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Abstract. A procedure is presented to estimate the diffusion coefficient of a uniform patch of argon gas in a
uniform background of helium gas. Molecular Dynamics (MD) simulations of the two gases interact-
ing through the Lennard-Jones potential are carried out using the LAMMPS software package. In
addition, finite-difference (FD) calculations are used to solve the continuum diffusion equation for
the argon concentration with a given diffusion coefficient. To contain the computational cost and
facilitate data visualization, both MD and FD computations were done in two space dimensions.
The MD argon trajectories were binned to the FD grid, and the optimal diffusion coefficient was
estimated by minimizing the difference between the binned MD data and the FD solution with a
nonlinear least squares procedure (Levenberg—Marquardt algorithm). Numerical results show the
effect of the MD binning parameter and FD grid spacing. The estimated diffusion coefficient is
compared to an experimental measurement.

Key words. gas diffusion, diffusion equation, finite-difference method, molecular dynamics, LAMMPS, param-
eter estimation

1. Introduction. The diffusion of a solute gas (for example argon) through a solvent gas
(for example helium) can be quantified by a diffusion coefficient D. The coefficient can be
measured experimentally by gas chromatography, which separates a mixture of gases into pure
components as it travels through a column so that D can be calculated from the peak widths
of the mass spectrum [12]. The diffusion coefficient can also be calculated theoretically from
the expression

(1) D= g fim ( 50~ 0)?).

where r(t) is the trajectory of a gas particle and (-) represents the average over all diffusing
particles [5]. The derivative of the square displacement describes how fast each particle spreads
out, so for sufficiently large simulation times, the ensemble average in (1.1) quantifies the
overall diffusion rate. One way to generate the particle trajectories for (1.1) is with Molecular
Dynamics (MD) simulations, which provide the trajectories of a collection of particles evolving
by Hamiltonian dynamics in a classical interparticle force field. Here, we present an alternative
theoretical approach to (1.1) for determining the gas diffusion coefficient.

Fick’s laws give a continuum description of diffusion, resulting in a partial differential
equation for the time-evolution of the solute concentration [2]. Our approach estimates the
the diffusion coefficient D by minimizing the discrepancy between numerical finite-difference
(FD) solutions of the diffusion equation and MD simulations of the solute concentration.
We anticipate that this procedure can be applied to estimate coefficients in a differential
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equation for other physical systems described by a continuum model such as phase separation
of polymers.

Our MD simulations are carried out using LAMMPS (Large-scale Atomic/Molecular Mas-
sively Parallel Simulator), an open-source classical MD package focused on materials model-
ing, which was developed by researchers at Sandia National Laboratories and collaborators [9].
We fix values of the state variables (pressure and temperature) and conduct equilibrium MD
simulations where the gas particles follow Hamiltonian dynamics of pairwise Lennard-Jones
interactions. Since MD simulations can incorporate the effect of varying the state variables,
our procedure could be applied to estimate the dependence of the diffusion coefficient on these
variables.

In general, MD and FD calculations may be applied to one-, two-, and three-dimensional
systems, and throughout this work the spatial dimension is denoted d. Similarly, LAMMPS
provides the functionality to conduct MD simulations in one-, two-, or three-dimensions. While
the models are equally valid for any dimension, the estimation procedure is implemented for
d = 2 to contain the computational cost and facilitate data visualization.

The rest of the article is organized as follows. The derivation of the diffusion equation
is given in section 2, and the FD methods are presented in section 3. The MD approach is
described in section 4, and the MD and FD simulation results are compared in section 5. The
diffusion coefficient estimation algorithm is presented in section 6, and the estimates are given
in section 7. The work is summarized in section 8.

2. Diffusion equation. This section introduces the continuum model for gas diffusion,
explaining its physical basis and its solution by Fourier series. The gas concentration is a
scalar function of space and time, u(x,t), x € R?. For a system of gas particles subject to a
non-zero concentration gradient, random motion tends to reduce the gradient over time. The
net movement of particles from regions of higher concentration to lower concentration is called
diffusion and these concepts are quantified by Fick’s laws. While our numerical methods do
not make use of the analytical solution, it prescribes important physical properties of the
differential equation that the finite-difference methods should replicate. In particular, the
periodic boundary conditions ensure that mass is conserved and energy decreases in time.

