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ABsTrRACT. Quadratization is a transform of a system of ODEs with polynomial right-hand side into a
system of ODEs with at most quadratic right-hand side via the introduction of new variables. It has been
recently used as a preprocessing step for new model order reduction methods, so it is important to keep the
number of new variables small. Several algorithms have been designed to search for a quadratization with
the new variables being monomials in the original variables. To understand the limitations and potential
ways of improving such algorithms, we study the following question: can quadratizations with not necessarily
new monomial variables produce a model of substantially smaller dimension than quadratization with only
new monomial variables?

To do this, we restrict our attention to scalar polynomial ODEs. Our first result is that a scalar polynomial
ODE & = p(z) = anz™ + A1z 1+ ..+ ap with n > 5 and an, # 0 can be quadratized using exactly one
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be taken as z := (z + #)” L. Our second result is that two new non-monomial variables are enough to
An

new variable if and only if p(z — ) = anx™ + ax? + bz for some a,b € C. In fact, the new variable can

quadratize all degree 6 scalar polynomial ODEs. Based on these results, we observe that a quadratization
with not necessarily new monomial variables can be much smaller than a monomial quadratization even for
scalar ODEs.

The main results of the paper have been discovered using computational methods of applied nonlinear

algebra (Grobner bases), and we describe these computations.
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1. Introduction

Model order reduction of non-linear dynamical systems is an important tool in applied mathematics.
The goal of reducing dynamical systems is to make them easier to analyze. In this paper, we investigate
quadratization, a technique used as a preprocessing step to some recent model order reduction methods.

Quadratization is a transformation of a system of ordinary differential equations (ODEs) with polynomial
right-hand side into a system with at most quadratic right-hand side via the introduction of new variables.
While quadratization does indeed lift up the dimension of a system, there are more powerful model order
reduction methods for ODEs with at most quadratic right-hand side that produce better reductions than
general methods [4, [7]. In essence, quadratization lifts up the dimension of a system for it be pulled down
by dedicated model order reduction methods.

We illustrate quadratization using the following simple scalar polynomial ODE:

(1.1) i ="

9

The right-hand side has degree greater than two, but by introducing z := x”, we can write:

T = zx

(1.2)
2=928% = 9218 =922

In , the right-hand side of & and Z are at most quadratic. Furthermore, every solution of yields
a solution of . We say that the order of a quadratization is the number of new variables introduced.
Thus, this quadratization has order 1.

In , our new variable z is a monomial in z. Thus, we call this a monomial quadratization. On the other

hand, if one of our new variables has non-monomial right-hand side, we will refer to this as non-monomial
1
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quadratization. Several algorithms have been developed to find monomial quadratizations of ODEs and
ODE systems [I], 2 [6]. An additional motivation to study monomial quadratization comes from the desire to
create realistic chemical reaction networks (CRNs), which can be interpreted as polynomial ODEs [G]. For
other applications of quadratization, see [5].

However, we are not aware of any algorithms for finding an optimal quadratization with not necessarily
new monomial variables. In order to understand the potential benefits of such algorithms, we ask the
following question: can non-monomial quadratizations produce a system of substantially smaller dimension
than monomial quadratizations? Based on our results, the answer is yes.

In order to approach this question, we consider the case of scalar polynomial ODEs as it is "the simplest
nontrivial case." While model order reduction techniques are not useful for scalar polynomial ODEs as their
dimension is already minimized at 1, they allow us a point of entry to understand the question posed above.

In our research, we completely characterized the case when one new variable is enough to quadratize
a scalar polynomial ODE (see Theorem . We also found that any degree 6 scalar polynomial ODE
can be quadratized with two new non-monomial variables and we give the form of the new variables and
quadratization (see Theorem [3.2]).

We also show that all degree 3 and 4 scalar polynomial ODEs can be quadratized with one new monomial
variable and all degree 5 scalar polynomial ODEs can be quadratized with two new monomial variables
(see Proposition . Each of the quadratizations presented in our main results are optimal, meaning they
introduce as few variables as possible.

In order to achieve these results, we employed computational techniques that made use of Grobner basis
(see section . In Section [5] we provide mathematical proofs of Theorem and Theorem 3.2

2. Preliminaries

Definition 2.1. Consider the following scalar polynomial ODE:
(2.1) &= pla)

where p(z) € C[z]. Then, a list of m new variables:

(2.2) 21 = 21(x), 22 1= 22(x), . . ., 2 = 2 (T)
is said to quadratize & if there exist polynomials hy, ha, ..., hyy1 € Clz, 21, 29, . . ., 2] of degree at most two
such that:

o & =nhy(z,21,22,...,2m);

o ;= zl(x)d = hip1(x, 21,22, ..., 2m) for 1 <i<m

The number m is said to be the order of the quadratization. A quadratization of the smallest possible
order is called optimal. We refer to new variables whose right-hand sides are monomials as new monomial
variables and those whose right-hand sides are not monomials as new non-monomial variables.

