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Abstract
We discuss the transmission of Toxoplasma gondii and its
effects in a cat population. Due to the severity of T. gondii
spillover infections in pregnant women and monk seals, understanding its dynamics in cats is key to unlocking preventative
measures against this parasite. Taking into account susceptible, acutely infectious, and chronically infectious cats, and
the surrounding environment, we build a differential equations
model of T. gondii transmission in cats. We present our model
and the results, identifying conditions under which infection
persists. Specifically, we find that higher rates of infection and
larger shedding rates facilitate endemic infection. We conclude
by discussing how this information can be used to minimize
risks to other species.
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1

Introduction

Discovered in 1908, Toxoplasma gondii is one of the most successful parasites on Earth. In
fact, studies show that over half of the world’s human population is infected [11]. Moreover,
this single-celled organism has one of the highest host ranges of any parasite, including cats,
humans, rats, and seals [3].
Infection by T. gondii comes from consuming infected food, having contact with infected
cat feces, or vertical transmission (transfer from mother to fetus) [24]. Although many hosts
remain asymptomatic, there are some who suffer clinical toxoplasmosis, the disease caused
by the parasite. In humans, symptoms of toxoplasmosis are usually flu-like and include fever,
fatigue, body aches, and headaches [25]. Severe reactions can cause pneumonia, hepatitis,
and disorders of the eye and central nervous system [14]. Pregnant women and their fetuses
most often develop toxoplasmosis, as do non-human mammals such as monk seals [16].
Nearly 200,000 human cases of congenital toxoplasmosis occur each year [26]. Infection
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during pregnancy can result in miscarriages, stillbirths, or birth anomalies [12]. According to
one study of 162 T. gondii-infected children, 66 were born “seriously sick,” 50 were born with
optical impairment, and 38 of those 50 also had a neurological impairment [2]. Another study
showed that almost 85% of women in the United States have little to no immunity against
T. gondii during childbearing years. Consequently, these women are highly susceptible to
infection [18].
The only animal to which toxoplasmosis is fatal is the monk seal [22]. These toxoplasmosiscaused deaths are detrimental because monk seals are one of the most endangered marine
animals in the world [10]. Due to the hardiness of its oocysts (parasite eggs), T. gondii
can survive in bodies of water for extended periods of time [24]. This heightens the risk of
infection in marine wildlife. One T. gondii-infected Hawaiian Monk Seal that acquired toxoplasmosis suffered from hemorrhaging and presented with prominent lesions on the spleen,
brain, and other tissues [16].
Understanding the transmission of T. gondii in cats is crucial, so that strategies can
be developed to limit and understand the spillover of T. gondii into other species such as
the endangered monk seal. It is important to note that cats are the only ‘definitive host’
of T. gondii, meaning they are the only animal in which the parasite reaches maturity and
reproduces [14]. The oocysts are then shed into the environment through cat fecal excretions.
Because of this, cats are a key part of the parasite’s life cycle, so it is vital to study a betweenhost model to show how the parasite passes from cat to cat and potentially spills into other
animals. In this paper, we build and analyze a between-host differential equations model to
help understand T. gondii transmission via the environment. We specifically study how the
shedding rate of parasite into the environment and the subsequent rate of infection affect
the proliferation of infection in the cat population. With the results of this investigation, we
seek to suggest strategies to pursue (such as treating soil with an agent that kills T. gondii
oocysts) to help build a safer environment.

2

Methods

Based on the relevant literature and available data on between-host dynamics, we use differential equations to describe the change in T. gondii over time and its distribution between
hosts. Reinfection is uncommon [1] and only a single genetic strain of the parasite is considered in our between-host model. Furthermore, since stray cats are more prone to infection,
we model a feral, rather than domestic, population of cats [4].
We use analytical and computational techniques from differential equations (steady-state
and stability analyses, along with numerical solutions) to understand the dynamics of T.
gondii transmission between cats. From these results, we propose precautions for protecting
pregnant women and monk seals from spillover of the parasite from the cat population.