2.1. Derivation from Fick's laws. Fick’s first law says that the diffusion flux J(x,t) is
proportional to the concentration gradient Vu(x,t) with proportionality constant given by a
scalar diffusion coefficient D,

(2.1) J(x,t) = —DVu(x,1).

In general the diffusion coefficient depends on many factors such as the gas temperature and
pressure, but in this work it is assumed to be a given constant. Conservation of mass states
that the rate of change of the mass contained in a volume V is determined by the mass flux
through the surface S = 9V bounding the volume V|

(2.2) % /V u(x, t)dx + 745 3(x,t) - dS = 0.
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Application of the divergence theorem converts the surface integral into a volume integral
which yields the differential form of mass conservation,

(2.3) %u(x, t)+ V- -J(x,t) =0.

Then substituting (2.1) into (2.3) yields Fick’s second law,

(2.4) u(x,t) = DV2u(x,t),

0
ot
a partial differential equation for the time-evolution of the gas concentration known as the
diffusion equation [2]. The operator V? = V-V on the right side of (2.4) is the Laplacian. This
work considers the diffusion equation with periodic boundary conditions on the d-dimensional
unit cube Q = [0,1]? and a given initial condition,

(2.5a) u(x,t) ‘xi:() = u(x,t)

(2.5b) u(x,0) = up(x).

Note that (2.4) is also known as the heat equation since it models heat flow when wu represents
the material temperature and D is its thermal conductivity. The next subsection derives an
analytic expression for the solution of the diffusion equation.

2.2. Analytical solution by Fourier Series. For the d-dimensional unit cube with periodic
boundary conditions, the solution of the diffusion equation (2.4) can be expressed as a Fourier
series [7],

ulx _ am e27rim-x7 am _ u(x, ef2frim-x X,
(2.6 0= Y Tt 0= [ ux.t) d

meZd

where U (t) denotes the m-th Fourier coefficient of u(x,t) with wavenumbers over the d-
dimensional integer lattice m € Z¢. From substituting (2.6) into (2.4) we obtain the initial
value problem,

d .

(2.7) 37 m(t) = =47 [m[* Dii (1), tim(0) = / up(x) e X dx
Q

for the Fourier coefficients. Its solution yields the time dependence,
(2:8) () = @ (0)e 4 MY,

where Uy, (0) is the m-th Fourier coefficient of the initial condition ug. Several properties of
the solution can now be derived.

First, setting m = 0 in (2.8) yields ug(t) = uo(0), which implies that the total mass of
the system is conserved in time,

(2.9) /Q u(x,t) dx = /Q uo(x) dx.
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In addition, non-constant modes m # 0 decay exponentially in time, and hence the concen-
tration u(x,t) converges to its average value [, up(x) dx as t — oco.

Another important property of solutions to the diffusion equation with periodic boundary
conditions is that their energy is non-increasing in time. The energy is given by the square of
the 2-norm of the solution,

(2.10) E(t) = Hu(-J)H%=/Q\U(Xat)!2d><= > fam®P,

meZd

where the last equality follows from Parseval’s relation which states that the 2-norm of a
periodic function equals the discrete 2-norm of its Fourier coefficients. Using the ODE for the
Fourier coefficients (2.7), it follows that

(2.11) E)=23 am(t)%am(t) = 87D Y [m[*[am(1)]* <0,

meZd meZd

which implies that the energy is non-increasing in time. The next section discusses finite-
difference methods which are used to solve the diffusion equation numerically.

3. Finite-Difference method. In a finite-difference method the temporal and spatial do-
mains are discretized and the derivatives in the equation are replaced by finite-difference
approximations that enable the numerical solution to be found by stepping forward in time.
This work considers two such methods for solving the diffusion equation (2.4) with periodic
boundary conditions and initial condition (2.5). A time step k and space step h = 1/N are
chosen, where N is a positive integer. The associated spatial grid is ), = h[N]?, where
[N] ={0,...,N—1}, and the solution u(x, t) is approximated at grid points x; = hj and time
steps t, = nk,

(31) U_?%U(Xj,tn), j:(jla"'vjd) S [N]d7 n:Ow'wnmax-

Next, we consider the spatial discretization of the Laplacian.

