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Abstract. The transport and localization of RNA molecules, crucial for cellular function and development, involve
a combination of diffusion and active transport mechanisms. Xenopus laevis oocytes provide a well-
established model system for studying RNA transport due to their large size, pronounced spatial orga-
nization, and well-characterized RNA localization patterns. Fluorescence Recovery After Photobleaching
(FRAP) is an experimental technique that is widely used to investigate the dynamics of molecular move-
ment within cells by observing the recovery of fluorescence intensity in a photobleached region over time.
Previous studies have primarily modeled RNA dynamics in FRAP experiments using purely diffusion mech-
anisms without explicitly incorporating active transport. To advance the understanding of RNA dynamics,
we develop a reaction-diffusion-advection partial differential equation (PDE) model integrating both trans-
port and diffusion mechanisms. We propose a pipeline for identifiability analysis to assess the model’s
ability to uniquely determine parameter values from observed FRAP data. Based on profile likelihood
analysis and reparametrization, we examine the relationship between non-identifiable parameters, which
improves the robustness of parameter estimation. We find out that the identifiability of the four parame-
ters of interest is not exactly the same in different regions of the cell. Specifically, transport velocity and
diffusion coefficient are identifiable in all regions of the cell, and some combinations of binding rate and

unbinding rate are found to be identifiable near the nucleus.

1. Introduction. Studying RNA dynamics is central to understanding how gene expression is
controlled in space and time during cellular processes, and it plays an especially important role
in developmental biology where spatially regulated translation directs cell fate and patterning. A
classical and experimentally tractable system for this is oocyte development in the frog Xenopus
laevis. According to [10], Xenopus laevis undergo substantial growth during maturation, reaching
a diameter of roughly 1.3 mm, and develop strong polarity characterized by the spatial distribution
of numerous mRNAs and proteins. For instance, Vgl and VegT mRNAs localize to the vegetal pole
and are crucial for mesoderm and endoderm induction, respectively, thereby influencing embryonic
axes specification [11, 15]. This subcellular mRNA patterning relies on microtubule-dependent
transport, with RNA-binding proteins such as VglRBP/Vera mediating the recognition of local-
ization elements and guiding transport [4]. Thus, quantitatively characterizing RNA transport and
localization in Xenopus laevis oocytes provides mechanistic insight into how molecular-level dynam-
ics drive large-scale developmental patterning, establishing a direct link between RNA movement

and cell fate determination during early embryogenesis [6].

In living cells, RNA dynamics are commonly studied with fluorescence microscopy techniques,

among which fluorescence recovery after photobleaching (FRAP) is a widely used, robust method
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in biological analysis. It is a standard tool in cell biology for probing protein and RNA—protein
complex dynamics in their native context [8, 13]. In a FRAP experiment, fluorescently tagged
molecules, such as RNA—protein complexes labeled with a fluorescent protein, are visualized under a
widefield m icroscope. A small, well-defined region of the cell is then exposed to a high-intensity laser
pulse, which irreversibly photobleaches the fluorophoresin t hat region, c ausing t heir fluorescence
to drop sharply. Following bleaching, the fluorescenceint her egionis m onitored o ver t ime as
unbleached molecules from surrounding areas move in. The resulting fluorescence recovery curve
reflects t he mobility, t ransport, and exchange rates of the molecules | 14]. This process is shown in

Figure 1.

To interpret FRAP data and relate observed recovery curves to underlying physical processes,
mathematical models have been developed in order to simulate the moving behaviors of RNA
inside the cells, which involve several parameters such as diffusion coefficient and transport speed.
Accurate parameter estimation allows researchers to quantitatively characterize RNA behavior,
validate the model against experimental data, and gain insights into the underlying biological
mechanisms. Crucially, however, the ability to infer parameters depends not only on the data
quality but also on identifiability — w hether t he model structure and available d ata observations
allow unique recovery of parameter values. Performing identifiability a nalysis is essential for the
accurate parameter estimation, as it reveals which parameters can be uniquely determined based

on the model and observed data, while other non-identifiable p arameters cannot.

This paper focuses on the identifiability a nalysis o f p arameters in a reaction—diffusion—advection
model of RNA localization during Xenopus laevis oocyte development. Building on prior studies
that investigated the identifiability of the parameters in a reaction-diffusion model for RNA-binding
protein PTBP3 in Xenopus laevis oocytes [1] and the reaction-diffusion-advection model exploration
for RNA dynamics [2], we explicitly incorporate active transport into the inference framework and
examine identifiability across spatially distinct oocyte r egions. Our goal is to develop mathematical

tools in order to fillin the gaps in the current understanding of RNA movement.