Example 2.1. Consider the scalar polynomial ODE & = 2" with n > 2. Let z := 2" ~!. Note that z is a
new monomial variable. We will use z to quadratize . We can write:

(2.3) {x =zx

i=Z(@)r=m—-1a2"2.2"= -1z 2= (n-1)?

Thus, we have quadratized ¢ with z := 2"~ ! as both & and # can be written as quadratic polynomials in z
and x. In particular, this quadratization has order 1 and is optimal.
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Example 2.2. Consider the scalar polynomial ODE i = 2% + 2% + 23 + 22 + x + 1. We let z;(z) := 2% and
zo(x) := 23. Note that z; and z» are new monomial variables. It follows that:

t=zmr+z1+z+2i+a+1
(2.4) = 21(2)d = 4233 = 4(22 + 2120 + 23 + 2170 + 21 + 22)
29 = 2h(7)d = 32%i = 3(2120 + 25 + 217 + 21 + 20 + 2?)
Thus, we have quadratized & with z; and z9 as &, 21, and 2, are written as quadratic polynomials in 21, 23,

and z. In particular, this quadratization has order 2. It can be shown using Theorem and Proposition
that this quadratization is optimal.

3. Main Results
Our main results are Theorem [B.1] and Theorem
Theorem 3.1. Suppose
p(z) = apa™ + 12" apyox™ 2+ .. asx® + a1z + ag

where n 25, a; € C for alli €{0,1,2...,n—1,n}, and a,, # 0. A scalar polynomial ODE & = p(x) can be
quadratized using exactly one new variable if and only if p(x — =) = a,x™ + ax?® + bx for some a,b € C.

Ny
Moreover, this new variable can be taken to be z := (x + Z2=L)n=1,

Nn-Ap

In Theorem the quadratization is optimal as it has order one, and the original ODE is not quadratic.

Theorem 3.2. Suppose

& = pea® + psx” + pax” + psa® + pox® + pra +po
for p; € C fori € {0,1,2,3,4,5,6} and pg # 0. Then, & can be quadratized with two new variables of the
form:

e ( 6/ Ps__\5 25p3  _ Bpspa 5p3 \( 6/7 . Ps__\2 e (6. Ps__\3
z1 1= (¥/Ps m+6'€/p>§) +(216\/p>2 12\/;2*‘3\/,,*6)(\/176 m+6.§3/;g)’ 22 1= ({/Ps x+6-‘\3/;2)'

Notice that @ represents any degree 6 scalar polynomial ODE. For equations not satifying the requirements
of Theorem [3:1} this quadratization is optimal.
Additionally, we’ve shown that the general form degree 6 scalar polynomial ODE cannot be quadratized

with two new monomial variables, but can be quadratized with three new monomial variables (see Lemma

and Lemma .

Proposition 3.1.

(i) All degree 3 scalar polynomial ODEs can be quadratized by exactly one new variable, z := x2.

(ii) All degree 4 scalar polynomial ODEs can be quadratized by ezactly one new variable, z := 3.

4

(11i) All degree 5 scalar polynomial ODEs can be quadratized by exactly two new variables, z; := x* and

Z9 = LES.

Note that in parts (i) and (i7) of Proposition the quadratizations are optimal for precisely the same
reason the quadratization in Theorem is optimal.

4. Discussion

In our main results, we have given conditions for when one new variable is enough to quadratize a scalar
polynomial ODE. In fact, this new variable has non-monomial right-hand side. We have also shown that two
new non-monomial variables are enough to quadratize any degree 6 scalar polynomial ODE.

Theorem [3.1]is interesting because it demonstrates that even if we deal with high degree scalar polynomial
ODEs, there is a certain form of these ODEs that can be quadratized with only one new non-monomial
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variable. In particular, the most interesting part of Theorem is its use of linear shift. We consider the
following scalar polynomial ODE to illustrate this important feature of Theorem

(4.1) b= (z+1)" =a" + (T)x"‘l + (Z):H” TR (ni2>x2 + (nT_l 1)x+ 1

In (1)), every coefficient behind x* for k € {0,1,2,...,n} is non-zero. While it does not appear to be
quadratizable by just one new variable, Theorem tells us it is. We can say that p(z) = (z + 1)™ and
an_1 = n. Thus, it follows that:

(4.2) p(x—a’;;l):p(x—l)z(x—l—i-l)":x”

By Theorem since z" is of the form 2™ + ax? + bz, it can be quadratized by one new variable.