3.1. Central difference approximation in space. This work employs a central difference
approximation for the spatial discretization of the Laplace operator, yielding the discrete
Laplacian,

1
(3.2) Viul =5 ) (e, — 2uf +uf ), j€[N]%

where e; is the i-th standard basis vector in R%. The vector u? is extended to an N-periodic

signal, uJ" = uJTL+ Ne, forj e Z%i=1,...,d. This justifies the discrete Fourier series expansion,
1 N o N P
(33) u;z — W Z unm627r1m-J/N’ Uﬁ] _ Z u?e 27r1mJ/N’
me([N|d je[N)4
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where @}, is the m-th discrete Fourier coefficient of the numerical solution ui'. Using properties
of the exponential function, we can understand how the discrete Laplaman acts in Fourier
space,

h? a
=1 me[N]d
1 d 1
= N Z”d?nﬁ(e%rlmz/N_'_e 2mim; /N 2) 2mim-j/N
me[N]4 i=1
(3.4) 1 L | |
= N a?nﬁ Z(eQmmi/N + e—27r1mi/N _ 2)627r1m-J/N
me[N]4 i=1
d
Z )\ An 27r1mJ/N _ ii Z 27rimi/N + e—27rimi/N _ 2)
V) o N2 ’
me =1

where Ay, are the eigenvalues and (e>™™3/N : j € [N]?) are the corresponding eigenvectors
of the discrete Laplacian with periodic boundary conditions. Equation (3.4) illustrates the
principle that applying the spatial operator in physical space is equivalent to multiplication
in Fourier space. An alternative expression for the eigenvalues is given by

d d
2 4 .9 d
(3.5) Am =72 E: cos(2mrm;/N) —1) = =3 ZE: sin®(mm;/N), m € [N]%,

and since 0 < sin?(mm;/N) < 1, the eigenvalues are nonpositive and bounded,
(3.6) —4d/h? < A <0.

Next we consider the stability of the difference scheme. Recall that the energy of the
solution of the diffusion equation (2.4) does not increase in time, and the difference scheme
should have the same property. This is expressed as the discrete stability condition,

(3.7) s < fufl, 3= g,
je[n]d

where the discrete 2-norm of the numerical solution represents the energy. The discrete version
of Parseval’s relation relates the 2-norm of the numerical solution at a given time to the 2-norm
of its discrete Fourier coefficients by,

(3.8) 3= Y WP =5 D lamlf = Nﬂ mll3-
jE[N)d me[N}

In the following two subsections we consider options for the temporal discretization, and it
show that each option yields a recurrence relation for the discrete Fourier coefficients,

(3.9) Upy ' = Py,
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where pp, is the amplification factor of the m-th discrete Fourier coefficient. A sufficient
condition for the numerical method to satisfy the discrete stability condition (3.7) is

(3.10) lpm| <1 < [@%| < [a%] for all wavenumbers m € [N]%,

which follows from application of Parseval’s relation,

(3.11) 3= S P < A = e

me[N]4 me[N]d

3.2. Forward Euler scheme in time. A forward difference in time yields the forward
Euler/central difference scheme,

utl-i-l —

j 2
(3.12) JTJ = DVjuf
where k is the time step. This can be expressed equivalently in terms of the discrete Fourier

coefficients,
(3.13) an =0 + kDAY, = pmis,  pm = (1 + kDA\p) for all m € [N]¢,

where pp, is the amplification factor of the scheme. The stability condition (3.10) then gives
the following sufficient condition for stability of the scheme,

(3.14) |14+ kDAm| < 1 for all m € [N]<.

Recalling the eigenvalue bound, —4d/h* < Ay, < 0, in (3.6), the stability condition (3.14) is
guaranteed when the time step satisfies

(3.15) 11+ kDAm| <1 —1<14kDA\n <1< —2<kDAm <0< k< ke,

where k. = h%/2dD is the critical time step. Note that the lower bound in (3.6) is achieved
when m; = N/2,i =1,...,d (assuming N is even), so k. is a tight upper bound on stable time
steps. Figure 1 plots the amplification factor of the scheme, pm = 1 + kDA, for three time
step values, k < k¢, k = k., k > k.. For simplicity the spatial dimension is d = 1. The results
indicate stability for £ < k. and short wavelength instability for k£ > k.. For time step values
k > k., the amplification factor lies outside the stable range, py, < —1, for high wavenumber
modes, indicating a short wavelength instability for the difference scheme in that case. Next
we consider a time discretization that does not suffer from this instability.

