wi = &) +&(i1 .. ip—2) + ...+ &) if [i] is odd.

Since Pr(0® ¢ C) = 1, there exists an integer
ko and a finite sequence of transitions of the Markov
process LRy, such that if these transitions occur, one
of the event {@ € Uy,} or {® € My,} occurs. For
concreteness, let iy, --,i, be the vertices which trigger
these transitions. We define Ty = >7_, £(i¢).

Then for any k& > ko, at time t > Tp, the root @
either belong to Uy (t) or to My(t). Since 7 is locally
finite, there exists a finite K > kg such that for all
v ¢ Br(0,K), wy > Tp. Then, for all k > ko, the event
{O € Uy} is measurable with respect to the filtration
{&, v € Br(@,K)}. In summary, we have for any
E> K, 1(0 € Uy) = 1(0 € Uk). Note that with
our coupling for all k > ¢ > K, 1(0 € Ug) = 1(0 €
Ue(TF)), where Uy(T*) is the set of uncovered vertices
when the LRy is applied to 7%. For any k > ¢ > K,

Pr(0elU)= ,ugk ({0}), where the last equality follows
from the first part of the proof. Thus, by Lemma 3.1,
we have pug({0}) =P (0 € U) for all k > K. O

In conclusion, we proved that for any locally finite
rooted tree 7 = (V,E) with self-adjoint adjacency
operator, we have:

no({0}) = 1(0 ¢ C)P7(0 € U) + 1(D € C)up({0}).

In the proof of Theorem 1.3, we will not explicitly use
the above decomposition. However it will be useful
to prove the convergence of the rank of finite graphs
in Section 4. In the next section, we deal with the
case where the tree has no leaf which corresponds to
C = V. We defer the explicit computation of pg({0})
and P7 (9 € U) to Section 3.4.

3.3 Proof of Theorem 1.3 : tree with no leaf.
In this section, we consider 7 a GWT with degree
distribution F, such that assumption (A) holds. We
define F' by (2.2), and N and N, will denote random
variables with distribution F' and F,. The generating
function of N is

o(x) =E[2zN] = ZF(k)xk
k=0

We assume that the tree 7 has no leaf and an additional
condition on the distribution, namely,

(C) F.(0) = Fu(1) = 0 and P(N = 1)E[N] < 1 <
¢'(0)¢'(1) < 1.

PROPOSITION 3.1. Let T be a GWT with degree dis-
tribution Fy. If (A) and (C) hold then,with probability

one, pgp({0}) = 0.

Proof. First consider the particular case of the 3-
regular tree, corresponding to Fy(3) = F(2) = 1. In this
case, the spectral measure ug is well-known and is due
to McKay [19] and Kesten [16]. We can recover it easily
from Proposition 2.2 (see [8]): for any [i| > 1, hi(t) =
%‘/m and pg(dz) = % VQS_;‘ZQ dz. In particular, this
measure is absolutely continuous with respect to the
Lebesgue measure and ug({0}) = limothp(t) = 0.
We also have for any |i| > 1, limy|o thi(t) = ui({0}) =0
(recall that p; is the spectral measure of the adjacency
operator of 7; with vector e;).

We now consider a GWT 7 satisfying assumptions
(A) and (C). For any |ij > 1, h; have the same
distribution and we define a random variable h < hi.
We shall prove that in this case also, we have with
probability one,

we have Pru(Q € Uy(T*)) = Pp(0 € Up(TF) = 314) limth(t) = 0.
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Thanks to (3.11), we know that the law of th(t) €
satisfies the following RDE:

[0,1]

th(t) £

—1\ !

N N;
LY 24D thij(t) :
i=1 j=1

(3.15)

where h; ; and N; are iid copies of h and N. Then we
obtain for the root:

—1\ !

1+Z t2+Zth” ,

the(t) =

where h;; and N; are iid copies of h and N. If
(3.14) holds, then we deduce that with probability one,
that pug({0}) = lim¢|othg(t) = 0 and Proposition 3.1
follows.

In order to prove (3.14), we will use an interpolation
argument on the distribution of N. For ¢ € [0,1], we
define the distribution F, = ¢F + (1 — q)d2. ¢4 is
the associated generating function and N, is a random
variable with distribution F,. Hence we have Ny = 2

and Ny £ N. Note that Assumption (C) implies that
¢'(1) =E[N] > 1, and the function ¢ — ¢(2 — 2¢+ gm)
being increasing on [0, 1] for all m > 1, we get for any
q€[0,1],

/ !
(3.16) @, (0)p, (1) < F(LEN < 1.