To the best of our knowledge, no algorithms consider this shift in determining the order of quadratization
and thus, for arbitrarily large n, these algorithms would introduce more variables than necessary [ 2] [6].

More precisely, we can provide a lower bound on the number of new monomial variables necessary to
quadratize the scalar ODE presented in . Suppose set S = {z; | 1 < < k} where 2 < degz; < deg 2y <
-+ < degzp denotes the set of new monomial variables used to quadratize the ODE in (we do not
consider degree less than two due to Lemma. Let us also append « and 1 to the set S. Any quadratic
term in our quadratization can be formed by choosing any two, not necessarily distinct, elements of set .S
and multiplying them together. It follows that we can form at most (kf’) quadratic monomial terms. Since
the right-hand side of must be quadratized and contains n + 1 monomials, we have:

(4.3) (k;3>>n+1 — k>_5+— V28”+9

Here, we have provided a lower bound for & or the number of new variables introduced. For larger n, we get
larger k. However, we show that simply one new variable is enough for any value of n if we consider new
non-monomial variables, which is a significant improvement on monomial quadratization.

Similarly, Theorem [3.2] shows that degree 6 scalar polynomial ODEs can be quadratized by two new non-
monomial variables. On the other hand, we also showed in Lemma [5.7] and Lemma [5.8| that a general degree
6 scalar polynomial ODE cannot be quadratized using two new monomial variables, but all degree 6 scalar
polynomial ODEs can be quadratized using three new monomial variables. By allowing our new variables
to have non-monomial right-hand side, we improve the order of the quadratization by ~ 33%. Note that in
the Proof of Theorem [3:2} we use a similar linear shift as described above and described in Lemma

Altogether, our results suggest that considering quadratizations with new non-monomial variables can give
us more optimal quadratizations than monomial quadratizations as we increase the degree and dimension of
our ODEs. Therefore, considering non-monomial quadratization of multivariable ODEs and ODE systems
may be a worthwhile pursuit. Moreover, since our results provide explicit formulas for new variables, they
can be used to improve current algorithms for monomial quadratization, for example, by applying some
variable shifts to the input system as suggested by Theorem [3.1]

5. Proofs and Other Results
The following three lemmas are used to prove Theorem [3:1}

Lemma 5.1. For every scalar polynomial ODE & = a,2™ + ap_12" "' + ... + asz® + a1x + ag, there exists
a unique change of variable x — x + A such that a,_1 becomes zero.

Proof. Let x = y + A. Substituting for z in 2, we get:
J=an(y+ A" +an1(y+ 0"+t aa(y + )7 Har(y+X) + ag
Binomially expanding, we have:

§ = any" + (annd + an-1)y" " +o(y" )
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Since the coefficient behind the y” ! is apnA + an_1, it follows that the y™ ! term vanishes if and only if
A= % Since n > 0 and a,, # 0, this shift exists and is unique. O

Lemma 5.2. Assume that a scalar polynomial ODE & = a,x™ + q(x) with n > 5 and degq(z) <n—1 can
be quadratized by a single new variable z := z(x). Then, degz =n — 1.

Proof. The first term of &, ™, must be quadratized by a quadratic term in x and z. For n > 5, only terms
z, £z, and 2% may involve z" and this may happen only if deg z > 3. Thus, deg z < degzz < deg z2. Hence
2™ must be the leading monomlal of one of them. Thus, degz € {n,n — 1,n/2}.

If deg z = n, then deg # = 2n — 1. Since deg 22 > 2n — 1 and the degree of any other quadratic monomial
in x and z is less than 2n — 1, Z cannot be quadratized. Thus, deg z # n.

If n is odd, the only remaining option is degz = n — 1, so we are done. Consider the case of even n and
degz = %. Let 2z = 2(2) := az® + r(z) and & = 2" + g(x) where degr(z) < n/2, degq(z) < n, and o # 0.
Since Z must be quadratized, we have that:

n 3n—2 3n—2

222’(1‘):}7:(0(233 = +o(z"2 )) (™ +o(z™)) = age : +o(z7 7).

Since deg z > 3, the degree of any quadratic polynomial in z and z is at most 2deg z < n, which is less than
#forn}& So, degz # 5. Thus, degz =n — 1. |

Lemma 5.3. Suppose z1, za, . .., zm quadratize some & = p(x). Then, the same new variables with omitted
constant and linear (w.r.t. x) terms also quadratize this ODE.