In the cellular environment, the nucleus is typically centrally located, while the vegetal cortex, sit-
uated opposite the animal pole, is a specialized region near the cell membrane. According to [2], it
is believed that the moving behaviors of RNA are not the same in different regions of the cell, so we
divide the cell into three regions as depicted in Figure 2, where Region 1 is 15 pm from the nucleus,
Region 2 is 50 pum from the nucleus, and Region 3 is 25 pm from the vegetal cortex [2]. These
three regions are selected to represent biologically distinct microenvironments within the oocyte,
as previous FRAP experiments have shown that RNA transport mechanisms and cytoskeletal or-
ganization differ near t he nucleus, in t he intermediate c ytoplasm, and close t o t he vegetal cortex.
For each region, a 5-um circular area of interest is bleached [2], so we can obtain three average
FRAP data sets from experiments. As in previous work [2], after obtaining the baseline parameter
sets that fit t he r eal e xperimental F RAP d ata b ased o n d eterministic p arameter e stimation, we
generate the corresponding synthetic FRAP data for the three regions. Then, the method of profile
likelihood gives us the framework for determining the identifiability of p arameters. We also derive

the threshold for 95% confidence interval, which serves as the criterion to decide whether a certain
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parameter is identifiable or not. Moreover, we investigate the parameter relationships between

non-identifiable parameters, as well as apply this methodology to real and synthetic FRAP data.

By explicitly integrating active transport into the identifiability analysis and by examining the
FRAP data across biologically meaningful oocyte regions, our work extends previous efforts and
provides a practical framework for quantifying which transport model parameters are identifiable

when analyzing mRNA localization in development using FRAP data.
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Figure 1. FRAP analysis showing: (A) Initial uniform fluorescence, ( B) Sharp intensity drop after photobleach-
ing, (C) Gradual recovery as molecules diffuse into the bleached region, and (D) Final e quilibrium fl uorescence. The
process of fluorescence recoveryis depictedin (E). T he recovery kinetics ¢ an reveal m olecular m obility a nd binding

dynamics.

2. Mathematical modeling of the FRAP experiment. This section presents the reaction-
diffusion-advection P DE m odel u sed t o d escribe R NA d ynamicsin F RAP e xperiments, which
details the experimental data acquisition and outlines the deterministic parameter estimation pro-

cedure to obtain baseline parameter values for subsequent identifiability analysis.

2.1. Reaction-diffusion-advection model for RNA d ynamics. We model the dynamics of RNA
based on two localization mechanisms. RNA can either diffuse with t he diffusion co efficient D in
the cytoplasm, or can be transported along microtubules by motor proteins with the speed c.
Moreover, we assume that the RNA molecules can switch between these two mechanisms with
certain rates. The RNA dynamics is therefore shown in Figure 3, which is given by this reaction-

diffusion-advection model [2]:
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Figure 2. This cartoon shows that experiments are done in three regions of the cell based on their distance from
the nucleus (top) and vegetal cortex (bottom), following previous studies in [2] that partitioned the oocyte into three
representative regions for FRAP measurements. Red particles represent RNAs, which are transported either by active
transport, the directed movement along blue microtubule tracts driven by motor proteins (purple and green blobs), or
by simple diffusion. Region 1 (top) is 15 wm from the nucleus, Region 2 (middle) is 50 pm from the nucleus, and
Region 3 (bottom) is 25 pm from the vegetal cortex.

Ju _ C@ — Biu + Bov,
ot oy

(2.1)
v

5= DAv + Biu — Bov.

In this PDE model, u refers to the concentration of RNA which is transported along microtubules,
while v refers to the concentration of RNA which is diffusing. Since the bleached area in the FRAP
process is very small, we assume that within this small area, all the directions of microtubules
are vertical, which is the reason why we just include g—;‘ in Equation (2.1) (i.e., 1-dimensional
transport). Furthermore, we define §1 as the switching rate from transport RNA to diffusing RNA,
which represents the unbinding rate between RNA and microtubules. Similarly, £o is defined as
the binding rate, which is the switching rate from diffusing R NA t ot ransport R NA. B ased on
this model, we are able to simulate the FRAP process using numerical PDE methods as in [5, 3].
The observed FRAP recovery signal F'(¢) is modeled as the total fluorescence within the bleached
region €2, which depends on both the transport and diffusing R NA p opulations. S pecifically, the

fluorescence intensity is proportional to the sum of the concentrations v and v, integrated over the
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bleach spot:
(2.2) Ft) = /Q fu(x, 1) + v(x, )] dx

where 2 is the circular bleached region of diameter 5 um, and x represents the spatial dimensions
(z,y). This expression captures the total amount of fluorescent molecules within the region of

interest over time.