We define hy(t) as the imaginary part of Y, (it),
where Y, is a solution of the RDE (2.6) in Proposi-
tion 2.2 with N having distribution F,. We define
L,i(xz) = Elexp(—athy(t))]. We have the following
lemma (proved in [9]):

LeEMMA 3.4. For any t > 0, the function q — Lg; is
continuous for the point-wise convergence.

Let P and P; be the sets of probability measures
on [0, 00| and [0, 1] respectively. Note that for any ¢ > 0,
the law of th(t) belongs to P;. For each t > 0, we can
see the RDE (3.15) as a fixed point equation on the
space Ly of Laplace transform of elements of P;. We
define L, as the Laplace transforms of elements p € Py
defined as follows: f(z) = [~ e pu(du)+pu({oc}) 1y
If X is a random Varlable with law s Poo, we
denote f(x) = E[e=*X]. In order to write the fixed
point equation in term of Laplace transforms, we define
formally the following operators:

Bat))@) = e E[f()"
(T1)(x) V7 / Jl

]: —xt

(f(x)),
f®)dt,
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where Ji(z) = > 00, % is the Bessel func-

tion of integral order 1. We note that if f € L, is the
Laplace transform of 1 € P, and X;’s are independent
random variables with law u, then we have for ¢ > 0

(B(g,1)f)(@) = B [etE2 X0
Recall the formula, for x > 0,w > 0:

We can extend (3.17) to w = 0 by continuity with the

(1) = 00 since limg_, o \/‘J‘A Ji( f/\_/ﬁ)dt =1.

In particular, if f € L, is the Laplace transform of
the random variable X with law p € P, then we have:

(Tf)(z)=E [e—“’l} .

Hence we see that (Tf)(x) is the Laplace transform of
the law of X! (with the convention § = oc) which
belongs to Po,. We now define for ¢t > 0, TB(q,t?)f,
and it follows that for any ¢ > 0

convention

(TBlq,#)f)(x) = E [+ R4 X0

We may thus define G : [0, 1] x
(3.18)  G(g,t, L)

[0,00) X L1 — L4 as
— TB(g, )T B(g, P)L.

Then for any ¢ € [0,1], t > 0 the function Ly (x) =
E [exp(—xthg(t))] is in £q and is a solution of the fixed
point equation G(q,t,L) = L.

We are now going to enlarge the domain of the
function G on a suitable Banach space. Let Mj and
Mo be the set of finite signed measures on [0,1] and
[0, 0] respectively. By a finite signed measure pu we
mean that g ([0, 00]) + |u—([0,00])] < oo, where pi4
and p_ are the positive and negative parts of pu. We
also define the real vector space of Laplace transforms
of elements of My:

K= {f, flx) = /e‘“mu(du) for some g in Ml} .

In order to define K, some care is required to define

the Laplace transform f of a finite signed measure p

[0 ool: we set f(0) = p([0,00]) and for all x > 0,

= [ e " j0,00)(du). Then Ko is defined as the

real vector space of Laplace transforms of elements of

M. We endow Ko, with the topology of point-wise

convergence. Note that for all f € Ky, the measure

is uniquely defined. We endow K; with the Wasserstein
norm: for f(z) = [e " pu(du

[f]lx = sup (/0 h(@)dp(z) - h(0) = 1, [|A]|Lip < 1) :
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where [|A] ip = SUD, 4ye(0.oc) [h() — h(y)|/|z — y]. For
details on Wasserstein norm, refer e.g. to Chapter 7 in
[22]. It follows from the Riesz representation theorem
that, with this norm, C; is a Banach space. We recall
also that in £y C K;, the pointwise convergence is
metrizable with the Wasserstein norm. More precisely,
for (Lp)nen, L in Ly, if for all z € Ry, lim, L, (x)
L(z) then limy, oo ||Ln, — L|j1 = 0. Indeed, recall
that point-wise convergence of L, to L is equivalent
to weak convergence of u, to u, where u, and u
have Laplace transforms L,, and L respectively. Then,
if limy, oo ||Lr, — L|j1 was not 0 there would exist a
sequence of functions from [0,1] — R, (hy)n, with
ha(0) = 1, ||hullzip < 1, such that [y hud(u, — )
does not converges to 0. From Arzela-Ascoli theorem,
there would exist a continuous function h such that
lim inf fol hd(pn — p) > 0. This would lead to a
contradiction.

We may now extend the domain of our operators T,
B and G.

LEMMA 3.5. (i) T is a continuous Koo — Koo linear
function and T? = I.

(ii) B is a continuous [0,1] x [0,00) X Koo — Ko
Sfunction.

(i1i) G is a continuous [0, 1]x[0,00)x K1 — K1 function.