3.3. Crank-Nicolson scheme. A trapezoidal difference in time yields the Crank-Nicolson
scheme,

ut Tt —

i 1
(3.16) JTJ = 5D(vzuy“ + Viup),

which can be expressed equivalently in terms of the discrete Fourier coefficients of uf,

(3.17) antl = gn 4+ k:D(A a4 aman),

m
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Figure 1. Forward Euler/central difference scheme (3.12), the amplification factor pm = 1+kDAm is plotted
versus scaled wavenumber |m|/N for three time step values near the critical value, k < ke, k = ke, k > ke; for
simplicity the spatial dimension is d = 1.

where the eigenvalues Ay, of the discrete Lapacian were given in (3.5). Then the amplification
factor of the scheme is obtained as follows,

1+ 2kDAm
1— 3kDAm’

m ~p

1+ $kDA
Since Am < 0, it follows that [1 + 1kDAm| < [1 — $kDAw|, and then |pm| < 1 for all
wavenumbers m and time steps k£ > 0, so the scheme is unconditionally stable. Figure 2
plots the amplification factor py, of the Crank-Nicholson scheme for the same three time step
values as in Figure 1, demonstrating the stability of the scheme for these values. Note also
that the Crank-Nicolson scheme (3.16) requires solving a linear system of N¢ equations at
each time step. However, even though (3.16) is an implicit equation for the numerical solution

ug”rl, (3.18) gives an explicit expression for updating the discrete Fourier coefficients which

scales like O(N?), and transforming between the numerical solution and its discrete Fourier
coefficients scales like O(N%log N) using the Fast Fourier transform (FFT) [1]. Our solution
of the linear system utilizes this FFT approach.

3.4. Mass Conservation. To check that both difference schemes satisfy the discrete ana-
logue of mass conservation (2.9), first note that the discrete Laplacian eigenvalue with wavenum-
ber m = 0 is A\g = 0. Then the Fourier space equation (3.13) for the Forward Euler scheme
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Figure 2. Crank-Nicolson scheme (3.16), the amplification factor pm = (1 + 2kDAm)/(1 — $kDAm) is
plotted versus scaled wavenumber |m|/N is plotted for the same time steps k as in Figure 1; for simplicity, the
spatial dimension is d = 1.

becomes,

ugtt = ug + kDotg = ug,
so the average concentration is invariant in time,
1 n+1 1 ~n—+1 1 ~n 1 n
(8.19) Na 2w = e = ja = a2
je[n)e je[n)e

Similarly for the Crank-Nicolson scheme (3.16),
kD
aptt =g + 7()\(@8“ + Xotg) = Ug,

which also shows that the average concentration is invariant in time.

4. Molecular Dynamics. The MD simulations presented below utilize the Lennard-Jones
potential to simulate the diffusion of argon in helium. These are both noble gases, where
argon has atomic number Z = 18 and molar mass m = 39.948 g/mol, while helium has
atomic number Z = 2 and molar mass m = 4.003 g/mol. This system represents one of the
simplest real examples of chemical diffusion [13]. The short-range Lennard-Jones potential is
appropriate for modeling the diffusion of noble gases; long-range electrostatic interactions are
more expensive to compute, but they can be omitted in the case of small non-polar atoms such
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as these. The experimentally determined value of the diffusion coefficient D¢y, of argon in
helium is available [13], which enables verification of the estimation algorithm developed in this
work. This section first discusses the equation governing the system evolution, then presents
the Lennard-Jones potential, and finally gives the parameters used in the MD simulations.

4.1. Governing equation. The argon and helium gases are represented by a set of N,
particles {r; € R?i = 1,...,N,} moving in two-dimensional space. Newton’s equations
define the time evolution of the system,

d2 r;
dt

(41) m; :Fi, ’iZl,...,Np,
where m; is the mass of particle r; and F; is the force on particle r;, induced by all the other
particles. The total potential energy of the system is the sum of pairwise particle interactions,

Ny Np

(4.2) Vtotal(rlw--,I'Np) = ZZV(T‘U), rij = |t — Ty,
i=1 j=1
J#i
where V (r) is the Lennard-Jones potential given below, ;; is the interparticle distance between
r; and r;, and the j = i terms are excluded from the sum because particles do not interact
with themselves. The system is considered to be conservative and hence the force on each
particle is the gradient of the total potential energy,

NP NP
(4.3) Fi :Vri‘/}otal(rl,...,er) :szriV(n‘j), 7= 1,...,Np,
i=1 j=1
J#i
where V., is the gradient with respect to particle r;.