Proof. For each i in {1,2,... ,m}, let:
Zi = a4t b
Since z1, 29, .. ., 2, quadratize &, it follows that &, 21, 22, ..., Z,, are written with at most quadratic right-

hand side in x, 21, 22, ..., zm. For i € {1,2,...,m}, any quadratic terms in z;-s can be written as quadratic
in z; — bjx — ¢;-s and x. O

Proof of Theorem[3-1} We will first prove the backward direction: if p(z ﬁ) = a,x" + ax? + bx for some
a,b € C, then & = p(x) can be quadratized using exactly one new variable.
o Rl + ax? + bz. So, we will shift &

Substituting for x in i, we have that § = a,y" + ay?® + by for

Suppose i@ = p(z) = a,z"™ + ap_12" "1 + o(z" 1) and p(z —

an—1 1

with the change of varlableb rT=y—

some a,b € C. Let z:=y"". It follows that.
Y = anzy + ay® + by
2= -1y = (n—1)(any® 2 +ay™ +by" ") = (n — 1)(an2® + azy + bz)

Now, we will prove the forward direction: if a scalar polynomial ODE & = p(x) can be quadratized using
_ “n;l)

exactly one new variable, then p(z ) = anx™ + ax? + bz for some a,b € C.
Shifting x as described in Lemma [5.1] we will assume in what follows that our ODE is of the form
& = apnz™ + q(z)
where deg¢(z) < n—2 and a,, # 0. By Lemmam our new variable z must be of degree n — 1. Thus, let:
z:=a"! +r(x)

By Lemma we can take r(z) with no linear or constant term. Since & must be quadratized by z, we can

write:

(5.1) &= ap2™ + q(x) = aprz + ez + ax® + bx + ¢ = a,2™ + (apx + e)r(x) +az® +br+c
Notice that z? is not involved in ) because for n > 5,deg 22 > deg&. From , it follows that:
(5.2) q(x) = (anz + e)r(x) + az® + br +c
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From 7 since degg(z) < n — 2, we observe that 2 < d := degr(xz) < n — 3. This implies that e = 0
because the ez term in is the only term that involves ™~ !. However, we know that & has no 2!
term.

Since deg r(x) < n — 3, we can write:

r(x) = cqgz? + cq_ 1297t + .+ cox?
7 (x) = deqz?' + (d — 1)cqg_12972 4+ ... + 2c0m

We assume that r(x) is nonzero and in fact, 2 < d < n — 3. Using the next two equations below, we will use
proof by contradiction show that r(z) = r/(z) = 0.
We look to write 2 in two different ways. The first way is by direct calculation:

=2 ()i = ((n— 12" 2+ (2))(anz" + apzr(z) + ax® + bz + ¢)
(5.3 — (n = D" ana” o+ (1~ D2 0,01 (0) +7'(@) - ana” + o(a™1H9)
= (n—1)a, 2?2 + (n — 1)eqana™ 4 + degan, x4 4 o(z" 1Y)

On the other hand, by definition of quadratization, the right-hand side of Z must be written as at most
quadratic in  and z. Thus, Z must have the form:

3= (n—1anz? +byzx + bz + b3x? 4 by + bs
(5:4) = (n—1)a,z® % +2(n — aya" 'r(z) +o(a" 119
= (n—1)apz® 2 +2(n — 1)cganz™ 14 4 o(z"~119)

for constants by, b, b3, by, b5.
Setting (5.3) and (5.4) equal to each other and simplifying, we obtain the following:

(5.5) deqanz™ 1 £ o(z" 1Y) = (n — 1)cganz™ 1T 4 o(x" 1)
Analyzing the coefficients of the highest degree terms of each side of , we have:
(5.6) (n — 1)cqan = degan,

Since ¢4 # 0 and a,, # 0, we can divide both sides of by them:

(5.7) n—1=d

However, since d < n — 3, we have reached a contradiction. So, r(z) =r'(z) = 0.
To complete the proof, we will show that the linear term ¢ in & must be zero. Using r(z) = 0, we have:

i =a,2" +q(z), qx)=ax’+bx+c, z:=az""
& =anzx +ar®+br+c
(5.8) =2 (2)i = (n—1)apz® %+ (na — a)z™ + (nb — b)z" ' + (nc — c)a™ 2
Since Z must be written as at most quadratic in x and z, it must be of the form:
(5.9) 2= (n—1)anz?® +brzx + boz + bz + by + bs

for some by, by, b3, bs,b5 € C. In (5.8), we have the term (nc — c¢)a™~2. However, this term cannot be
quadratized for n > 5 because there is no term with degree n — 2 in (5.9). Thus, we find that nc — ¢ = 0.
Since n > 5, ¢ = 0. All other terms in (5.8)) can be written using some quadratic combination of z and z. O

The following two lemmas and corollary are used to prove Theorem [3:2}

Lemma 5.4. Suppose z1,2s,...,2r quadratize ©. Consider z; and zo. Let a,b € C. If z1,29,...,2;

quadratize T, then azy + bza, 29, ..., 2i also quadratize .
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Proof. Since z1, za, ...,z quadratize &, it follows that &, 21, 22, ..., 2; are written with at most quadratic
right-hand side in x, 21, 29, ..., 2x. Any quadratic term in zq, 29, ..., 2k, and z can be written as quadratic
in azy + bzg, 22, 23, ..., 2k, and x. Thus, it holds that if z1, 2o, ..., 2x quadratize &, then azy + bzs, 22, .. ., 2%
also quadratizes . O

Corollary 5.1. Suppose 21, 29, . . . 2z quadratize & where each term has leading coefficient ¢;. Then, each of
the new variables can have a distinct degree.