Proof.  The proof follows easily from the definition.
In order to check that the image of B is in K, recall
that the product of Laplace transforms is the Laplace
transform of a convolution. |
LEMMA 3.6. Let (g, t, f) € ]0,1] x [0,00) X Kuo.
(i) The Gateaux derivative of B at (q,t, f) with respect
to f in the direction g is given by

(By(g,t)(f)g) (=) e”™E [Nof ()™ ~"] g(2)

(it) For f € Ky, the Fréchet derivative of G at (q,t, f)
with respect to f is given by:

—Z

where Eg(x) = e~ *g(z). Hence we get

Gr(q,0,1)(9)(@)
P(N, = DE[N,)(TETg)(x).

(3.19)

LEMMA 3.7. The map G—1 : [0,1]x[0,00)x K1 — K7 is
continuous. G — I is continuously Fréchet differentiable
with respect to f, the partial derivative being

Gelg:t, f) =
P(Ny = 1)E[Ng|TBy(q,1)(T'B(q, t*) )T By (q,t*)(f).

Moreover, if P(N = 1)E[N] < 1, then G¢(¢,0,1) — I is
an automorphism of KCy.

Proof. The proof follows from previous Lemmas
except the last point. Let oy = P(NV, = 1)E[N,] < 1,
then ogF — I is invertible on K, and

(aqE = D)7 f)(2) (age™ = 1)~ f(2)
- Z age " f(z).

n>0

Hence the inverse of G#(¢,0,1) — I given by (3.19) is
T(a,E — I)"'T. O

For any ¢ € [0,1], since T1,—0 = 1, we have
G(q,0,1) = 1. Then by the implicit function theorem
we have for any go € [0,1]:

LEMMA 3.8. There exists a ball V = {(q,t), (¢ —q0)* +
t2 < r} and 6 > 0, such that there exists a unique
map u : V. — {f € Ky, [[f — 11 < 6} such that
G(q,t,u(q,t)) = u(q,t). The map (q,t) € V — u(q,t)
18 CONtINUOUS.

This statement of the implicit function theorem is
slightly stronger than the one given in Theorem 2.7.2
in [20], but it is the result actually proved in [20].
Note that the unicity in Lemma 3.8 implies that
u(g,0) = 1 for g — qo < V7.
We may now conclude the proof of Proposition 3.1.
Recall that for all (¢,¢) € [0,1] x [0,00), G(q,¢, Lq1) =

Gy(a.t.f) = TBy(q.)(TB(q,)[)TBys(q.*)(f) Las and Loo(w) = 1 where Loo = limejo Ly is the
Laplace transform of the random variable limy g thy(t).
Proof.  Point (i) is checked easily. Point (i7) follows Suppose that there exists ¢ > 0 such that Lgo(z) # 1
taking the derivative of a composition. O and define qo = sup{q, Lgo(x) = 1} > 0. Then, by
Now, we compute G (g,0,1) and we have: Lemma 3.8 and 3.4, we can find ¢ > 0 such that for
q € (go —€,q0 +¢€) and t € (0,¢), we have Lyy =
(Bf(g,0)(1)g)(z) = E[N]g(z) u(g,t). Moreover by continuity, we have Lgo(zr) =
(T'B#(g,0)(1)g)(x) = E[N](Tg)(x) lim; o u(g,t) = 1. This leads to a contradiction. Hence
(B(¢,0)1)(z) = 1 for all ¢ € [0,1], Ly o(z) = 1 and for ¢ = 1 (3.14) follows.

O

(TB(g,0)1)(z) = 1u=o
(Bf(g:1)(1o=0)g)(x) = e *P(N =1)g(x) 3.4 Proof of Theorem 1.3 : tree with leaves. In
(TB#(g,1)(13=0)9)(z) P(N =1)(TEg)(x), this paragraph we study pug({0}) for a general GWT.
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We will prove that if @ € C, then we have pug({0}) =0
(Corollary 3.1). We already proved this statement in
the previous paragraph for trees without leaf and the
general proof will be similar. More generally, by using a
labeling of the vertices closely related to the leaf removal
algorithm, we will be able to compute Eug({0}).

As above, 7 is a GWT with degree distribution
F, such that assumption (A) holds, ¢ is the generating
function of F' and ¢, is the generating function of F.
We define m9 € [0,1] as the smallest solution of the
equation x = 1 — (1 — p(x)). We set moo = (7o)
and m. = 1 — mp — Too. The real z, € [0,1] such that
xx + @(x,) = 1 is solution of the above equation, hence
0<my<zyand 7. =1—m9 — p(m) > 0.