4.2. Lennard-Jones potential. The Lennard-Jones potential is given by the expression

(4.4) V(r) = {46 ()= (@) <
0, 2> Te,
where €, 0 are parameters, r is the interparticle distance, and r. is a long-range cutoff. Fig-
ure 3(a) plots the scaled Lennard-Jones potential V/e versus the scaled interparticle distance
r/o. The potential characterizes London dispersion forces, where the order 12 term accounts
for close-range repulsive forces which dominate when r < ¢, and the order 6 term accounts
for long-range attractive forces that operate for r > ¢. The parameter € sets the maximum
depth of the potential well which determines the interaction strength, and the parameter o
sets the distance at which the potential V' (r) vanishes.
The Lennard-Jones parameters €, 0 depend on the physical and chemical properties of
the particles in the system. The parameters used in the present work were taken from MD
calculations and are displayed in Table 1 [6, 8]. In our simulations, each particle is designated
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Figure 3. Lennard-Jones potential V' given in (4.4), (a) scaled potential V/e versus scaled distance r/o,
(b) dimensional potentials V' (kcal/mol) for He-He, Ar-Ar, and mized Ar-He interactions versus interparticle
distance r (A) with parameters €,o given in Table 1 [6, 8].

as either argon or helium, and the interaction potential V' (r) in (4.4) between two particles is
determined by their identities. There are three types of pairwise interactions: helium/helium,
argon/argon, and mixed helium/argon. For each pair of particles, the parameters are se-
lected from Table 1 and Figure 3(b) plots the Lennard-Jones potentials for the three types of
pairwise interactions. The relative distance scale of the helium/helium and argon/argon po-
tentials reflects that argon has a larger atomic radius than helium. Similarly, the argon/argon
interaction is stronger and has a deeper well, because argon atoms are more polarizable, and
exhibit greater induced dipoles.

Interaction | € (kcal/mol) | o (A)

He-He 0.0196 2.50

He-Ar 0.0700 2.92

Ar-Ar 0.2498 3.40
Table 1

Lennard-Jones parameters for argon and helium as determined in MD calculations [6, 8], mized parameter
values use the geometric mean of the individual particle parameters. The cutoff distance is ro = 204 for all
patrwise interactions.

4.3. LAMMPS. This work utilizes the LAMMPS software package to implement the
MD simulations for argon diffusion in helium with the Lennard-Jones potentials described
above [9]. The real unit system in LAMMPS is chosen for these simulations, where distance is
in Angstroms (A), energy in kilocalories per mole (kcal/mol), time in femtoseconds (fs = le-15
second), temperature in Kelvin (K), and mass in grams per mole (g/mol). The simulations
were done in two space dimensions, where the MD simulation box has dimensions 5e4 A x 5e4
A, but for simplicity the results are presented using a dimensionless length scale where the
unit square [0, 1]? represents this domain. Periodic boundary conditions were imposed using
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the minimum image convention in which the particles are replicated across the sides of the
simulation box for the purpose of computing the forces, and upon exiting a side, they re-enter
the opposite side. Three MD simulations were performed in which the initial condition in each
is a unique pseudo-random seed of 3e4 helium atoms uniformly distributed in the domain [0, 1]?
and a patch of 3e4 argon atoms uniformly distributed in the square subdomain [1/4,3/4]?.
The initial particle velocities were chosen from the Maxwell-Boltzmann distribution,

_m|v|2
(4.5) fv)xe 2kT

where T' = 300 K, m is the mass of a particular atom, and k;, = 0.001987 kcal/(mol K) is
Boltzmann’s constant. The MD timestep was kyp = 5 fs. The order 12 repulsive term of the
Lennard-Jones potential (4.4) necessitates a small timestep to ensure sufficient accuracy in the
LAMMPS integrator. An NVE integrator was used for the MD simulations, which samples
the microcanonical ensemble, where the number of particles, volume, and total energy are
fixed. The LAMMPS NVE integrator uses the Stormer-Verlet time stepping scheme.

5. Comparison of MD and FD results. This section compares molecular dynamics and
finite-difference simulations of argon diffusion in helium in two space dimensions. Recalling
that the MD simulations utilized random initial conditions representing a square patch of
argon atoms, the FD calculations were initialized with the following continuum idealization,

1, xe[1/4,3/4%
(5.1) uo(x) = {07 x €[0,1]%\ [1/4,3/4)%.