2.1

Conceptual Model

The model considers state variables representing the numbers of individuals in three distinct
cat subpopulations - susceptible (S), acutely infectious (I), and chronically infectious (C) -
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as well as the number of oocysts in the surrounding environment (E). Cats move between the
different subpopulations and transfer T. gondii to the environment as depicted in Figure 1.
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Figure 1: Conceptual model of the transfer of T. gondii between cats and the
environment. S: number of susceptible individuals; I: number of acutely
infectious individuals; C: number of chronically infectious individuals; E:
number of oocysts in the environment. (Image credits: modified from the work
of H. Neisham from Daily Cat Drawings).
For simplicity, we assume a constant birth rate of susceptible cats independent of the
total population. Furthermore, we assume that all cats are born susceptible due to the
low likelihood of vertical transmission of T. gondii in cats [1]. The number of susceptible
cats decreases due to infection and mortality. Acute infections occur when susceptible cats
acquire the parasite from a contaminated environment. These acutely infectious cats are
lost to mortality and to the onset of chronic infection. Loss of acute infection leads to an
increase in the chronically infectious cat subpopulation. Once a cat is infected, it remains
infected for life. Hence, the only losses to the chronically infectious subpopulation occur
by mortality. The environment gains the parasite primarily from acutely infectious cats
shedding the oocysts through excrement, but chronically infectious cats can shed at a lower
rate [24, 19]. We assume that the oocyst shedding rate by chronically infectious cats is zero,
but for generality we show the term in the model. Currently, the only way for T. gondii to
leave the environment is for the oocysts to degrade.
In 2012, Feng et al. proposed a similar model of the between-host dynamics of T. gondii
in a cat population. While their model also focuses on the environment, it does not consider
chronic infection. We find this to be a vital component of this model. Without chronically
infected individuals, acutely infectious cats will keep shedding oocysts. This leads to an
over-saturated environment since there is no reduction in parasite shedding that comes with
the chronic stage [9].
Another study that models between-host dynamics is González et al. This paper considers
the interaction of cats and humans rather than cats and the environment. Concentrating on
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the cat dynamics, one can find the similarities and differences between our models. Much
like our model, cats cannot recover from T. gondii infection. However, the González et al.
model allows for the probability of vertical transmission in cats and identifies it as a key
mechanism for the transmission of T. gondii in cats [15]. Since the probability of vertical
transmission in cats is very low, we neglected it in our model. To the best of our knowledge,
our model is the first to study indirect T. gondii transmission via the environment in cats
with a chronically infectious subpopulation.

2.2

Model Equations and Parameters

Based on the dynamics described in Section 2.1, we build the differential equations model
(Equations (1)-(4)). The relationships between variables are illustrated in Figure 1 and the
parameters are summarized in Table 1.
dS
dt
dI
dt
dC
dt
dE
dt

Susceptible Cats
Acutely Infectious Cats
Chronically Infectious Cats
Oocysts in Environment

= b − ωES − mS

(1)

= ωES − γI − δI mI

(2)

= γI − δC mC

(3)

= λI I + λC C − ηE

(4)

Table 1: Model parameters. When necessary, subscript j takes values of C or I
to represent chronically or acutely infectious cats, respectively. As a baseline
parameter set, we take the midpoint of each parameter range. See Appendix for
discussion of parameter values.
Symbol

Meaning

Range of Values

Units

Reference

b

reproduction or birth rate of
cats

30
52

to

90
52

# cats
wk

[20]

m

mortality or death rate in cats

1
520

to

3
520

1
wk

[13]

γ

loss of acute infection in cats

1
wk

[1]

δj

infection associated mortality
in cats

–

–

η

oocyst degradation rate in the
environment

1
wk

[24]

λj

oocyst shedding rate per cat

#ooc
cat · wk

[1]