We consider a labeling procedure of the vertices of
a locally finite rooted tree 7 as Karp and Sipser did in
[13]. Initially all vertices have label or type ¢ and we
repeat the following procedure which changes the value
of the labels until nothing new is generated. We put a
label co on all vertices with all its offsprings of type 0
(possibly vacuously defined) and a label 0 to the vertices
having at least one offspring of type co.

LEMMA 3.9. Let T be a GWT with degree distribu-
tion Fr. If i # O then P(1iisoftype0) = mo,
P( i is of type 00 ) = moo and P( 1 is of type ¢ ) =

Proof.  For all integer n and 7 € {0, 00}, define )
as the probability that i is of type 7 after n steps of the
labeling procedure. The probabilities 77(()") and wéﬁ)
non-decreasing in n so that it suffices to prove that

are

lim 77(()")

lim 77(()2) = TMoo-
n—oo

=my and
By construction, i is of type 0 after n steps of the
labeling procedure if one its offsprings is of type oo after
n — 1 steps. If N denote the number of offsprings of i,
we have

=B - (1 =7 NN =1 —p(1 —x2D).
Similarly,
&) = p(mg" ).

For all n > 2 we get 71'(()”) =1—¢(1—¢( éniz))) Since
71'(()0) =0and z — 1—¢(1—¢p(x)) is non-decreasing, 7 (n)
converges to the smallest fixed point of the equatlon

r=1- g1 - p(x)). 0
The next lemma (proved in [9]) is a consequence of
the recursive structure of GWT’s.

LEMMA 3.10. Let T be a GWT with degree distribution

F.. Leti#£ O, N 2 F be the total number of offsprings
of i, and Ny, N., N be the number of offsprings
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of i of type 0, ¢, co. Let L; be an iid sequence of
random variables on {0,c,00} independent of N such
that P(L; = 7) = wr, 7 € {0,¢,00}.

. d
(7’) (N07NC)NOO):
(Zil 1L¢:07 szil 1L¢:m szil ILFOO)'

(i1) Conditioned on {i is of type 0}, (i) holds by condi-
tioning on {31 <i < N: L, = oo}.

(iii) Conditioned on {i is of type 0o}, (i) holds by con-
ditioning on {N =0 or V1 <i < N: L; =0}.

(iv) Conditioned on {i is of type c}, (i) holds by condi-
tioning on {31 < i< N: Li=c and V1 <i< N :
Li 7& OO}
Let i # . From Equation (3.10), conditioned on
{iis of type 7}, we obtain h; 2 b with

R () £

-1

N
t+ Z Z 1_9/1 ,

0€{0,c,00} i=1

(3.20)

where (h?)g;>1 is an independent sequence, indepen-
dent of ((L;)i>1, N), and hY has law h?. ((L;)i>1, N) is
as in Lemma 3.10, conditioned on {1 < i < N: L; =
ootif 7=0,on {N=00rVl1<i<N: L;=0}if
T=o0,oron {31 < i< N: L;=candVl <i <
N : L; # o} if 7 = ¢. The RDE (3.20) dispatched
over the types is significantly more complicated than
the original recursion (3.10). The reason we have intro-
duced the types lies in the following proposition (proved
in [9]) where we show that the behavior of h;(t) ast | 0
is determined by the type. It implies in particular that
if i is of type 0 then h; converges to 0, whereas if i is of
type oo then h; converges to co (hence the name chosen
for the types).

PROPOSITION 3.2. Let T be a GWT with degree dis-

tribution Fy. Assume that (A) holds and ¢'(mo)y’(1 —
0

Too) < 1. With probability one, 0 < limy g hT(f) < 00,

0 < limygyo th*(t) < 1, Timy o 258 = oo, limy o the(t) =
0.

The next lemma proved in [9] decomposes tEhg(t)
into two computable terms by an anti-symmetrization
trick.

LEMMA 3.11. Let T be a GWT with degree distribution
F.. For each i € T, let &5 = 1(i is of type 0) —

Copyright © by SIAM.
Unauthorized reproduction of this article is prohibited.



1(i is of type o0). For all t > 0, we have

Ethe(t) = E

t4+ N hi(t)es
3o ha(t) ]

hi(t)ha(t)
1+ hi(t)ha(t)

_ EIN [

5 (e1 —I—Eg)] .

Now, we use the dominated convergence theorem
and Proposition 3.2 to get

N, . .
tim BT 2 Pall)er
HO 4375 hi(t)

F.(0) - P31 <i <N, : L; = c0)

+P(N, > 1,V1<i< N.:L; =0)

= F(0) =Y EMk)(1 (1 -7)")
k=1

+ZF*(/€)7T§
k=1
= pu(mo) + (1 —7meo) — 1.