The total simulation time was 5 ns, where the FD time step was kpp = 5 ps (1e3 time steps)
and the MD time step was kyp = 5 fs (1e6 time steps). The MD time step kyp was de-
termined empirically to achieve stable results and is 1000 times smaller than the FD time
step kpp; this is because the MD simulations with the explicit Stérmer-Verlet time stepping
scheme are constrained by the stiffness of the Lennard-Jones potential, whereas the FD calcu-
lations use the implicit Crank-Nicolson time stepping scheme which is unconditionally stable.
To accommodate the difference between the MD and FD time steps, the fitting procedure
discussed in the next section samples the MD trajectory every 1000 time steps.

The simulations were carried out on a single CPU core of an Apple M1 2020 Macbook
Pro with 16 GB of memory running the Sonoma 14 operating system. The run time for
each FD calculation was less than a second, and the run time for each MD simulation was
about 80 minutes. A parallel implementation would reduce the MD run time significantly,
and LAMMPS does support parallel computing on multicore systems, but this is beyond the
scope of the present work.

Figure 4 compares the atomistic MD results and the continuum FD results computed with
grid spacing h = 1/50. The diffusion coefficient in the FD simulations (D = 0.7948 cm?/s)
is the optimal value determined by the estimation algorithm described in the next section.
The time is given at the top of each column. Row 1 plots the MD results, where the argon
atoms are red dots and the helium atoms are a uniform blue background. As time proceeds,
the initial square distribution of argon atoms evolves into an expanding radially symmetric
distribution.
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6 MD

7FD

Figure 4. Numerical results for diffusion of argon in helium, color bar indicates normalized argon concen-
tration, MD binning parameter N = 50, FD solution of diffusion equation (2.4) computed on a 50 x 50 grid,
Columns 1-5 display times t = 0,0.25,1,2.5,5 ns, Row 1: MD snapshots of argon atoms, Rows 2, 4, 6: binned
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MD concentration, Rows 3, 5, 7: computed FD concentration.
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To facilitate comparison of the MD and FD results, the MD argon trajectories {r}'} were
converted into a concentration UJ” defined on the FD grid by a binning process [3] that counts
the number of argon atoms in each FD grid cell, Ny, and scales the count to lie between 0
and 1,

n n s : n Njn

(5.2) Ni" = #{r} € grid cell j}, Uj' = m.

Row 2 in Figure 4 plots the resulting binned MD argon concentration UJ” and Row 3 plots
the corresponding FD concentration uf as heat maps on the FD grid. Although the MD
results are noisy and the F'D results are smooth, there is a clear similarity between the two
concentrations. The similarity is also seen in Rows 4 and 5 which present surface plots of the
MD and FD concentrations. Rows 6 and 7 show the x = 1/2 cross-section of the MD and
FD concentrations. In the surface plots and cross-sections, the MD and FD maximum argon
concentrations decrease at similar rates. Figure 4 shows that using an optimal value of the
diffusion coefficient D in the FD calculation ensures a close connection between the FD and
MD results.

One may consider how the match between the MD and FD results depends on the bin-
ning parameter N, which also determines the FD grid size, h = 1/N. The accuracy of the
FD solution u}l relative to the true solution of the diffusion equation wu(x,t) increases with
N. Additionally, the binned MD concentration Uy will better resolve the computed MD
trajectories r}' for large N. However as the binning parameter N increases, the binned MD
concentration will become increasingly noisy due to the use of a finite number particles in the
MD simulation. Based on these competing effects, we expect there to be an optimal level of
binning resolution to achieve the best match between the MD and FD results. The balance
between increasing resolution and noise also depends on several other factors including the
MD domain size, number of MD particles, and initial MD distribution.

6. Diffusion coefficient estimation algorithm. This section describes the algorithm for
estimating the optimal diffusion coefficient Dyp¢ for the continuum diffusion equation (2.4).
This is essentially a least-squares fitting procedure that extracts Doyt from the MD trajecto-
ries. Recall that the MD trajectories r}' give the position of each argon and helium atom at a
sequence of discrete time steps, and these trajectories are represented on the FD grid by the
binned MD argon concentration Uj” obtained using the previously described binning process.
Let uf’(D) be the numerical solution of the continuum diffusion equation (2.4) with diffusion
coefficient D given by the Crank-Nicolson scheme (3.16). The vector of residuals is given by

(6.1) (U —uf(D)}, n=0,...,0max, JjE€ [N

and the cost function is the mean square deviation between the MD and FD results,

Mmax

(6.2) cost(D) — % SY U - up(n)?.

n=0 je[N]2

Minimizing the cost function is a nonlinear optimization problem that yields the optimal
diffusion coefficient, Dgpt(IN). Figure 5 plots the cost function for the argon-helium system
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with MD binning parameter N = 20, 50,100, showing that cost(D) is a smooth convex
function with a unique global minimum Dgp (V) in each case.