ω

rate of infection in cats

1
wk · #ooc

–

7
15

to 1

1.0005 to 1.05
3
52

7
11

to

× 106 to

5
52

7
11

× 108

0.01 to 0.15
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Note that acute infection of T. gondii results in the shedding of 106 - 108 oocysts for 7-15
days after infection [1]. Shedding then terminates after an average of 11 days, at which point
the acutely infectious cat becomes chronically infected. Recall that we assume no oocysts are
shed during chronic infection. Once in the environment, T. gondii oocysts are very hardy,
taking roughly a year to break down naturally in the absence of extenuating circumstances,
such as extreme temperature [24]. Therefore, our model assumes T. gondii is shed into an
ideal environment, such as warm and moist soil, with no interventions to remove oocysts [24].
Furthermore, loss of oocysts to cat infection is considered negligible as it only takes a few
oocysts amongst the millions available to infect a cat. Using these numbers, we calculated
the parameter values found in Table 1. For more insight on where the ranges come from,
please see the Appendix.
Due to limited available data about the rate of infection, we use our model to test
the effects of a range of values. This is best understood as two different parameters: the
probability of infection when a susceptible cat encounters the parasite and the rate at which a
cat encounters the parasite. Our model considers infection occurring by indirect transmission
via contact with contaminated soil.

3

Results

The model (Equations (1) - (4)) is solved numerically using the R [21] programming language
with the package deSolve [23]. Other symbolic computations are done using the program
Mathematica [17].

3.1

Rate of Infection

Beginning with a total population of 500 cats containing a 1% acutely infectious cat subpopulation, Figure 2 illustrates the number of susceptible, acutely infectious, and chronically
infectious cats with baseline parameter values from Table 1. Time is measured in weeks and
the system was run for a length of 2600 weeks, or 50 years.
Observe the immediate surge of chronically infectious cats that occurs in Figures 2A
and 2C. This is due to the environment becoming suddenly inundated with T. gondii from
the acutely infectious cats, which rapidly transition to chronically infectious. Also, dynamics
exhibit an initial narrow peak of acutely infectious cats; this is also likely due to the early
influx of the parasite. Though the acutely infectious cats appear to vanish rapidly, the
inset graphs show the transient dynamics on a shorter time scale. Acute infection lasts
roughly eleven days, so the transition from the acutely infectious to the chronically infectious
subpopulation is almost immediate on the timescale considered.
All populations display decaying oscillations and eventually level out at steady equilibrium values. As seen in Figure 2, each subpopulation tends to exhibit similar dynamics,
but with different frequencies and amplitudes. Depending on the rate of infection, ω, the
equilibrium value of susceptible cats could be higher or lower than the equilibrium population of chronically infectious cats. In fact, there is a specific rate of infection at which the
equilibria of these subpopulations are equal: the “critical rate of infection,” as we call it.
Below this value, the equilibrium number of chronically infectious cats will never outnumber
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Figure 2: Dynamics with parameters ω ≈ 0.046 (in panels A and B) and
ω ≈ 0.065 (in panels C and D). Inlaid are transient dynamics for acutely
infectious cats on a shorter time scale. Baseline parameter values from Table 1
7
are used for all other parameters, with λ = 11
× 107 . Color and line styles are
Susceptible (S): purple, solid; Acutely Infectious (I): pink, dotted; Chronically
Infectious (C): orange, dashed; and Oocysts in Environment (E): green, solid.
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the susceptible cat subpopulation. Above this value, Toxoplasma gondii infection dominates.
Calculations for this value for the different oocyst shedding rates follow in the next section.
As we expand upon in the discussion, we define this as an indicator of the overall health of
the population.