Similarly, hiha/(1 + hihe) < 1, we may use the
dominated convergence and obtain

+P(Ly = ¢, Ly = 0)
= 27r§o + 2o e
270 (1 — o).

By Lemma 3.11, we obtain

ltilr{)l Ethg(t) = @u(m0)+ s (1—Too) — 1+ E[Ni] oo (1—0).

The proof of Theorem 1.3 is now complete.

We conclude this section with a corollary of Propo-
sition 3.2 on the leaf removal process introduced in §3.2
needed for the proof of the convergence of the rank in
Section 4.

COROLLARY 3.1. Let T be a GWT with degree distribu-
tion F,.. Assume that (A) holds and ¢ (7o)’ (1 — 7o) <
1. With probability one, up({0})1(0® € C) = 0 and
1o({0}) =Pr(0 €U).

We start with a simple lemma that relates the types
and the leaf removal process.

LEMMA 3.12. Let T be a rooted locally finite tree. If
i€ C then i is of type c.
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Proof. From Lemma 3.3, we shall prove that if i
is of type 0 or oo then i is not in C. We prove this
statement by induction on the number of steps of the
labeling procedure. Assume that i is of type 0 or oo
after n steps of the labeling procedure. If n = 1, then i
is of type oo, it is a leaf and not in C. If n = 2, i is of
type 0, one of its offsprings, say j, is a leaf of type oo.
As explained in §3.2, the core C is not random and we
may consider a particular realization of the leaf removal
process. Consider a realization, where the transition
triggered by j occurs. Then {ij} € M and in particular
i ¢ C. The general induction step is similar. O
Proof of Corollary 3.1.  Assume that @ € C then at
least one of its the neighboring vertices, say i, is in C', we
may apply Lemma 3.12 to i. Then by Proposition 3.2,
with probability one, lim|o hi(t)/t = oco. Then from
(3.10), we get, a.s. limsup, | thg(t) < limsup,q hifit) =
0. The conclusion follows from (3.9). O

4 Convergence of the spectral measure

4.1 Local weak convergence In this paragraph, we
define formally the notion of local weak convergence
introduced by Benjamini and Schramm [6], Aldous and
Steele [3], see also Aldous and Lyons [2]. We follow their
framework. Let G = (V| E) be a locally finite graph. We
also assume that G is simple (at most one edge between
two vertices) and has no self loop. A path from u to
v of length n, m = (ug,u1, -+, un), is a sequence of
vertices in V' with uy = u, u, = v and (ug,ug+1) € E,
k=0...n—1. If G = (V,E) is connected, we define
da(u,v), the distance on V associated to G, the infimum
of the length of the paths from v to v. The ball of radius
t and center u is naturally

Ba(u,t) :={v €V :dg(u,v) < t}.

A rooted graph (G, 0) is a graph G with a distinguished
vertex @ of V', called the root. A rooted isomorphism of
rooted graphs is an isomorphism of the graph that takes
the root of one to the root of the other. If G is a graph
[G, Q] will denote the class of rooted graphs that are
rooted graph isomorphic to (G,@). Let G. denote the
set of all [G, ], with G ranging over connected locally
finite graphs. With the terminology of combinatorics,
G, is simply the set of rooted unlabeled connected
locally finite graphs. For a rooted graph (G,@) and
any ¢t > 0, let (G, @)[t] denote the graph whose vertex
set is Bg (0, t) and whose edge set consists of the edges
of G that have both vertices in Bg(D,t).

We define a metric on G, by let-
ting  the  distance  between  [Gy,0;] and
[G2,D2] be 1/(1 + T), where T = sup{t >

0, there exists a rooted isomorphism from (G1, ?1)][t]
to (G2, ?1)[t]}. Gs is separable and complete in this

Copyright © by SIAM.
Unauthorized reproduction of this article is prohibited.



metric, see §2 in [2]. For probability measures p, p, on
G., we write p, — p when p, converges weakly to p
with respect to this metric. Here G, is given the Borel
o—algebra and weak convergence is defined as usual
by pn(f) — p(f) for all bounded continuous functions
f G« — R. This is called the local weak convergence.

As mentioned in the Introduction, there are three
important examples of graphs on [n] that converge
weakly to Galton-Watson trees. The Erdés-Rényi graph
on n vertices with parameter A rooted at 1 € [n]
converges to the GWT with degree distribution Poi()\).
For k > 3, the uniform k-regular graph on n vertices
rooted at 1 € [n] converges weakly with the infinite k-
regular tree as local limit. More generally, the random
graph with asymptotic degree distribution F rooted at
1 € [n] converges to the GWT with degree distribution
F, provided than [zF,(dz) < oo. Note that in the
above examples, the vertices are exchangeable and the
choice of the root 1 is arbitrary. The same result holds
with any root chosen independently from the graph.

