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Abstract

Suppose m balls are sequentially thrown into n bins
where each ball goes into a random bin. It is well-known
that the gap between the load of the most loaded bin

1
m ;)Lgn)

and the average is O( , for large m. If each ball

goes to the lesser loaded of two random bins, this gap
dramatically reduces to ©(loglogn) independent of m.
Consider now the following “(1 4 3)-choice” process for
some parameter 3 € (0,1): each ball goes to a random
bin with probability (1— 3) and the lesser loaded of two
random bins with probability 5. How does the gap for
such a process behave? Suppose that the weight of each
ball was drawn from a geometric distribution. How is
the gap (now defined in terms of weight) affected?

In this work, we develop general techniques for
analyzing such balls-into-bins processes. Specifically,
we show that for the (1 + ()-choice process above, the
gap is ©(logn/f), irrespective of m. Moreover the gap
stays at ©(logn/f3) in the weighted case for a large class
of weight distributions. No non-trivial explicit bounds
were previously known in the weighted case, even for
the 2-choice paradigm.

1 Introduction

We consider balls-into-bins processes in which m balls
are sequentially placed into n bins by some randomized
placement procedure. The goal of the placement proce-
dure is to create an allocation which is as balanced as
possible while being simple and efficient. Balls-into-bins
processes are a powerful and simple way to mathemati-
cally model many load balancing and resource allocation
tasks common in computer science. The balls typically
represent a set of independent items or tasks that need
to be allocated to resources which are modeled by the
bins.

One well known family of placement algorithms is
the d-choice paradigm where d > 0 is an integer. In
these processes each ball is placed in the less loaded of
d uniformly sampled bins. (We remark that when these
schemes are implemented in practice, the identifier of
the items (balls) is hashed to produce the identifiers of
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the sampled bins and the hash functions are assumed
to produce a uniform and independent sample. In this
paper we ignore the issue of providing an explicit hash
function and always assume all samples are indepen-
dent and uniform.) The ‘classical’ solution of setting
d = 1, also known as the single choice scheme, is well
understood and relatively easy to analyze, as the lo-
cation of each ball is an independent random variable.
It is well known ( e.g. [6]) that if m = n the max-
imum load is ©(—%2" ) with high probability, and if

loglogn . A .
m >> nlogn the maximum load is with high proba-

bility ™ + © (y/ml;ig”) In a seminal paper Azar et

al. [1] show that when d > 2 and m = n the maximum
load is lofolgfl" + O(1) w.h.p. (the case d = 2 was im-
plicitly shown by Karp et al. in [3]). There are many
variants and applications of this result, see for instance
the survey [5] and the references therein. Berenbrink et
al. [2] generalize the bound for arbitrarily large m show-
ing the load to be ™ + lolg()l% + O(1) with probability
1 — 1/poly(n). Thus, surprisingly, the additive gap be-
tween the heaviest bin and the average is independent
of the number of balls.

1.1 Characterization by a Probability Vector
The d-choice scheme can be characterized by a prob-
ability vector p = (p1,...,pn), where p; denotes the
probability a ball falls in the ¢’th most loaded bin; i.e.
we order the bins from the most loaded to the least
loaded (ties are broken arbitrarily) and we set p; to be
the probability the most loaded bin receives the ball, ps
is the probability the second bin receives it, and so on.
Note that in the d-choice scheme p; = (%)d — (%)d.
Soford=1, p; = % while if d > 1 it holds that p; > p;
for i > j. In other words, when d > 1 the process has
a bias towards the light bins. At a high level, this bias
explains the stark differences between the cases d = 1
and d > 1.