3.2

Oocyst Shedding Rate

Because transmission directly depends on how many oocysts are in the environment, the
oocyst shedding rate (λI ) is also key to understanding the transmission dynamics. For
Figure 2, we consider the baseline shedding rate of 107 oocysts per cat per week during
= 0) to find
acute infection. Now we set the change in each subpopulation to zero (e.g., dS
dt
the equilibria. The expressions for each type of equilibrium are given in Table 2, with further
discussion below.
Table 2: Equilibrium values for S ∗ , I ∗ , C ∗ , and E ∗ .

S∗

Eradication

Endemic

b
m

mδC η(γ + δI m)
ω(γλC + δC λI m)

∗

0

C∗

0

E∗

0

I

bω(γλC + δC λI m) − m2 δC η(γ + δI m)
ω(γλC + δC λI m)(γ + δI m)


γ bω(γλC + δC λI m) − m2 δC η(γ + δI m)
mδC ω(γλC + δC λI m)(γ + δI m)
bω(γλC + δC λI m) − m2 δC η(γ + δI m)
mδC ηω(γ + δI m)

For each shedding rate, Figure 3 displays the equilibrium values of each model variable
as a function of rate of infection. We see a temporary plateau in equilibria before a more
noticeable change with increasing ω. During the plateau (at low ω values), susceptible
cats are the only non-zero subpopulation. In this case, which we call the “eradication” or
“infection-free” equilibrium, the parasite is eradicated and infection is no longer possible.
Observe that the eradication equilibrium is stable until a certain rate of infection. As ω
increases beyond this point, the eradication equilibrium becomes unstable and a new stable
equilibrium emerges. We call this new type of equilibrium the “endemic equilibrium.” That
is, T. gondii will always be present in our cat population when the model exhibits this
behavior. Notice that the switch from eradication to endemic equilibrium occurs at much
smaller rates of infection when the shedding rate is on the order of 108 compared to 107
oocysts per cat per week. In subsection 3.2.1 we perform stability analysis to further study
the stable endemic equilibrium.

276

Toxoplasma gondii

EK Kelting

B

A
300

2.0

Susceptible Cats

250

λI =

200

7
11
7
11

× 107

× 108

150
100
50

Acutely Infectious Cats

λI =

0

1.5

1.0

0.5

0.0
0.00

0.05

0.10

Rate of Infection (ω)

0.15

0.00

C

Oocysts in Environment (billions)

Chronically Infectious Cats

0.10

0.15

0.05

0.10

0.15

D

300
250
200
150
100
50
0
0.00

0.05

Rate of Infection (ω)

0.05

0.10

Rate of Infection (ω)

0.15

1.5

1.0

0.5

0.0
0.00

Rate of Infection (ω)

Figure 3: Equilibrium values for each variable (panel A: Susceptible (S);
panel B: Acutely Infectious (I); panel C: Chronically Infectious (C); and
panel D: Oocysts in Environment (E)), for two different oocyst shedding rates
(λI ) across a range of rates of infection (ω). Baseline parameter values from
Table 1 are used for all other parameters.
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Figure 4: Equilibrium values for each cat subpopulation across a range of rates
of infection (ω) for two different oocyst shedding rates (λI ). Baseline parameter
7
× 107 (in
values from Table 1 are used, with baseline shedding rate of λI = 11
7
8
panel A) and maximum shedding rate of λI = 11 × 10 (in panel B). Color and
line styles are Susceptible (S): purple, solid; Acutely Infectious (I): pink, dotted;
and Chronically Infectious (C): orange, dashed.
The effect of infection rate on cat equilibrium values is shown in Figure 4. Note that
Figure 4A uses the same oocyst shedding rate as Figure 2. Also, recall the definition of the
critical rate of infection: the rate of infection at which the equilibria for both the susceptible
cats and chronically infectious cats are equal. To analytically find this value, we set endemic
S ∗ = C ∗ and solve for ω. Thus, we define the critical rate of infection as