Proof. The proof follows directly from Lemma O

Lemma 5.5. Let @ = p(x) be a scalar polynomial ODE with degp := n > 5 that can be quadratized with
k > 2 new variables. Let z1, 29,23, ...,z denote the k new variables used to quadratize . Suppose that for
any i € {1,2,3,...,k}, degz; <n—1. For S = {degz1,deg z3,deg 23, ...,deg 2}, it holds thatn —1 € S.

Proof. Assume for contradiction that n—1 ¢ S. Thus, it follows that max(S) < n —2. Assume that max(S)
is r for some 2 < r < n — 2. Let z. be the new variable with degree r. It follows that degz, = n+r — 1.
Notice that the largest degree we can form with our new variables is 2r. Thus, it follows that 2r > n+r —1.
However, this implies that »r > n — 1. Thus,n —1 € S. O

Lemma 5.6. Assume that & = p(x) be a scalar polynomial ODE with degp :=n > 5 can be quadratized by
two mew variables. Then, it can be quadratized using two new variables y and z, one of which has degree
n—1.

Proof. Let y and z be some quadratizing variables. By Corollary [5.1} they can be assumed to have distinct
degrees. By Lemma y and z can be taken with no linear or constant term. So, we will assume
degy > degz > 2. It holds that degy =n — 1+ degy.

We will first consider the case where degy < n — 1. The proof of this follows directly from Lemma [5.5]

Now, we will consider the case where degy > n. If degy > n, then y? cannot appear in the right-hand
side of gy because degy? > degy. We will look to write the leading term of 7 as the highest degree term
of some linear combination of the quadratic terms in x,y, and z. The leading term of § cannot be written
as the highest degree term of any linear combination of 1, z,z2, y, z, yx, or zz because their degrees are too
small.

2 < degyz. Thus, one of them must have degree

Thus, we are left with 22 and yz. Note that degz
n—1+degy. If degyz =n — 1+ degy, then it holds that degz =n — 1.

To finish the proof, we will show that 22 cannot have degree n — 1+ degy. If deg 22 = n — 1 +degy, then
degz > n and degy > n + 1. Additionally, deg 22 = n — 1 + degy implies that the right-hand side must be
even. So, degy = n — 1 + 2k for some k € N. It follows that deg2? = 2n — 2 + 2k, degz = n — 1 + k, and
deg z = 2n — 2 + k. We must have that the leading term of Z can be written as the highest degree term of
some linear combination of the quadratic terms in z,y, and z. No linear combination of 1, z, z2,y, z, yx, and
zzx have degree 2n — 2 + k because the degree of each of these terms is too small. Furthermore, no linear
combination of 22,42, and yz — each of which have distinct degrees — has degree 2n — 2 + k because the

degree of each of these terms is too large. Thus, 22

cannot have degree n — 1 4 degy. |
Proof of Theorem[3-3 Suppose

i = pea® + psa® + pax? + p3a® + pox® + prz + po

Let v = 42 Ps_ - This change of variable aims to make p5 equal to zero as demonstrated by Lemma

%P6 6p6
and make the leading coefficient 1. Substituting for x, we have:
. __ .6 pa 5p2 4 5p3 _p3  __ 2pspay,3 Pipa P2 Psp3 5ps 2
P=yt(g )y +(27\/;Tg+\/% 3\/@)3/ +(6§/;Tg+\3/176 23/t 1443pé0)y

P2 12%/pd
5 2 3 4 3
P5P3 P5P4 Pspz_ 4 _P1 )x—i—( Ps5Pa 5psg P5P3 P5p1_ +po)

Ps _ _ _ — —
+ (324 6/;D§5 + 12 §/p13 54 G/pég 38/pt /pe 1296pd 46656p3 216p3 1296pg
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For simplicity of notation, we will write:

& =qo+qy+ ey’ +ay’ +ayt +y°

: 5q3 _ _25p5 5ps  _ 5pspa = 6 - .
Notice that =* = 216\/7] + T By Lemma one of the new variables has degree 5. Thus, let:

543 o 3

21 =y" + SV =iy

It follows that for any constants ci, ca, c3 € C, we have that:

i=(1—c1)ay+c125 + (328839 ) 20 + quzoy + @2y% + 1y + o0
2
3 =522 4 (bqy — WT?"“)Q + (5g2 — c2)z1y + (%)Zz + (5q0 — 42?13
2q4— .
+ 5qqz129 + (7SQBQ4 64120(11% )y2 + sqz%y
45q§

29 = 32120 + %zl + (3qs — e3)z1y + (3qq + W)Zg + 3222y + 325 + (30 — 22 )y

)22y + C273

(5.10)

2
]

Notice that the presence of constants ¢y, ¢a, c3 in Theorem [3-2]suggests that there exists an infinite number
of possible quadratizations of a degree 6 scalar polynomial ODE with two new variables.