Let G,, denote a graph on [n] with adjacency matrix
A,. The resolvent of the adjacency matrix of G, is
denoted by Rg, (2) = (A, — 2I)~ L.

PROPOSITION 4.1. Let T be a GWT with degree distri-
bution Fy. If (A) holds and |Gy, 1] converges weakly to
[T,0] then for all z € C4, Rg, (2)11 converges weakly
to (Rr(2)ep,eq) = myuy,(2), where ug is the spectral
measure at the root of T .

Proof. As in Section 2.1, we may assume that
V = N is the vertex set of 7, we define A = A(T)
the adjacency operator of 7 and extend A, on all
N by setting (Ae,,e,) = Ayp if 1 < w,v < n and
0 otherwise. We also define D as the set of vectors
with finite support in L?(N), it is dense in L?*(N).
By the Skorokhod Representation Theorem, we can
assume that [G),, 1] and [T, Q] are defined on a common
probability space and that the convergence holds almost
surely. Then, there exists a (random) sequence o, of
injective mappings from [n] to N and ¢,, € R tending to
oo such that o, is a rooted isomorphism from (G, 1)[ty)]
to (7,0)][t,]. Hence, extending in an arbitrary bijective
way o, to N, we deduce that for all ¢ € D, anAn,0;1¢
converges to A¢. Since A, and A are self adjoint
operators, we can apply Theorem VIII.25(a) in Reed
and Simon [21] and deduce that o, 4,0, converges
in the strong resolvent sense to A. This concludes the
proof. O

Let G,, be a random graph on [n], let U(G) denote
the distribution on G* obtained by choosing a uniform
random vertex @ € [n] of G as root. Note that there are
two levels of randomness here, in the uniformly random
vertex () and in the randomness of the graph. We also
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define U3 (G,,) as the distribution on G* X G* of the pair
of rooted graphs ((Gn,D1), (Grn, ©D2)) where (01, D2) is
a uniform random pair of vertices of G. Finally let u,
be the spectral measure of A,, the adjacency matrix of

Gh.

COROLLARY 4.1. Assume that U(G,,) converges weakly
to [T,0], a GWT with degree distribution F, and that
(A) holds. Then lim, Eu, = Eug, where ug is the
spectral measure at the root of T. Moreover, if Us(G.,)
converges weakly to ([T1,9], [Tz, D)), two independent
copies of [T,D)], then in probability, lim,, u, = Eug.

The assumption on Us(G,) is easily checked in the
above mentioned cases : the Erdés-Rényi graph and
the random graph with asymptotic degree distribution
F,. This corollary implies that the study of the limiting
spectral measure of random tree-like graphs boils down
to the study of the spectral measure of a GWT at the
root which is described by RDE (2.6) and (2.7). Note
however that this result does not give the full statement
of Theorem 1.1(i), the almost sure convergence will be
considered later. In [8], we proved a stronger version of
the above corollary which states that lim,, i, converges
to the measure Eug with a second moment condition
on F,.

Proof of Corollary 4.1. By definition the Stieltjes
transform of p, is equal to, for all z € C4,

I 1 1 .
1 n
4.21 = = i =E ,
(4.21) - Z Rg, (2) Re,(2)oo

=1

where the expectation E is with respect to the uniformly
chosen root . By Proposition 4.1, R¢, ()@@ converges
weakly to m,, (). Recall that |Rg, (2)pg| < (Sz)71,
thus taking expectation (with respect to the graph
randomness), we get for all z € C,

limEm,,, (z) = Em,,, (2).
By linearity, Em, = mg,, it follows that

1i£n Eu, = Eug.

Assume now that moreover, Uy(G,,) converges weakly
to ([71,9),[T2,9]). It suffices to check that for all
z € C*, my,(2) — Em,, () converges in L?(P) to 0.
Let Rg, (2)ii = Rg, (2)ii — ERg, (2):i, from Equation
(4.21), we have

E (my, () — Emy, (2)) =
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1 — — no_
—E| Y Ro.(2)iRa,(2) + YR, ()}
i#£] i=1
= E [EGH(Z)QIGIRGW.(Z)QQGQ} y

where ((1,02) is a uniform pair of vertices. Now
since Uz(Gy,) converges weakly to ([71,9],[7z,D]),
we deduce that (Rg,(2)p,0,,Ra,(2)0,0,) con-
verges weakly to two independent copies of
(Rr(2)ep,eq) — E(Rr(2)eg,ep). It follows that

hmnE [RG7L (Z)®1®1RG7L (Z)QZQZ} = O' D

4.2 Main result : convergence of the rank. We
are now in position to state the main result of this paper.
We consider a sequence of graphs G, on [n] which
converges to [7,0], a GWT with degree distribution
F,. We assume that ), kF,(k) < oo, let F' be defined
by (2.2). We define the generating functions,

pule) =Y (k) pla) =) F(k)z".
k k

Let m be the smallest solution of z =1 — ¢(1 — p(x)).
We set oo = ().