D

Figure 3. Cartoon of the active transport of RNA, consisting of a population of diffusing p articles with diffusion
coefficient D, a po pulation of mo ving particles with velocity c, as well as switching rates f1 and B2 be tween th e two
population. In the moving state, we assume that RNA molecules are attached to motor proteins and microtubules,
while in the diffusion state, we assume they are detached from microtubules.

2.2. Experimental FRAP data. The experimental FRAP data used in this study, shown as
the blue points in Figure 4, were collected from Xenopus laevis oocytes following the procedure
described in the FRAP acquisition section of [2]. In the experiments, a small circular region (5 pm
in diameter) inside the oocyte was bleached with a laser, and the fluorescence r ecovery in this
region was recorded over 200s at regular time intervals. The recovery curves reflect h ow labeled

RNA molecules move back into the bleached area over time.

For each region of interest, data was collected from five o ocytes and t heir r ecovery c urves were
averaged. The fluorescence v alues w ere c orrected f or b ackground c hanges a nd n ormalized t 0 a
nearby unbleached region to reduce experimental noise, following the adjustment procedure outlined
in [2]. The resulting averaged FRAP data captures the overall recovery trend and will serve as the
input for our parameter estimation procedure. In Subsection 2.3, we fit this experimental d ata to
Equation (2.1) in order to extract parameter values and generate synthetic curves, which clearly

shows the comparison between the model-generated synthetic curves and the measured data.

2.3. Deterministic parameter estimation. For the real FRAP data observed from 5 oocytes
in each region, deterministic parameter estimation was performed following the numerical fitting
framework in [2]. In brief, the reaction—diffusion—advection P DE m odel ( Equation (2.1)) was in-

tegrated numerically using an exponential time-differencing Runge-Kutta scheme with Fourier
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spectral discretization. The observed FRAP signal was modeled as the sum of all particle states
integrated over the bleach spot, and parameters ¢, D, 51 and (2 were estimated by minimizing the
L?-norm between model output and experimental curves using the MATLAB routine 1sqnonlin.
The resulting best-fit parameters for each region are summarized in Table 1.

Table 1

Table of parameter estimates for the three regions [2].

Region c D B1 B2
1 0.049121  0.258205 2.35E-14  0.006331
2 0.094322 1.423721 0.003018 0.000762
3 0.067619 0.830449 4.05E-05 1.37E-06

We use the parameter estimates in Table 1 to inform some baseline parameter regimes for generating
synthetic data, which are shown in Table 2. Table 2 highlights region-dependent differences in the
baseline parameter regimes. While the transport velocity and diffusion coefficient vary across
regions reflecting distinct transport environments, the binding and unbinding rates differ by orders
of magnitude, suggesting that RNA—microtubule interactions may play different roles depending
on the spatial location within the oocyte. Based on these baseline values (Table 2) and synthetic
FRAP data (red curves in Figure 4), we are able to test our identifiability analysis framework
on PDE-generated data before attempting it on real and noisy datasets [1]. It can be seen from
Figure 4 that the red synthetic data curves are in qualitative agreement with the blue experimental
FRAP data points.

Table 2

Table of baseline values for the three regions used for synthetic data generation in this work.

Region c D b1 B2

1 0.05 025 107% 1072
2 01 15 102 10°¢
3 0.1 08 107° 107

3. Identifiability a nalysis f or t ransport m odels o f F RAP e xperiments. I n t his s ection, we
apply profilelikelihood a nalysis t o a ssess t he i dentifiability of fo ur ke y pa rameters, es tablish a
statistical threshold for identifiability b ased on 95% confidence intervals, and ex tend th e analysis
to two-dimensional parameter spaces to validate pairwise identifiability oftransport velocity and

diffusion coefficient.