The (14 §)-choice process. In light of this char-
acterization it is natural to investigate processes with
different probability placement vectors. As a leading
example of such a process consider the case where each
time a ball is placed with probability 5 > 0 (for some
fixed ) a two-choice scheme is used and with probabil-
ity 1 — 8 a single choice scheme is used. We call this
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process the (1 + (3)-choice scheme. This process is mo-
tivated by the case where the cost assigned to querying
the load of the bins is relatively high. Consider for in-
stance a distributed storage system in which a front-end
server places data items in back-end servers. Using the
2—choice scheme requires querying two servers for their
load, possibly locking them until the data item is placed.
Moreover, a lookup for the item results in two queries.
In the (1 4 B)-choice scheme with probability 1 — 3 the
assignment is done without performing this query, and
the expected lookup cost is only (1 + ). The question
of course is how much imbalance is introduced due to
this modified procedure. It is easy to verify that in this
case p; = % + % Mitzenmacher in his thesis [4]
suggested studying the (1 + §)-process in the context
of queueing theory. He observes that this process may
also serve to model the case where all balls perform the
best of 2 strategy, but some fraction of them are ‘mis-
informed’ by ,say, an unreliable load reporting mecha-
nism, and make the wrong decision.

Weighted balls. In practical applications it is
often the case that items have heterogeneous sizes.
Consider for instance the case of a storage system which
places files (balls) into servers (bins). In this case each
file has a different size, and the load of the server is
the total size of files assigned to it. We model this case
by letting each ball receive a weight by independently
sampling from a distribution D. Talwar and Wieder
show [7] that in the two choice scheme, if the weight
distribution has a finite variance and is ’smooth’ in some
mild sense, then the gap is independent of the number
of balls thrown. However, no non-trivial upper bounds
on the gap for specific distributions were known prior
to this work.

1.2 Summary of Results and Techniques The
intuition of our approach is drawn from viewing the
process as an n-dimensional version of a biased random
walk on a line: Consider a random walk on the line
which starts at 0 and each step moves either right or
left with equal probability. It is well known that after
m steps, the expected distance from 0 is roughly /m. If
however the random walk has a bias towards 0 then the
expected distance from 0 is bounded by some constant
independent of m. When n = 2, the difference between
the loads of the two bins is indeed a random walk on the
line: an unbiased one in the one choice case and a biased
one in the (1 4 f)-choice case. We reduce the process
at hand to a one dimensional process. Our approach is
to find a potential function I' : R® — R from the set of
allocations to the real numbers such that (¢) if T is small
then the allocation is balanced, and (i7) the expectation
of I is bounded by a constant independent of m. Using
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this technique we obtain the following results:
Generalization over the placement proce-
dure: We can upper bound the expected gap of a large
family of placement processes (defined by the vector p).
In particular for the (1 + 3)-choice scheme we show the
expected gap to be O(log"). We show that this bound
is tight up to constants for 8 bounded away from 1. We
then employ the concept of majorizations to general-
ize the bound further. As a case in point we analyze
processes that are biased against the maximal bin (or
biased in favor of the minimal bin) and are uniform ev-
erywhere else. We show that even this small bias in
the allocation rule suffices to have the gap in the allo-
cation independent of m. Thus, interestingly, the gap
has three regimes as a function of 5. When g = 0 it

is O which goes to infinity with m. When
0 < B < 1 the gap is O((logn)/B) and when §=11it is
©(loglogn).

Weighted Balls: We generalize to the case where
each ball samples a weight from a weight distribution D,
and a bin’s load is measured by the sum of weights of the
balls it contains. We provide bounds for large families
of weight distribution. We show that if D’s exponential
moment generating function is finite for some positive
value, then the expected gap remains O((logn)/3).

1
m ;)Lgn)

1.3 The Markov Chain Recall that we character-
ize a balls-and-bins process by a distribution vector
(p1,--.,DPn), where p; is the probability a ball is placed
in the 4’th most loaded bin. Further, let the size of the
ball be an independent random variable drawn from a
distribution D on [0,00). Let x(t) be the vector de-
noting the load of each bin minus the average load,
so Y x;(t) = 0. We assume that = is sorted so that
x; > X441 for i € [n — 1]. The process defines a Markov
chain over the vectors z(t) as follows:

e sample j €, [n]

e sample W € D
W

n

o set y; = x;(t)+W - fori = jand y; = z;(t) —
for i #£ j

e obtain z(t + 1) by sorting y

We will prove our bounds for a family of distribution
vectors p. We make the following assumptions:

(1.1)

For some € > 0 it holds that

p; < pipq fori € [n—1]

(1.2)
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The first assumption says that the allocation rule is no
worse than the 1-choice scheme. The second assumption
states that the allocation rule strictly prefers the least
loaded third of bins over the most loaded third. Note
that these assumptions imply that Zz>37 Di 2 i + €
and EK% p; < i — ¢, a fact that turns out to be very
useful.