THEOREM 4.1. Assume that Uz(G,) converges weakly
to ([T, 9], [ T2, D)), two independent copies of [T,D], a
GWT with degree distribution Fy and ¢! (1) < co. Then
if ' (m0)¢’' (1 — o) < 1, in probability,

. rankA,
lim =

n— o0 n

2 = @u(mo) = a1l = Too) — Pl (L)oo (1 — o).

Note that if U(G,,) converges weakly to [T, @], then
the statement holds in expectation, not in probability.
The proof of Theorem 4.1 is divided into two parts, we
first prove it under the additional assumption (A) and
then we use a truncation argument to extend it (see [9]).
The first part of the proof follows from Theorem 1.3 and
the following proposition.

PROPOSITION 4.2. We assume that Us(G,,) converges
weakly to ([Th, 9], [T2,9)]), two independent copies of
[7,0] « GWT with degree distribution F,.. Assume
moreover that Assumption (A) holds and @' (o)’ (1 —
Too) < 1. Then in probability,

lim

n

% =1—Epue({0}).

Proof.  Recall that % =1— p,({0}). From
Corollary 4.1, we have in probability,

limnsup pn({0}) < Eugp({0}).
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It is thus sufficient to prove that
lim inf Exn ({0}) > Epio({0}).

We now relate the leaf removal process with some
spectral properties of A, the adjacency matrix of G.
The following identity was used in [5] and a proof can
be found in [12]:

LEMMA 4.1. If G is a finite graph, let A(C) denote the
adjacency matriz of the core C of G, then dimker(A) =
|U| + dimker(A(C)), where |U| is the number of un-
covered wvertices in the leaf-removal process defined in
Section 3.2.

If the vertex set of G,, is [n] and its spectral measure
is iy, we have

pn({0}) =

where the first inequality follows from Lemma 4.1 and
the last equality follows from the fact that under Pg, ,
the set of uncovered vertices U is uniformly distributed
among all such sets with minimal cardinality.

Let £ > 1, now by Skorokhod representation theo-
rem, we can assume that there exists N such that for
n > N, there exists an isomorphism from G, N B(Q, k+
1) to TNB(D,k+1) = T**1. Let K7 be the a.s. finite
variable in Lemma 3.3, note that K7 is doubly stochas-
tic since 7T itself is random. Pg, (0 € Uy) is measurable
with respect to G, N B(D,k + 1). Thus for n > N:

wn({0}) > Pg, (0 € U)l(Kr <k)
= Prn(0 e Up) (K7 <k)

= Pg, (0 €U),

Hence, by Lemma 3.3
lirr%linfEun({O}) > EPr(QeU)1(Kr <k)
= Elup({ON1(Kr < k)LD ¢ C)].

The above inequality holds for all k. However, as k
goes to infinity, pug({0})1(K7 < k)1(D ¢ C) converges
a.s. to ug({0})1(® ¢ C). Hence, by the dominated
convergence Theorem:

lim inf Epn ({0}) >
li E o ((0)1(K7 < B)1(0 ¢ C)
— Elo({0)10¢C)).

Finally, by Corollary 3.1, a.s. ug({0})1(@ € C) =0
and we deduce

lim inf Bpin ({0}) > Epg ({0}).

O

We proved so far that Theorem 4.1 holds under the

additional assumption (A). We remove this assumption
in [9] by a truncation argument.
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4.3 Proof of Theorem 1.1 and 1.2 If F, is a
Poisson distribution then we simply have F = F,
© = «. The generating function of F' is

p(x) = exp(A(z — 1))

As usual, we define 7y as the smallest solution of the
equation = 1 —exp(—A(exp(—A(1 —z)). So that, with
the notation of Theorem 1.2,

Too =q and mo =1—exp(—A\q).

If 0 < XA < e then ¢ = exp(—Aq) is solution of the
Lambert equation, and 7. = 0. If A\ > e then 7. > 0.
Since ¢, = ¢ and meo = @(m), mo = 1 — (1 — 7o), We
have the identity ¢.(m0) + @ (1 —Too) — 1+ ¢ (1) Too (1 —
o) = q— 14+ e 4+ Age M.