Lemma 5.7. There exists scalar polynomial ODEs of degree 6 which cannot be quadratized using two new
monomial variables.

Proof. Consider
. _ .6 4 3 2
T = peX” + P4l + p3x” + P2 + P12 + Po

where pg, pa, p3, P2, P1,P0 € C\{0}. We use this form for z to reflect the possible use of shift on a general
form degree 6 scalar polynomial ODE as discussed in Lemma [5.1} By Lemma [5.0] one of the new variables
must have degree 5. Thus, for monomial quadratization, we have the following cases:

Case 1: z :

[
8
“N
no

|
8

Case 2: 2z :

I
8
\.N
N
8

Case 3:z1:=1x°,29 : =

Case 4:z :=1a% 29 : =2 * for ke N

Notice that in Cases 1,2, and 3, max{degi,deg ?1,deg 22} = 10. In Case 1, 2% in #; cannot be written as
quadratic in z, 21, z2. In Case 2 and Case 3, 7 in Z; cannot be written as quadratic in z, z;, and 2. In Case
4, 2% and z* in & cannot be written as quadratic in z, 21, and 2z,. Thus, 2 new monomial variables are not
enough to quadratize all degree 6 scalar polynomial ODEs. ]

Lemma 5.8. All degree 6 scalar polynomial ODEs can be quadratized by three new monomial variables,

21 =%, 29 1= a*, 25 1= 253,

Proof. Let

i = pea® + psa® + pax? + paz® + pax® + prz + po
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with pg # 0. It follows that for the constants ¢;:

& = pez1® + 521 + paze + p3zs + pax® + pra+ po

% = bad = 5pg2? + Bpsz122 + bpac1 23 + 5pa(l — ¢1)z123 + Bpszazz + Bpecaziw
+5pa(1 — c2)23 + dp1caz1 + dp1(1 — ¢3) 220 + Spocaza + dpo(l — c4) 23w

(5.11) 29 = 4233 = Apgz1 29 + Apscsza + Aps(1 — c5) 2123 + Apazazs + dpsceziw + 4ps(1 — cg) 22
+4pacrz1 + 4pa(1 — c7)22x + 4p1csza + 4p1(1 — cg)z3w + 4po2s

23 = 3223 = 3pgcozs + 3pe(1 — cg)2123 + 3ps2223 + 3pacioz1x + 3pa(l — c10)22

+3psci121 + 3p3(1 — c11) 222 + 3pacizza + 3p2(1 — c12)237 + 3p1 23 + 3pox?

O

Proof of Proposition[31} Part (i). All degree 3 scalar polynomial ODEs can be quadratized by exactly one
new variable, z := 2.

Let @ = p3a3 + ppa? + pyx + po where p; € C for i = 0,1,2,3 and z := 22. It follows that:

(5.12)

& = psza 4 pax® + p1a 4 po
3= 2% = 2p32° + 2pazx + 2p12? + 2pox

Part (ii). All degree 4 scalar polynomial ODEs can be quadratized by exactly one new variable, z := x3.
Let & = quz* + g32 + qux® + 12 + qo where each ¢; € C. By Lemma any degree 4 scalar polynomial
ODE can be uniquely shifted such that the coefficient behind 23 becomes zero. Applying the change of
variables x = y — f—; we get that § = qqy* + pay? + p1y + po for some pj-s € C. Let z := y3. Tt follows that:
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) = qazy + pay® + p1y +
(5'13) {y qazy — p2y P1y + Po

2 = 3y%y = 3qu2? + 3pazy + 3p12 + 3poy?

Part (743). All degree 5 scalar polynomial ODEs can be quadratized by exactly two new variables, z; := z*
and zy := z°.
Let & = psa® + pax* + psa® + pox? 4+ p1o + po where p; € C for i = 0,1,2,3,4,5 and ps # 0. Also, let

21 := z* and z5 := z3. It follows that:

& = psz21@ + paz1 + p3z2 + pea? + p1x + po
(5.14) 21 = (21) (&) = 423(2) = dps2? + dpazi 20 + 4p323 + Apaziz + Apr21 + 4poze
29 = (25) (%) = 322() = 3ps2122 + 3pazs + 3p3z1@ + 3pazy + 3p122 + 3por?