δC (γ + δI m) + γ
2
ω = m ηδC (γ + δI m)
γb(γλC + δC λI m)
Using baseline parameter values from Table 1, we find the critical infection rate to be
ω ≈ 0.0596. This is consistent with the results in Figure 4A. At this point, the amount of
oocysts in the environment is approximately 0.0649 billion. In Figure 4B, the critical value
occurs at ω ≈ 0.0059. Unless the rate of infection is below this value, we see that chronically
infectious cats will always dominate. This small value may not be attainable, and thus it
7
will be difficult control T. gondii in a population shedding oocysts at a rate of λI = 11
× 108 .
The amount of oocysts in the environment in this case is approximately 0.6492 billion.
3.2.1

Stability Analysis

Based on numerical and analytical results, there are two different types of equilibria: eradication and endemic. We calculate the basic reproductive number (R0 ) to identify the stability
of each equilibrium. Briefly, R0 is the expected number of secondary infections per primary
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infection [5]. Employing the method of the Next Generation Matrix (NGM) [6], we find the
transmission matrix (F ) and transition matrix (V ) to be:

0 0


F = 0 0

0 0





bω
m

γ + δI m



V =



0

0

−γ
−λI

0

0





δC m 0

−λC η

This gives our NGM:


bω(γλC +δC λI m)
 m2 δC η(γ+δI m)


F V −1 = 


bωλC
m2 δC η

0

0

0

0



bω
mη 


0

0

The dominant eigenvalue of F V −1 is R0 . For our model,
R0 =

bω(γλC + δC λI m)
m2 δC η(γ + δI m)

Recall, we focus on the rate of infection (ω) and oocyst shedding rate of acutely infectious
cats (λI ) being the main drivers of T. gondii transmission in cats. For a fixed shedding rate,
R0 is linear over the rate of infection, and vice versa. When R0 < 1, the eradication
equilibrium is stable and T. gondii is no longer an issue. We are concerned with the point
at which eradication becomes unstable and the endemic equilibrium becomes stable. This
occurs when R0 > 1. Using baseline parameter values from Table 1, we find the formula for
the rate of infection at which endemic infection occurs,
1.8907 × 10−4
λI
This is ω > 0.0297 and ω > 0.0029 for the baseline and maximum shedding rate, respectively.
The exchange in stability between eradication and endemic equilibrium is seen in Figure 3.
Furthermore, notice that ω and λI have an inverse relationship. As the oocyst shedding
rate (λI ) decreases, the rate of infection (ω) must take on larger values in order for T. gondii
to become endemic. Likewise, as the shedding rate increases, the rate of infection needed
for a stable endemic equilibrium becomes fairly small. Ergo, as long as the rate of infection
is small enough, eradication of T. gondii will occur.
ω