3.1. Profile likelihood a nalysis. We then carry out identifiability analysis based on the method
of profilelikelihood, s tarting with t he s ynthetic d atasets in F igure 4 . P rofile li kelihood analysis
can provide insights into the identifiability o f p arameters in t he m odel by systematically setting
one parameter constant and optimizing the rest of the parameters in fitting the d ata. In this work,
we define @ tobethevector ofall the parameters ofi nterest: @ = (¢, D, 51, 8 2). We first choose
one interest parameter @ (for instance, D). By changing the values of that interest parameter, we
want to find the optimized values for other nuisance parameters A (for instance, ¢, 1, S2), so that

the profile likelihood function is maximized. For instance, if we set D to be the interest parameter,
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Figure 4. Real FRAP data (blue points) and synthetic FRAP data (red lines) based on the baseline parameter
values in Table 2 (top-left: Region 1, top-right: Region 2, bottom: Region 3).

then by changing its value, we want to find the optimal XA = (¢, 81, B2) so that the profile likelihood

function is maximized. Moreover, if the measurement noise is assumed to be normally distributed,

then the profile likelihood function can be expressed as:

1\? 1
(3. b 0N = (5053 ) e (= mally = om0 NI

where y refers to the noiseless synthetic data curve generated with baseline values in Table 2,
Ysim (¥, A) refers to the noiseless synthetic data curve generated under each value of the interest
parameter 1 together with the optimal values of the nuisance parameters A. Moreover, ||y —
Ysim(1, A)||3 represents the least square error, and o is the standard deviation of the noise in the
FRAP data. We estimate ¢ by calculating the difference between each point on the synthetic data

curve and the FRAP data curve generated by parameters in Table 1:

(3.2) s \/ S (y — Ysim (%, X))2

N

where N is the number of data points.
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For each region, we have computed the corresponding estimate values for o: g1 = 0.275,09 =
0.365, 03 = 0.614.

To visualize the results of the profile likelihood analysis, we plot the likelihood value for each value
of the interest parameter. The possible results are shown in Figure 5 [1]. In the first plot where
the curve is just a flat line, this parameter is considered as structurally non-identifiable, since the
profile likelihood is not sensitive to the change of that parameter. In the second plot, the curve does
not approach zero at the right end, indicating that this parameter is practically non-identifiable.
Unlike structural non-identifiability which arises from inherent structure of the model, practical
non-identifiability occurs primarily because the available data provide insufficient information to
precisely estimate the parameter. This means that although the model could theoretically determine
the parameter uniquely, the available data are not sufficient to estimate it reliably. As for the third

case, we consider this parameter to be both structurally and practically identifiable.

p(y; ¥, A)
p(y; 9, A)
p(y; ¥, A)

P P P

Figure 5. Interpretation of profile likelihoods. A flat likelihood (left) corresponds to structural non-identifiability, a
profile that does not decrease to 0 on one or both sides of the mazimum (center) indicates practical non-identifiability,
and a profile with a fast decrease to 0 on both sides of the mazimum (right) shows both structural and practical
identifiability.

3.2. Threshold for identifiability using profile likelihood analysis. In order to establish a
clear criterion to determine whether a parameter is identifiable or not using profile likelihood
analysis, we calculate the threshold for the 95% confidence interval for each profile likelihood plot.
Specifically, confidence intervals are determined by applying a threshold to the likelihood ratio
statistic, corresponding to a x? quantile. Parameters are considered identifiable when likelihood
plots cross this threshold on both sides [12]. The basic formula for computing the value of this
confidence threshold is given by [12, 7]:

(3-3) Cliay) = {ap[2(LL(y|6) — PL;(p)) < Aa}

where the subscript j denotes the index of the interest parameter being analyzed for identifiability,
o is the confidence level (e.g., a = 0.05 for a 95% confidence interval). LL(y|@) and PL;(p) refer
to the log likelihood with the interest parameter set as value p:

. Hy - ysim("pa )‘)H2
202

(3.4) LL(y|6) = —% In(2r0?)
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and Aa comes from the chi-square value (Aa = 3.841 for the 95% confidence interval). Moreover,
0 refers to the set of parameter values that gives the maximum value of the profile likelihood.
Therefore, § should be the set of baseline values, and we obtain LL(y|0) = —11In(270?) with the
least square error equal to 0. Then, we plug the log likelihood into Equation (3.3) to get:

(35) 2ALL(0) - PLi(p)) < Aa
(3.6) N 2(—%ln(2ﬂ'02) + %zn@m?) v = 92";(2‘” MY - Aa)

- Ysim ,A 2
Iy = Bim (8, M)

o2

(3.7) < Aa)

Based on Equation (3.1) for profile likelihood, the value for the threshold is given by:

1 _Aa

3.3. Outcomes of profile likelihood analysis. After computing the profile likelihood for all of

the four parameters of interest in the three regions, and calculating the threshold for the likelihood

in each plot, the results are given in Figure 6.