This is the required expression for p({0}) in The-
orem 1.2. It easy to check the assumption of Theorem
4.1, indeed

@ (o) (1= og) = AN e AT

(recall that ze=® < e7!). Then if A\ > e, we get
' (m0)¢’ (1—7eo) < 1. Otherwise A < e and 7, = 1—g,
thus ¢’ (m0) ¢’ (1—7s0) = (¢'(m0))? < 1 easily holds . We
can thus apply Theorem 4.1 to the sequence of Erdos
Rényi graphs (Gp )nen.

To complete the proof Theorems 1.1 and 1.2, it
remains to improve the convergence in probability into
an almost sure convergence. This is done in [9].

5 Statistical physics of matchings

Let G = (V, E) be a finite graph. For each v € V, we
denote FE, the subset of edges in E incident to v. Recall
that a matching is a set of edges with distinct adjacent
vertices. A matching is denoted by o = (o.) € {0,1}%.
Let Mg be the set of possible matching on G. Following
Zdeborova and Mézard in [23], we define the energy of
a matching as the number of vertices uncovered by the
matching:

E(0)=1U(0) =) (1- ) oc).

veV ecb,

On Mg, we introduce a random matching S with
Boltzmann probability measure
1
Pe(S =0) = —e P800,
Za
where (3 is the inverse temperature, Zg =
Y oeMe e~ is called the partition function
and log Zg is the free energy of the system. As (§ goes
to infinity, the measure Pg converges to the uniform
measure on the maximal matchings of G.
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= A2ge M < de ™l

Kasteleyn [14] has developed a beautiful theory
for perfect matchings on planar bipartite graphs. In
this paragraph, we adapt his ideas to compute the
Boltzmann measure on trees at any temperature. Let
A be the adjacency matrix of a finite tree G = (V, E),
and for z € C; = {z € C: 3z > 0},

R(z) = (A — 2I)"!

its resolvent. Recall that the spectrum of A is symmetric
since T' is a tree. We also have forall z € Cy andu €V,

R(—2)yuw = —R(2)uy and R(ix)y, € iR, for all z > 0.
ProproSITION 5.1. If G is a finite simple tree, then for
all 6 € R,

1

ZG = Z‘V‘ det(A — 7167’8.[) = m
et —uiu(re

Proof. If Sy is the set of permutations on V', we have
det(A—zI)= > (=D T](A = 2D)i0)
gESy i€V
= Y ()o@, i} € B) = 21(a(i) = i)).
oESYy eV

We may decompose a permutation into disjoint cycles.
A permutation will give a non null term in the above
sum if all its cycles are along the edges of the graph.
Since G is a tree, such cycles have length one or
two. Note that we may identify a matching o with
a permutation on V which is an involution : if e =
{u,v} € o, we write o(u) = v and o(v) = u. It follows
that

det(A—zl) = Y  (-1)l7l(=z)P@L.

oceEMa

Note that |V| — |U(o)| is even and (—1)l9I =
(—1) " = () VIHIUO@ e get

det(A —ie PI) = Z (—i)Ve=BIV@I = (VI 4.
cEMa

|

On planar bipartite graphs, Kenyon in [15, Theorem

6] has shown that the uniform measure on perfect

matchings is a determinantal process on the edges.

Here, similarly, the same phenomena appears as a

consequence of Proposition 5.1. If m is the subset of

edges in F, let V,,, denote the set of adjacent vertices of
m.

PROPOSITION 5.2. Let G = (V,E) be a simple finite
tree and m = {ujvy,---,upvr} € Mg then for all
B eR,

Pg(m C S) = det (—iR(ie*ﬁ)m,)

wWEV,,

Copyright © by SIAM.
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Moreover, if Vo CV and Vo NV, =0,

Pg(m C S5V CU(S)) =
e PIVol qet (—iR(ie_B)m))u_Uev Ve

Proof. The first statement follows from the second
statement by setting Vy = (). Let Gy be the subgraph
of G spanned by the vertices Vi = V\(Vo UV,;,). Note
that if m C S and Vy C U(S) then S = m U o where
0 € Mg,. Let z =ie™”, then from Proposition 5.1, we
get

dem e—BlI(eum)]|
G1

RG]
iVile=AIVol det(A — 21y,
ilVIdet(A — 21I) ’

Pc(m C S) =

indeed Ug(c Um) = Ug,(0) UVy. Now from Jacobi
Formula, det(A — zI);y, = det(A — 2I)det R(2);y\v,
and the conclusion follows. g
For example, we have the formula

(5.22)  Pg(uc U(S)) = —ie PRie™)yu.

Now when ( tends to infinity, the left-hand side tends
to Pg(u € U), the probability that u is uncovered by a
random maximal matching and the right-hand term to
the spectral measure associated to the vertex wu.
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