6. Computational Techniques

In this section, we describe the computational techniques used in order to gain the intuition for Theorem
[3-J]and find the form of the quadratization presented in Theorem[3.2] The main tool used for our computation
was Grobner bases.

A Grobner basis is a set of multivariate polynomials that has desirable algorithmic properties. It holds that
every set of polynomials can be transformed into a Grébner basis. Grobner basis computation is an effective
way of reducing or solving systems of equations and generalizes Gaussian elimination and the Euclidean
algorithm for polynomials. For more, see [8, [].

53



QUADRATIZATION OF ODEs: MONOMIAL VS. NON-MONOMIAL

6.1. Quadratization with One New Variable. In this subsection, we will outline the computational
experiments used to gain the intuition for Theorem [-I] For simplicity, we will focus on degree 5 scalar
polynomial ODE since it is the smallest degree for which Theorem can be applied.

Using Lemma[5.1] Lemma [5.2} and Lemma we introduce the following set-up:

& = psx° 4 p3x® + pax® + pr1 + po
zi=a*+ qgms + q2x2

We define our polynomial ring R = C[pg, p1, P2, P3, P4, 43, ¢2]-

We ask the following elimination question: for what values of p; does there exist values of g; such that
@ can be written as some linear combination of S; = {1,z,22%, 2, 22} and Z can be written as some linear
combination of Sy = {1, 2,22, 2, zz, 22}? Notice that 2? is not in S; because deg 2% = 8, but deg# = 5.

In order to answer our question, we produce the following two matrices where each entry is defined by
the coefficient behind the term that corresponds to the row in the function that corresponds to the column:

1 2 2 xz &

T x
1 1 0 0 0 0 po
T 01 0 0 0 pm
zmatrix= 22 [0 0 1 ¢ 0 p
2 [0 0 0 ¢ ¢ p3
22 10 0 0 1 ¢ pa
0 0 0 O 1 1
1 z 22 2 xz 22 z
1 1 0 0 0 O 0 0
T 01 0 0 O 0 0
2 oo 1 ¢ o 0 0
- matrix — xi 0 0 0 g3 qo 0 2p2q2 + 3p1g3 + 4po
T 0 00 1 g q3 2p3q2 + 3p2q3 + 4p1
22 |0 0 0 0 1  2¢2g3  2paqe + 3ps3qs + 4ps
2 10 0 0 0 0 ¢3+2q2 4ps+ 3pags + 2¢2
27 000 0 0 2q3 3q3 + 4py
2 \0 0 0 0 0 1 4

Notice that in the & matrix, the first 5 column vectors are linearly independent. Thus, & can be written
as some linear combination of Sy = {1,x,22, z, zx} iff all 6 column vectors in the i matrix are linearly
dependent. This happens precisely when the determinant of the £ matrix equals 0.

Similarly, notice that in the Z matrix, the first 6 column vectors are linearly independent. Thus, 2 can
be written as some linear combination of Sy = {1,z, 22, z, zx, 2%} iff all 7 column vectors in the Z matrix
are linearly dependent. Since the Z matrix in non-square, this happens precisely when the minors of the z
matrix equal 0.

Thus, we define our set of polynomials as the determinant of the # matrix and the minors of the Z matrix
in p;-s and g;-s. More precisely, the problem we look to solve is: for what values of p;-s do there exist g;-s
such that the determinant of the & matrix and the minors of the Z matrix equal zero. The way we solve this
problem is by computing the Grébner basis of this set of polynomials and then, selecting only the expressions
in p;-s. While this does not give the complete set of p;-s, it gives us the closure of this set |3, Theorems 2
and 3, §3.1]. This was enough to give us the intuition for the proof of Theorem

The polynomials only in p;-s of the computed Grobner basis are:

{pspo =0
p3 =10
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Since ps # 0, it follows that pg = p3 = 0. Testing with higher degree scalar polynomial ODEs, the same
pattern holds, giving us the intuition for the proof of Theorem

6.2. Quadratization with Two New Variables. In this subsection, we will focus on the methods we
used to find the quadratization presented in Theorem [3:2] Our goal was to find the full characterization of
the quadratization of a scalar polynomial ODE of degree 6 with exactly two new variables or determine that
it is not possible.

By Lemma [5.6] we know one of the new variables has degree 5. Using Corollary (.1} we can say that our
second new variable does not have degree 5. To start, we assume that the other new variable has degree
less than 5. So, we try every possible combination of degrees of variables. In other words, we try two new
variables of degree 5 and degree 4, degree 5 and degree 3, and degree 5 and degree 2. By Lemma [5.3] we
do not consider degree 1 and degree 0 for our second new variable. Here, we will simply outline the correct
solution where our first new variable has degree 5 and our second new variable has degree 3. However, in
order to thoroughly experiment with degree 6 scalar polynomial ODEs, we conducted this computation with
other degrees for our second new variable. We introduce the following setup.