Overall, all three regions show similar identifiability properties for the four parameters. Notably, ¢
and D are identifiable, while 51 and 2 are non-identifiable. Moreover, we notice that s in Region
1 and (57 in Region 2 are practically non-identifiable. As for region 3, the plots for 51 and [ are

just flat lines, suggesting structural non-identifiability for both kinetic rates.

3.4. Two-dimensional profile likelihood. In systems biology, models are becoming increas-
ingly complex as the field strives to provide holistic descriptions of biological systems that capture
both their static properties and dynamic interactions. The two-dimensional profile likelihood ap-
proach has emerged as a powerful tool by offering enhanced insights into parameter uncertainty

and improving model identifiability [9].

To extend the previous one-dimensional profile likelihood to a two-dimensional case, we set ¢ and
D to be our two interest parameters. Then, given each possible pair of ¢ and D chosen from a grid
around their baseline values, we want to find the optimized values for 81 and (33 so that the profile

likelihood function is maximized.

~

3.9 PL , = max LL(y|0
(3.9) ¢,0 (D1, P2) Do S (y10)
We visualize the two-dimensional profile likelihood results for t he t hree r egions in our model and
data by drawing the corresponding 3D plots in Figure 7. For each point on the (¢, D)-plane, we

obtain one value for the least square error, which is computed by calculating the difference between
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Figure 6. Profile likelihood results for t he t hree regions given n oiseless F RAP d ata s ynthetically g enerated using
Equation (2.1) and the parameter sets in Table 2. Baseline values are indicated as red stars in each plot (top-left:

Region 1, top-right: Region 2, bottom: Region 3).

the synthetic data curve generated under optimized values of 51 and (2 and the baseline value
curve (red curves shown in Figure 4). The likelihood value is then derived by Equation (3.1). It
can be seen from Figure 7 that the profile likelihood value achieves its p eak around t he baseline
values for ¢ and D as shown in Table 2. A transparent plane is added in each plot, which represents
the threshold calculated using Equation (3.8).

Overall, we find t hat both ¢ and D are identifiable, which is consistent with th e one-dimensional
profile likelihood r esults. T he estimated t ransport velocity ¢ and diffusion coefficient D are in line
with biologically plausible values reported in FRAP studies of RNA in Xenopus laevis oocytes
[2], supporting the biological relevance of our parameter estimates and indicating that our model
captures key features of intracellular RNA transport dynamics. Two-dimensional profile likelihood
thus offers a valuable t ool for analyzing experimental data by providing b oth t he range of plausi-
ble measurement outcomes for a given experiment and their impact on the parameter likelihood
profile [9, 7 |. However, a limitation of t his approach is t hat it is computationally m ore intensive
compared to one-dimensional analyses, especially when applied to models with many parameters.

Nevertheless, our results demonstrate that for the FRAP data and cellular regions considered here,
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the transport speed ¢ and diffusion coefficient D can be assumed to be identifiable.
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values in each region, confirming the identifiability of tr ansport ve locity an d di ffusion coe fficient. The z-azi s shows
the corresponding profile likelihood v alues c alculated u sing E quation ( 3.1), t ogether with a t hreshold p lane b ased on
Equation (3.8) (top-left: Region 1, top-right: Region 2, bottom: Region 3).

4. Investigating parameter relationships in transport models of FRAP experiments. Here,
we explore compensatory relationships between non-identifiable p arameters using s ubset profiles,
contour plots, and slope vector field v isualization. M oreover, w e i ntroduce a reparametrization
approach to derive identifiable p arameter c ombinationsin r egions w here b inding a nd unbinding

rates are correlated.

4.1. Subset profiles a nd 3 D c ontour p lots. A ccording t o t he r esults d erived f rom t he one-
dimensional profile 1 ikelihood, we find th at ¢ and D ar e id entifiable, while 5; and (s are non-
identifiable. T hen, we expand t he methodology in [ 1] in order t o investigate p otential parameter

relationships between 81 and B2 that may be identifiable.