4

>

Discussion

We built a differential equations model to explore the dynamics of a cat population exposed
to Toxoplasma gondii. The model considered three cat subpopulations and the surrounding
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environment. We found two equilibria whose existence and stability was based on two key
parameters: the oocyst shedding rate and rate of infection in cats. In transient and long-term
dynamics, chronically infectious cats outnumber acutely infectious cats (Figure 2). Based
on the rate of infection and shedding rate, long-term dynamics show either susceptible cats
outnumbering chronically infectious cats, or vice versa. We define a healthy population to be
one for which the susceptible subpopulation dominates. Though we have neglected chronic
shedding, chronically infectious cats still harbor the parasite. For instance, a decaying stillinfected cat corpse can disperse the parasite into the soil and/or water or to scavengers.
Furthermore, there have been cases in which T. gondii resurfaces after a dormant period
during chronic infection [7, 8, 27]. These factors contribute to the success of the parasite,
and future modeling work could investigate chronic shedding (λC 6= 0).
−4
. This correFor baseline parameters considered in the model, R0 < 1 if ω < 1.8907×10
λI
sponds to a stable eradication, or infection-free, equilibrium. More interesting dynamics and
results occur for R0 > 1. We find that R0 > 1 for ω > 0.0297 with a baseline shedding rate,
and ω > 0.0029 for a maximum shedding rate. Within this parameter regime, one strategy
for enhancing the health of the population is to lower the rate of infection. By decreasing
this rate, there are fewer infectious cats, hence fewer oocysts are shed into the environment,
and a susceptible cat is not as likely to become infected. Alternatively, lowering the shedding
rate of oocysts decreases the amount of the parasite in the environment, resulting in fewer
new infections. So, once the rate of infection is under the critical value, the susceptible cats
will dominate. Therefore, we propose to first aim for reducing the rate of infection under
the critical value, with the ultimate goal of obtaining eradication.
Perhaps the development of a medication or treatment could reduce the oocyst shedding
rate, but it is hard to imagine how to successfully medicate stray cats. A more viable option
could be to treat the environment with an agent that kills T. gondii oocysts. This would
lower the rate of infection by reducing the rate at which susceptible cats come in contact with
the parasite. Hence, fewer cats become infected, resulting in less spillover to other species
such as humans and the monk seal, effectively stopping T. gondii before it has a chance to
pounce.
The current results are based on a model that considers an indirect form of transmission.
Future models will incorporate a more explicit form by accounting for details such as consumption of infected prey. Including this direct transmission may elucidate other prevention
techniques; for instance, reducing infection in prey might lower the rate of infection in cats.
Furthermore, we will consider more concomitants of T. gondii, like intermittent chronically
infectious shedding, as they may be a more authentic illustration of different cat population
dynamics.
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Parameter Value Calculations

The following are calculations for the range of values for the parameters found in Table 1.
Midpoints of each parameter range were used to solve our model unless stated otherwise.

Birth rate (b): For this value, we want a constant number of cats born per week assuming
an average of 30 litters per population of cats a year with an equal birth-sex ratio.

min

2 cats
1 female cat
1 year
30 female cats
30 litters
×
×
×
=
1 year
1 litter
2 cats
52 weeks
52 weeks

max

30 litters
6 cats
1 female cat
1 year
90 female cats
×
×
×
=
1 year
1 litter
2 cats
52 weeks
52 weeks

Mortality rate (m): This parameter is also a constant number assuming a range of lifespans
for feral, rather than domestic, cats.

min

1 cat
1 year
1 cats
×
=
10 years 52 weeks
520 weeks

max

3 cats
1 year
3 cats
×
=
10 years 52 weeks
520 weeks

Loss of acute infection (γ): Recall T. gondii oocysts are shed for 7-15 days during acute
infection. This value reflects the length of the shedding period. Following this, the cat
becomes chronically infectious.

min

1
7 days
7
×
=
15 days 1 week
15 weeks

max

1
7 days
1
×
=
7 days 1 week
1 week

Infection associated mortality (δj ): Because of T. gondii ’s tendency to not harm its
definitive host, we assume this value is only a slight increase beyond the natural mortality
of a cat. Therefore, we take δj to be in the range of 1.005 to 1.05.

283

Toxoplasma gondii

EK Kelting

Oocyst breakdown in environment (η): We assume these minimum and maximum rates
based on available literature.

min

max

1
3

3
1
1 year
=
×
52 weeks
year 52 weeks

1
5

1
5
1 year
=
×
52 weeks
year 52 weeks

Oocyst shedding rate (λj ): Recall a range of 106 − 108 oocysts are shed during acute
infection per cat for an average of 11 days. These values reflect this.

min

1
106 oocysts
7 days
7 × 106 oocysts
×
×
=
1 cat
11 days
1 week
11 cat · week

max

1
108 oocysts
7 days
7 × 108 oocysts
×
×
=
1 cat
11 days
1 week
11 cat · week

Rate of infection (ω): Based on preliminary numerical investigations using well-documented
parameters, this range, 0.01 to 0.15, was chosen because it displays a broad range of dynamics
including eradication of infection.
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