For the distribution D, we assume that there is a
A > 0 such that the moment generating function M[A] =
E[e*"] < oo. Further, without loss of generality,
E[W] = 1. Note that

M"(z) = E[W?2e*W] < /E[W4|E[e22W].

The above assumption implies that there is a S > 1
such that for every |z| < A/2 it holds that M"(z) < 285.
The (14 3)-choice process: Note that the (1+0)-

choice process satisfies the assumptions for e = 3/12

_8 8
since pz < @—i—g—g = ITS, and similarlyp% > 123 .

2 The Upper Bound

Let a = min(gg,A/2). We can assume that e < 1/4
and thus that @ < 1/6. Define the following potential
functions

O(t) = (x(t) == Y _ exp(ax;)
i=1

U(t) = U(z(t)) = Zexp(foz:ci)

[(t) = D(z(t)) := ®(t) + V()

Note that I'(0) = 2n. We show that if I'(z(¢)) > an
for some a > 0 then E [['(x(t+ 1)) | z(¢)] < T'(z(t))(1—
). We will use this to show that for every given t,
E[I'(t)] € O(n), which implies that the maximum gap is

O(logn) w.h.p.

REMARK 1. The function ®(x(t)) by itself is a more
natural potential function. The problem with using ® is
that it may not decrease on expectation, even if it takes
an arbitrarily high value. To see this let a be arbitrary
and consider a load vector where x; = a fori < n—1 and
T, = —(n—1)a. We have ®(z) = (n—1)e*@4e~(n—1aa
so ® is arbitrarily large. Assume p, = 2/n. Now the
expected value of ® after we throw one ball is at least

(1= 2) e n (€294 4 (n — 2)e™®) + 2e™n (n — 1)e™

n n
Since e* > 1+ o + %2 this is at least

(1—%)6‘“((1—%) (1+a+%2+n—2)+%(n—1))

z(l—g)eo‘“ (n—l—i—oz—ko‘;)
n
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which is larger than ®(x) for large a. One may observe
that the reason @ fails in this case is that it is insensitive
to the load of the light bins. In this example the fact that
the lightest bin had a load of —(n—1)a barely affected the
value of ®. The function V is designed to mitigate this
problem by being sensitive to the light bins, while hardly
being affected by the heavy bins. The sum of these two
functions turns out to be suitable for the analysis.

We start by calculating the expected change of ®
and U individually. We write ® instead of ®(t) when ¢
is clear from context.

LEMMA 2.1. For ® defined as above,

(2.3) E[®(t+1) — d(t) | 2(t)]

< zn: (pi(oz +Sa?) — (& - S%)) €O
=1

Proof. Let A; be the expected change in ® if the ball
is put in bin i, i.e. if y;(¢+1) = z;(t) + W — % and
for j # 4, y;(t+1) = 2;(t) — &, (recall that z(t + 1)

is obtained by sorting y(t + 1) and that ®(z) = ®(y)).
Now the expected contribution of i is

E[ea(xri‘w—‘%)] — %%
=™ (M(a(1— 7)) — 1)
= e*(M(0) + M'(0)a(1 = ) + M"(O)(a(l = £))*/2 - 1)

for some ¢ € [0,a(1 — %)] By the assumption on
D and a, M"(¢) < 25. Moreover, M(0) = 1 and
M’'(0) = E[W] = 1. Thus the above expression can
be bounded from above by

e (a(l— L)+ Sa?)

The contribution of j is similarly computed to be
2
bounded by (=% 4 S%;)e®®. Thus

2

So

n2

A; < (a+ Sa?)e™™ — (2 —

)P
so we have

E[®

—~
o~

+1) = () | z(t)]

<

-

pie® (a1 = 1)+ 80? + (n — 1)(~2 +52))

=1

IN

I

pie (a +Sa? + n(—% + 50‘72))

i=1

and the claim follows
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COROLLARY 2.1.
(2.4) E[®(t+1)—®(t) | =(t)] < ?tb(t)

Proof. Note that Sa < % < 1 so that

] < Z 2ap;e”

The claim follows by observing that p;’s are increasing
and x;’s are decreasing, so that the expression is maxi-
mized when p;’s are all equal.