0.075 0.075 0.075
N=20 N=50 N =100
10,050 1 0.050 +0.050
n n 7]
o o o
(&) (&) O
0.025 0.025 0.025 :
0-00060 Doy 15 30 000060 Dy 15 350 090060 Doy 15 30
D (cm?/s) D (cm?/s) D (cm?/s)

Figure 5. The cost function cost(D) (6.2) of the diffusion coefficient estimation algorithm is plotted versus
the diffusion coefficient D near the global minimum Dop(N) with MD binning parameters N = 20, 50, 100.

Algorithm 6.1 shows the steps for computing the optimal diffusion coefficient,

Nmax

. . 1 n n 2
(6.3) Dopi(N) = arg min cost(D) = argmin -5 z;) .%d(Uj —uj'(D))*.

Lines 1-3 input the MD argon trajectories rj’, MD binning parameter N, and an initial guess
for the diffusion coefficient Dy. Line 4 computes the binned MD concentration, Uj", using
the binning procedure described in (5.2). Line 5 computes the optimal diffusion coefficient
Doyt (N) using the curve_fit routine from the Python package scipy [10] to solve the least-
squares minimization problem, Line 6 returns Doy (V). Next we explain how the curve fit
routine works.

Algorithm 6.1 Diffusion Coefficient Estimation Algorithm

input MD trajectories, r}',i = 1,..., N, time steps n = 0,..., "max
input MD binning parameter, N

input initial diffusion coefficient guess, Dg

compute binned MD concentration, UJ", from (5.2)

compute Dopt(IN) from (6.3) using the curve_fit routine from scipy
return D (V)

The curve_fit routine uses the Levenberg-Marquardt (LM) algorithm [4] to compute the
optimal diffusion coefficient Dypt(N). The input for curve_fit is an initial guess Dy for the
diffusion coefficient. The LM algorithm is an iterative scheme that combines the stability
of gradient descent for minimizing the cost function cost(D) with the accuracy of Newton’s
method for finding a critical point of cost(D). At each step, the diffusion coefficient is
updated, D — D + d D, where the increment §D is the solution of the normal equations,

(6.4) (JTI +N)6D =TT (U] — uf(D)),

that arise from linearizing the least-squares minimization problem (6.3). In these equations,
J= 8uJTL /0D is the Jacobian of the residual vector, which is computed numerically, and A is
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an adjustable regularization parameter. When the current step causes a large reduction in
cost(D), A is set to a small value and the algorithm is close to Newton’s method, but if the
reduction in cost(D) is small, then X is increased to bring the iteration closer to gradient
descent. The curve_fit routine utilizes a procedure resid which takes a diffusion coefficient
D as input, runs the Crank-Nicolson FD scheme (3.16) with this D, and returns the residual
vector {U" — uf'(D)}. Note that even though the explicit forward Euler FD scheme (3.12) is
faster, the implicit Crank-Nicolson scheme (3.16) was chosen to avoid any stability issues that
might arise in exploring the diffusion coefficient parameter space.

In general, for a single-parameter least-squares optimization problem with a global min-
imum as in the present case, the LM algorithm is known to converge to a local minimum,
assuming the initial guess is sufficiently close to the minimum [4]. In the present case, we
tested various initial guesses and convergence was obtained in all cases, probably owing to the
smooth convex nature of the cost function shown in Figure 5.

7. Diffusion coefficient estimates. The procedure outlined in Section 6 was used to
compute estimates Dopt (V) for the diffusion coefficient of argon in helium for several binning
parameter values N = 20,50,100. The MD simulations were done with three different ini-
tial random seeds and the estimates of Dot (V) were averaged. The FD calculations used
grid spacing h = 1/N. Table 2 shows the results, where column 1 gives the MD binning
parameter N, column 2 gives the estimated Dypt(NN) in cm?/s, column 3 gives the value of
the cost function at Depi(N) as defined in (6.2), column 4 gives the 95% confidence interval
for Dopt (V) as reported by curve_fit. The first three rows give the results of the estimation
procedure for the different MD binning parameters, and the last row gives the experimentally
measured diffusion coefficient which was obtained using gas chromatography [13].