We first begin by drawing the subset profiles based on the data from profile likelihood for the three
regions. Following the approach in previous studies [1], we treat 1 as the interest parameter in each

subset profile, where fixing a single parameter while re-optimizing the remaining parameters allows
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for a clear visualization of compensatory relationships and aids in assessing parameter identifiability.
For each fixed value of 31, we record the corresponding optimal value of B85 that maximize the
likelihood value. This allows us to visualize the compensatory relationship between these two
kinetic parameters [1]. As shown in Figure 8, the x-axis refers to the values for interest parameter

81, and the y-axis denotes the corresponding optimal values for (s.
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Figure 8. Subset profiles f or i nterest p arameter 8 1 0 nt he x -axis a nd t he ¢ orresponding o ptimized 3 2 0 n the
y-axis for each region given noiseless FRAP data synthetically generated using Equation (2.1) and the parameter set
in Table 2. Baseline values are indicated as red stars in each plot (top-left: Region 1, top-right: Region 2, bottom:
Region 3).

Figure 8 shows that there could be some linear relationships between 1 and £ in some regions of
parameter space. The slopes of these lines, which quantify the compensatory relationship between

the two parameters, will be further utilized in Figure 10.

To better interpret the relationships between (; and s, our goal is to explore the likelihood
landscape by varying (81 and 2 in a grid around their baseline values in each region under fixed
values for ¢ and D (set to their baseline values in Table 2). We then carry out the forward PDE
computation by plugging the four chosen parameter values into PDE model (Equation (2.1)) to
obtain another synthetic data curve. For each point in the 81-82 plane, there is one corresponding

least square error by calculating the difference between the synthetic data curve and the baseline
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curve (red curves shown in Figure 4). Figure 9 shows the contour plot of this error as a function
of (B1, P2) for the three regions. We notice that the least square error is minimized along a line
(highlighted in red). Therefore, we cannot distinguish parameters (51, 2) on this red line, as they

all give the minimized error function [1].
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Figure 9. Contour plots of the least square error between synthetic FRAP data generated using baseline values
of c and D in Table 2, as well as 1 and B2 values from a grid around their baseline values for each region (top-left:
Region 1, top-right: Region 2, bottom: Region 3). The least square error is minimized along a line (highlighted in

red), on which we cannot distinguish parameters (B1,2), as they all give the minimized error function.

4.2. Slope vector field g eneration. In order t o find the corresponding re lationships between
p1 and [z in Region 1, Region 2 and Region 3, we generate a slope vector field asin [ 1]. In the
slope vector field, e ach vector represents t he slope in t he subset profiles sh owing th e relationship
between 1 and (2 (Figure 8). The goal is to draw a contour curve in the vector field for each

region, representing the combination of 51 and B that yields the maximum profile likelihood value.

Since the diffusion c oefficient D and transport spe ed c are ide ntifiable, we s et them to b e their

baseline values in Table 2. Then, we select a grid in (log1051, log1052)-plane. For each point in the
plane, we generate a synthetic FRAP data set based on Equation (2.1) and the chosen parameter
values. For each synthetic data set, we compute the profile likelihood for 8 1and B9, then set the

tangent vector at each point to be the slope of the subset profile shown in Figure 8. The pattern
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of the slope vector field for each region is shown in Figure 10.

We then choose a curve 7 going transversely across the slope vector field, meaning that for each
point on this curve, its tangent vector is not aligned with the direction of the vector field. We can
either choose the curve 7 in explicit analytical form or else using linear interpolation and a forward
Euler scheme applied to gradients of the vector to compute such a curve numerically ([1]). Here,

we use an explicit analytical parametrization similar to the one in [1]:

logipf1=s+VvVs?+1—6

10g1052:_8+ \/ 52+ _6

(4.1)

This reparametrization yields the yellow curve for each region shown in Figure 10. Moreover, in

each plot, the point P corresponds to the baseline values of 81 and s in each region.
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Figure 10. Slope vector field g eneration: the slope of each arrow corresponds to the slope in the subset p rofile for
each profile l ikelihood. A yellow curve T crosses transversely the slope vector field, with point P = (87, Bs ) indicating
the baseline values for f1 and B2 (top-left: Region 1, top-right: Region 2, bottom: Region 3).