(2.5) E[®(t+1)—

Similar arguments show that

LEMMA 2.2. Let ¥ be defined as above. Then

(2.6) E[T(t+1)— () | z(t)]

Z ( —a+ Sa?) + (2 +S%§)) =i

COROLLARY 2.2.

2

(2.7) E[U(t+1)—9() | 2(t)] < ?\I/(t)

Proof. This follows immediately as p; > 0 and Sa < %.

We start by showing that for reasonably balanced
configurations, both ® and ¥ have the right decrease
in expectation. More precisely, if Tsn < 0, then
® decreases in expectation, and if zn > 0, then W
decreases in expectation.

LEMMA 2.3. Let @ be defined as above. If z3n(t) <0,
then E[®(t +1) | z(t)] < (1 — 2°)®(t) + 1.

Proof. We upper bound Y, p;(a+Sa?)e® for a fixed
®(x), for z which is non increasing with ), x; = 0. We
first write

n
3 pila+ Sa?)e
i=1
< Z pi(a+ Sa?)e™i + pi(a + Sa?)e’
i<in i>3p
(28) < ) pila+Sa®)e 41
i<ip
since a + Sa? < 6;352 < 1 by our assumptions that

e<land S >1.
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Now set y; := e***. The first term above is no larger
than the maximum value of

(a+ Sozz) Z DiYi
i<y

subject to

Z Yy <@
i<3p

i1 >y Vl<i<?2e

Since p is non-decreasing and y is non-increasing, the
maximum is achieved when y; = g—i’ for each i, and is

at most (o + Sa?)(3 — )32,
We can now plug this bound in (2.8), and substi-
tuting in (2.3) we upper-bound the expected change in

o.

E[®(t+1) — @) | z(t)]
3 « a?
2 49
ad 4e «
< —((1 1——)-—1 — 1
< (1 + Sa)( 3) +Sn)+
Assuming Sa < €/6 we have
o € € €
S—®(F-F+5)+1
< %o 41
n

The claim follows.

LEMMA 2.4. Let ¥ be defined as above. If z=(t) > 0,
then E[W(t +1) | 2(t)] < (1 — 2€)¥(t) + 1.

Proof. The proof is similar to the previous lemma. We
first upper bound > | pi(—a + Sa?)e™ i for a fixed
U(z), for  which is non increasing with ) . x; = 0.
Since (—a + Sa?) is negative, we have

Zpi(—a + Saz)e_‘”" < (—a+ Sa2) Z pie” %

>z
Now set z; := e~ ***. Under the assumption on z=z,
the sum Ziz% z; is at least ¥ — 2. Since (—a + Sa?) is

negative, to upper bound the second term, we need to
find the minimum value of

Z biz;
i>n

subject to
> uz¥—g
i>n

Zit1l 2 %4 Vl>%
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Since both p and z are (weakly) increasing, the mini-
mum is achieved when z; = % for each i. Using the
assumption that Zi>n/4 pi = 4 + € we can bound the

expression above by (—a+ Sa?)(2 + 6)4(\1;7” We can

now upper-bound the expected change in ¥ by plugging
this bound in (2.6).

w(t) | (t)]

)4(\1/—%

E[W(t + 1) —

<

—a+Sa?)(3 +
(A+52)vw

+2(1+852)0

+ (- 1—|—Sa)(%—|—e)4‘1’3*")
(1+S )\IIJrSa( +€)4‘1’3—n,(%+6)4\1/3—n)
(3 +¢€)

o2
n
&

(
D14+ 82+ Sa(2+e)i—(3+6)3)+

IA
IS

w|

<%y
n

where the last inequality follows since € < % and Sa <
€

6"

The next lemma will be useful in the case that
x 3n > 0.

LEMMA 2.5. Suppose that zzm > 0 and E[A®|z(t)] =
—5-®. Then either ® < 3V or I' < cn for some

c:poly(%),

Proof. First note that the expected increase in ® is at
most

Z(pi(a + SaQ) — % + S%ﬁ)eaxi

< S (pila+ Sa?) — & + 525 )

i<n/3
F(atSad) ¥ piet
z>n/3
< —?¢<n/3 + ‘I)>n/3
3o
2.9 <——<I> —fb n
( ) - 2n +n >n/3

where in the next to last inequality we used that for
i < n/3, p; < =2 and that for given ®, > p;e® is
maximized when p is uniform.