MD binning parameter | Dopt(N) [em?/s] | cost(Dopt(N)) | 95% CI

N =20 0.9121 0.009870 1.48e-3

N =50 0.7948 0.008930 0.54e-3

N =100 0.8417 0.024214 0.46e-3

experiment [13] 0.7335 8.70e-3
Table 2

Results of diffusion coefficient estimation for argon in helium, column 1: MD binning parameter N, col-
umn 2: optimal diffusion coefficient Dopt (N) averaged over three MD runs with different initial random seeds,
column 8: cost function cost(Dops(N)) as defined in (6.2), column 4: 95% confidence interval, last row gives
experimental value Dexp of the diffusion coefficient [13].

The following observations were made.

e Column 2 shows that the estimated diffusion coefficient Doy (N) agrees best with ex-
periment for the intermediate MD binning parameter N = 50. This can be understood
as follows. The smaller MD binning parameter N = 20 makes the FD grid spacing
h = 1/N larger, and then the FD result uJ” is less accurate. On the other hand, the
larger MD binning parameter N = 100 makes the bins smaller and hence they contain
fewer atoms, and then the MD binning concentration UJ” has more statistical noise.

e Column 3 shows that the cost function achieves its smallest value for N = 50, which
is consistent with the previous point that the best agreement between model and
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experiment occurs for N = 50.

e Column 4 shows that the model confidence interval becomes narrower with higher
resolution; however, the experimental confidence interval is much wider, which perhaps
can be attributed to experimental measurement uncertainty.

As shown in Table 2, although the estimated diffusion coefficient Dypt(50) is close to the
experimental value, there is still a discrepancy which may be attributed to several factors.
One factor is the choice of numerical parameters including the number of atoms in the MD
simulation IV, binning parameter /V, and time steps kvp, krp in the MD and FD calculations.
A second factor is that the MD and FD calculations were initialized differently and this could
affect the quality of the estimation results. A third factor is that the Lennard-Jones potential
utilized in the MD simulations is only an approximation to the true interparticle interaction
between the gas molecules. A fourth factor is that the calculations were carried out in two-
dimensional space, while there may be three-dimensional effects in the experiment. A final
factor is the statistical noise in the binned MD data which could be reduced with a convolution
filter [3]. These are all possible directions for future investigation.

Finally, we emphasize our choice to use a small sample of only three MD simulations at
each N value, considering the relatively high MD runtime (up to 80 minutes). We anticipate
the utility of our method to be the extraction of an accurate diffusion coefficient estimate from
a relatively small amount of MD data, which may be applied to a efficiently simulate a larger
continuum system. Using more simulations may reduce the impact of the statistical noise
observed in the binned MD concentration of Figure 4. However, we believe the reasonable
agreement of the estimated and experimental diffusion coefficients justifies the method.

8. Summary. This work studied the diffusion of a patch of argon gas in a background
of helium gas with the goal of determining the diffusion coefficient of the argon atoms. Two
models were utilized, (1) finite difference (FD) simulations of the continuum diffusion equa-
tion (2.4) with a given diffusion coefficient D, and (2) molecular dynamics (MD) simulations
where the gas atoms were represented by point particles interacting through the Lennard-
Jones potential (4.4). The MD simulations were taken as the true physical representation of
the diffusion process. To estimate the argon diffusion coefficient, the MD trajectories of the
argon particles were converted into a binned concentration on the FD grid, and the optimal
diffusion coefficient Dyp; was obtained by minimizing the least squares difference between the
FD concentration and the binned MD concentration. Comparison of the numerical results with
the experimental diffusion coefficient suggests that our optimization estimation approach was
successful, although there is still a discrepancy and several directions for future investigation
were suggested.

The present work explored a system where an argon patch diffused into a background
of helium. Another interesting physical system is a mixture of polymers, where both phase-
separation and diffusion dynamics are present. Such systems may be modeled by the Allen-
Cahn and Cahn-Hilliard equations,

(8.1) %:M[7V2ufu3+u], %zMVﬂusfuvaZu],

where u is the order parameter giving the purity of phases, M is the mobility coefficient, and
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/7 sets the width of the transition zone between the phases at equilibrium. The parameter
estimation algorithm developed in this article may also be applied to find optimal values of
M and . Some preliminary results for the phase separation equations are contained in the
REU project report [11].
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