Then, we apply the profile likelihood analysis for the three parameters (¢, D, s ). We especially want

to see whether the new parameter s is identifiable or not. First, both ¢ and D are identifiable,
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which is consistent with the results shown in Figure 6. As expected, in Figure 11 and Figure 12,
the clear peaks of the s-profile likelihood for Region 1 and Region 2 demonstrate that the re-
parametrized parameter s is indeed identifiable. Next, we plug the optimized s value at the peak
into Equation (4.1) to get the values for 51 and [, and that will correspond to a point ¢ on
the curve 7. By the method of linear interpolation, we then generate a green contour curve which
begins from (). For each point on this curve, the profile likelihood function is maximized. Therefore,
this green contour curve represents the relationship between 81 and ps that is identifiable in both

regions. Notably, the ground-truth point p is very close to this contour curve.

For Region 3, the likelihood value is maximized along a line instead of one peak as shown in
Figure 13. Therefore, we plug in some s values on that line into the reparametrization formula,
and that corresponds to points (Q1, @2, @3 on the curve 7. Based on each (), we then generate the
corresponding contour curves. Since we know that the ground-truth point P must be very close to
the contour curve, the green and the purple curve beginning from (1 and Q2 are more likely to
bound the relationship between 57 and 3. However, we cannot determine a contour curve that can
best represent the relationship between §; and (5o in this case, since there is not a single peak as
depicted in the s-profile likelihood plot. This means that, for region 3, we are not able to determine

an identifiable correlation for 5; and By without additional information.

4.3. Pipeline for identifiability analysis and parameter relationship investigation. Here, we
outline the systematic workflow employed to analyze parameter identifiability and explore relation-
ships among non-identifiable parameters. The pipeline consists of four key steps that progressively
refine our understanding of the model parameters. We will apply this pipeline to real experimental

data in Section 5.

1. Profile likelihood computation
The first step assesses identifiability of individual parameters using synthetic FRAP data.
For each parameter of interest (e.g., ¢, D, f1, 2), we fix its value across a grid around the
baseline values (Table 2) while optimizing the remaining nuisance parameters to maximize
the profile likelihood (Equation (3.1)). We establish the 95% confidence threshold (Equa-
tion (3.8)) to judge identifiability. This reveals that identifiable parameters like ¢ and D
exhibit sharp peaks in their likelihood profiles, while non-identifiable parameters (e.g., 51,
B2) show flat or plateaued profiles (Figure 6).

2. Two-dimensional profile likelihood exploration
The second step validates pairwise identifiability of parameters ¢ and D. We define a grid
of (¢, D) values around baseline estimates (Table 2) and for each pair, optimize 5 and [,
to maximize likelihood (Equation (3.9)). The resulting likelihood landscape visualized as a
3D surface (Figure 7) shows a clear peak near baseline values, confirming that ¢ and D are
jointly identifiable.

3. Contour interpretation for non-identifiable parameters
The third step investigates relationships between (7 and o when ¢ and D are fixed at
baseline values. We compute the least square error (LSE) for a (51, 52) grid and identify

the contour line where the LSE is minimized (Figure 9). This reveals a correlation between
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Figure 11. Profile likelihoods for each interest parameter ¢, D, and s in Region 1 given noiseless FRAP data
generated using the parameters in Table 2 (top-left and top-right). s achieves the mazimum at s* = —1.86735,

ek ok

corresponding to the point Q = (81, 85") on the yellow curve T, as well as the trace of the error-minimizing green
contour curve (bottom).

f£1 and 2 along the minimized LSE line, indicating structural non-identifiability due to
compensatory effects between these parameters.
4. Slope vector field and reparametrization
The final step derives identifiable combinations of 51 and fBs:
e For subset profile construction, for each §; value on a logarithmic grid, we compute
the optimal By that maximizes the profile likelihood while fixing ¢ and D at baseline
values, generating subset profiles (Figure 8).
e We construct a slope vector field (Figure 10) where arrows indicate the direction of
local 31-f39 correlations.

e For transverse curve parametrization, we introduce a new parameter s and define
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Figure 12. Profile likelihoods for each interest parameter ¢, D and s in Region 2 given noiseless FRAP data
generated using the parameters in Table 2 (top-left and top-right). s achieves the maximum at s* = 1.34694, corre-

sponding to the point Q = (81", 35") on the yellow curve T, as well as the trace of error-minimizing green contour
curve (bottom,).

an analytic curve 7 transverse to the vector field (Equation (4.1)), marking baseline
points P = (57, 4;5) from Table 2.

e We compute the profile likelihood for ¢, D, s, identify the peak s* yielding maxi-
mum likelihood, and obtain the corresponding point @ = (87*, 85*) through Equa-
tion (4.1). Linear interpolation is then used to draw the curves beginning from @,
which illustrate the relationship between 81 and o (Figure 11, Figure 12, Figure 13).