Thus E[A®|z(t)] > — <@ implies that

3—a<1>>n > %y,

n 4an
Let B = Y, max(0,2;) = 1|[z[|;. Note that P>z is
upper bounded by 210252 Thus

12 8N sanp

(2.10) P Tduy < e
€
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4aB

On the other hand, Tsn > 0 implies that ¥ > Ze v .
If & < 30, we are already done. Otherwise,

Similarly,

LEMMA 2.6. Suppose that z» < 0 and E[AV|x(t)] >
— 23U, Then either ¥ < $® or I' < cn for some

c=p0ly(%).

Proof. First observe that for any i > 2, p; >

that p;(—a + Sa?) + (£ + S%z) < —5<. Since p; > 0 it
holds that p;(—a + Sa?) + (2 + S%z) < 22 for every i.
Using the upper bound from (2.6) we get

> Lde g4
n

[e%5 2«
E[AT | z(t)] < —%\Ig%n + ;\I]S%
4
_ 7%\11 OHFOK\IJ(@
2n 2n =73
[e%3 3o

Thus E[AV | z(t)] >

—2-U implies that

3a‘1’§ S e

o > —
n 3 4n

Let B = Y, max(0,z;) = 3|z||:.

upper bounded by 2 e 22 Thus

Note that Vs

zn
3

12

8 (23
(2.11) U< 2y, < R
- €

2n
€ 3

B

On the other hand, z» < 0 implies that & > %64‘17.
If ¥ < @, we are already done. Otherwise,

8N 3aB € NE 4aB
S n > \I} > 7® J— n
R T
so that e < 128 . It follows that
40n 128 4
<3y < 271( )3 < en.

€ €

We are now ready to prove the supermartingale-
type property of T'.

THEOREM 2.1. Let T' be as above. Then E[I'(t +
1) | z(t)] < (1= 3)L(t) + ¢, for a constant ¢ = c(e) =
poly ().
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Proof. The proof proceeds via a case analysis. In case
the conditions, z» > 0 and Tsn < 0 hold, we show
both & and ¥ decrease in expectatlon If one of these
is violated Lemmas 2.5 and 2.6 come to the rescue.

Case 1: Tz > 0 and Tsn < 0. In this case the theorem
follows from Lemmas 2. 3 and 2.4.

Case 2: z2 > s > 0. Intuitively, this means that
the allocation is very non symmetric with big holes in
the less loaded bins. While & may sometimes grow in
expectation, we will show that if that happens, then
the asymmetry implies that I" is dominated by ¥ which
decreases. Thus the decrease in ¥ offsets the increase
in ® and the expected change in I' is negative.

Formally, if E[A®|z] < —2¢®, Lemma 2.4 implies
the result. Otherwise, by Lemma 2.5 there are two
subcases:

Case 2.1: ® < 7V. In this case, using Lemma 2.4 and
Corollary 2.1

E[AT|z] =

<2p 2y

E[A®|z] + E[AT|z]

1<-Xor1<-%ri
2n 4n,

Case 2.2: I' < ¢n. In this case, Corollaries 2.1 and 2.2
imply that

2
E[AT|z] < 297 < 2can
n

On the other hand, ¢ — 2T" > ¢(1 — ) > 2ca.

Case 3: Tsn <zz < 0. This case is similar to case

2. If E[AT|x ] — 4V, Lemma 2.3 implies the result.
Otherwise, by Lemma 2.6 there are two subcases:

Case 3.1: ¥ < 7. In this case, using Lemma 2.3 and
Corollary 2.2, the claim follows.

Case 3.2: I' < cn. This case is the same as case 2.2.

Once we have shown that I' decreases in expectation
when large, we can use that to bound the expected value
of I'.