Using Lemma [5.1] let:

i =25 + pyat + paa® + pax® + pra + po

Using Lemma [5.3] we can take our new variables with no linear or constant term. Let:
5 4 2 3 2
21 =2 + quT” + @217, 20 i=X° 4+ rox

Note that we used Lemma to take z; with no 23 term.

We would like to know when %, 21, and 25 can be written as at most quadratic combination of x, z1, z2. In
other words, we would like to know when #, 21, and 25 can be written as a linear combination of the terms
in S ={1,z,22, 21,217, 22, 22, 2o, 23, 21 22 }. Thus, this happens when:

& — 1 — Co — 322 — C4z — C521T — CaZy — CT29T — ngg =0
(6.1) Z1 — CoT — C10T2 — C1121 — C1221T — C1325 — C1422 — C1522T — C1625 — C172122 = 0

. 2 2 —
22 — C18T — C19T~ — C2021 — C2121T — C2222 — C2322X — C2425 — C252122 = 0

Note that z; and Z3 do not have constant terms by definition. Thus, we define our polynomial ring as
R = C[p4,p3,p2,P1, D0, g2, 72, ) where € = [c1, Ca, ..., ca5]. Our system of equations is the coefficients behind
each monomial term z’ in each equation in set to zero (this system of equations is referred to as polys
in our code). Precisely, we ask the following question: for what values of p;-s do there exist ¢;-s, gx-s, and
r;-s that satisfy .

In order to reduce the complexity of our computation, we computed the coefficients behind each z* term of
each equation of . These terms form the system of equations for which we would like to find a Grobner
basis. Taking these coefficients equal to zero, we aimed to replace as many c;-s as possible in with
terms in py4, p3, P2, P1, po in order to reduce the number of terms in our polynomial ring. For example, the
coefficient behind the linear term in the second equation is cg — 2¢opg. This term is in our Grébner basis.
Since the left-hand side of each equation in must equal zero, we have that cg — 2¢gapyg = 0. This gives
us that cg = 2¢opg. Thus, we replace cg in our system of equations with 2¢gapy and remove cg from our
polynomial ring. Extending this method to include any terms in our system of equations and its ideal, we
simplify our computation by reducing the number of variables we must work with. We provide all of the
exact variable replacements in the order we replaced them in the following table (the bold horizontal line
denotes the place where we reloaded the worksheet and analyzed the new outputs to make the rest of the
replacements):
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Variable Replacement List
Original Replacement
C1 Do
C2 b1
cs 1—cg
Co 2¢240
C13 5
Ca25 3
q4 0
T2 0
q2 %ps
C3 P2
Cyq 0
Ce §Csp3 %PB
C7 P4
10 =22p1P3 + 53034
ci 5p1 — 2 P3pa
12 9p2 — €16

5 _ 15

Cl4 g C16D3 g P2P3
c15 5p1 — 5203
c17 Op4
c19 3po — #3103
C20 %ps
C21 3ps — co4
€22 2coups + 3p1 — 2paps
Ca3 3p2

After making these replacements, we filter through the Grobner basis and select terms only in p;-s. We
obtain that the Grobner basis of the intersection of our ideal and the polynomial ring of only p;-s is the
empty set. This suggests that for any p;-s, there exist c;-s, gi-s, and r;-s that satisfy . This confirms
that all degree 6 scalar polynomial ODEs can be quadratized with exactly two new variables. Observing the
replacements we made, we find the form of our quadratization.

7. Conclusion

We have shown in Theoremthat a scalar polynomial ODE & = p(z) = a,2"+a, 12" *+o(z" 1) with
n > 5 can be quadratized using exactly one new variable if and only if p(z— ‘:L"—C:nl) = apz" +ax? +bx for some
a,b € C. We have also shown in Theorem that all degree 6 scalar polynomial ODEs can be quadratized
with two new non-monomial variables. Finally, we have shown that all degree 3 and 4 scalar polynomial
ODEs can be quadratized with one new monomial variable and all degree 5 scalar polynomial ODEs can be
quadratized with two new monomial variables. These results indicate that adding non-monomial variables
may lead to substantially more optimal quadratization than the monomial ones used in the current software.
They also give basic intuition about how to exploit non-monomiality (e.g., via shifts as in T heorem.

We employed computational techniques that made use of Grébner Bases to help us gain intuition for
Theorem and find the form of the new variables and quadratization in Theorem Our code is

attached as a separate file.
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