THEOREM 2.2. For anyt >0, E[['(t)] < %np,

Proof. We show the claim by induction. For ¢ = 0, it is
trivially true. By Theorem 2.1, we have

E[T(t+1)] = E[E[T(t + 1) | T(¢)]
< E[(1- T+
4c ae

< e (1- Z) tc

A
|
3
|
o
Jr
o

The claim follows.
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Finally let Gap(t) denote the gap between the
maximum loaded bin and the average, i.e. z1(t). Then
we have

COROLLARY 2.3. E[Gap(t)] < legn 4 o(leel/ed)
Moreover, Pr[Gap(t) > 21‘(’5” + O(log(l/QE))] <

1
o n’

ax

Proof. Note that T'(t) > e*Gar(t),

E[Gap(t)] < 5 log E[T'(¢)]
<logn/a+ log(4c/ae)/a

=logn/a+ O(log(1/ae) /).

Since e** is convex:

Similarly, Pr[Gap(t) >
Pr{T(t) = nEL(8)] < 1/n.

2logn/a + O(log(1/ae)/a)] <

Since the (1 + ()-choice process satisfies the conditions
on p with e = O(f), specializing the above result to the
unweighted case, we get:

COROLLARY 2.4. For the (1 4+ (3)-choice process with
unweighted balls, Gap(t) is in O(log(n/B)/B) with high
probability, for any t.

Let us check the bounds the above results give for
some simple distributions.

EXAMPLE 2. Let D be the distribution that is zero with
probability (1 — ) and K with probabzlzty - For this
distribution, we can check that M" (%) is in O(K), so
that we can set o = O(57). This leads to a gap of

O(K logn/e), which is tight up to constants.

EXAMPLE 3. Let D be the exponential distribution with
parameter 1. Then M'(1/2) is finite. Thus the gap is
O(logn/e). This is tight up to constants.

Moreover, note that the distribution may be dif-
ferent in each time step, as long as the independence
is preserved and the bound on the moment generating
function holds.

2.1 A Note on Majorization In some cases it is
possible to say that one process dominates another.
Establishing a partial order of stochastic dominance
extends the analysis for a larger set of processes. Let p
and ¢ be two vectors. We say that p is majorized by ¢
denoted by p =< q if for every 1,

Y Pr) < Do)

Jj<i Jj<i

where 7 is a permutation sorting p in decreasing order

and o is a permutation sorting ¢ in decreasing order.
A function v : R" — R is said to be Schur-convez

if p < ¢ implies v(p) < v(q). For two distributions over
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vectors x and y, we say that x is majorized by y, written
as x = y if for every Schur-convex function ~ it holds
that Ely(x)] < Elr(y)].

The following theorem is implicit in [1] and [8], it
establishes a way of comparing different processes in the
case of uniform weights.

THEOREM 2.3. Let p and q be probability vectors as-
sociated with processes x(-) and y(-) respectively, and
assume all balls are of weight 1. If @ <X p then for every
t, z(t) < y(t).

This enables us to extend our results to a larger
family of processes. Consider for example the bias-
away-from-max and bias-towards-min processes, defined
as follows:

1-7 -
paway,from,maz _ { " 1=1
[ - s n 3
P vy otherwise
and
1+n P
ptowards,min — 1n t=n
@ 4 — 1 otherwise
n n(n—1)

It is easy to check that both these processes are
majorized by the (1 4 ;L)-choice process. Thus we
conclude that the expected gap for these processes is
bounded by O(nlog(n/n)/n). Thus even a small bias
suffices for the gap to stay bounded independent of m.
We note that it is not obvious how to apply the coupling
techniques in [2, 7] to these processes.

3 The Lower Bound

We show that for e bounded away from 1, our analysis is
essentially tight up to constants. Consider the (1 + ()-
choice process, and recall that e € ©(3).

Throw ‘mé# balls into n bins using the (1 + j)

choice process, where a is to be defined later. The
expected load is thus “155". The expected number of

balls thrown using one choice is a"(lfﬂw. Raab and
Steger [6] show that the load of the most loaded bin
when throwing cnlogn balls into n bins using 1-choice
is at least (c + (1/c/10))logn. Plugging in ¢ = “(16; )
we get that the number of balls in most loaded bin is at
least

a(1 - p) a(1—p)

1
S T
a a(l—p0)—a
=(++————)logn.
It is easy to see that for a < (157/3)’ this is Q((1 —
B)logn/B) more than the average.
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