The key insights for our data are that for Regions 1 and 2, the unique peak at s* generates
a contour curve through @ representing all optimal (fi, f2) pairs. In Region 3, the flat
likelihood profile for s indicates no unique optimum.
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Figure 13. Profile | ikelihoods f or e ach i nterest p arameterc , D ,ands in R egion 8 g ivenn oiseless FRAP

*

data generated using the parameters in Table 2 (top-left and top-right). Choosing three values for s: s* =
0.438776, 0.346939, —0.0204082 corresponds to points Q1 = (8771,051), Q2 = (B12,052), Qs = (B13,5853) on the

yellow curve 7, as well as the traces of error-minimizing contour curves (bottom,).

5. Application to experimental FRAP datasets. After validating this approach for synthetic
FRAP datasets, we apply the outlined pipeline to the real average experimental FRAP data for
each region. In particular, we generate the vector field and the corresponding contour curves using
linear interpolation, but this time we use the real experimental FRAP data (blue points as shown
in Figure 4), and we set our baseline values as shown in Table 1. The pattern of the slope vector
field and t he contour curvesin t his case are givenin Figure 14, Figure 15 and F igure 1 6, which
look very similar to those under our chosen baseline values, since the parameter values in Table 1
are very similar to those in Table 2.
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Figure 14. Profile likelihoods for each interest parameterc, D ands in Region 1 given real e xperimental FRAP
data in Figure 4 (top-left and top-right). s achieves the mazimum at s* = —1.7551, corresponding to the point

Q = (B1", B5") on the yellow curve T, as well as the trace of error-minimizing green contour curve (bottom).

6. Discussion. Comparing the identifiability results t hat we h ave o btained from profile likeli-
hood (Figure 6) for 51 and B2 and the contour curves representing the relationship between 5, and
B2 in slope vector fields (Figure 11, Figure 12 and Figure 13), we o bserve t he d ifference between
practical non-identifiability a nd s tructural n on-identifiability. For Re gion 1, it can be se en from
the flat c ontour c urve t hat although t he value o f 3 1is not unique, 3 2is fixed at 10 ~2. Thisis
consistent with the likelihood profile graphs for 8 1and 52, where § 2is almost i dentifiable except
that the right end of the curve does not go below the threshold. Similar conclusions also hold for
Region 2, where 3 is fixed at 1073 for the main part of the green contour curve, coinciding with £,
being more identifiable than 8 9as shown in t he profile li kelihood. On the ot her hand, for Region

3, we see from the profile likelihood curve that both 51 and s are structurally non-identifiable.
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Figure 15. Profile likelihoods for each interest parameterc, D ands in Region 2 given real e xperimental FRAP
data in Figure 4 (top-left and top-right). s achieves the mazimum at s* = 1.59184, corresponding to the point

Q = (B1", B>") on the yellow curve T, as well as the trace of error-minimizing green contour curve (bottom).

Similarly, we find that t he re-parameterized s parameter is not identifiable in Region 3, making it

difficult to determine a best contour curve representing the relationship between 51 and Ss.

Our findings build upon and extend t he i dentifiability an alysis conducted in prior work on a sim-
pler reaction-diffusion model for RNA-binding protein dynamics [ 1]. A core similarity between the
studies is the non-identifiability o f individual binding and unbinding r ates ( 81, 52) w hen inferred
from experimental FRAP data, highlighting a fundamental limitation of FRAP for disentangling
specific on and off rates within complex transport sy stems. The primary ad vancement of this work
lies in the explicit integration of active transport (advection) into the PDE framework, creating a
more comprehensive reaction-diffusion-advection m odel. T his expansion yields a significant differ-

ence: the transport velocity ¢ emerges as a clearly identifiable parameter alongside the diffusion
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Figure 16. Profile likelihoods for each interest parameterc, D ands in Region 8 given real e xperimental FRAP
data in Figure 4 (top-left and top-right). Choosing three values for s: s* = 0.44898,0.693878,0.612245 corresponds
to points Q1 = (B11,6851), Q2 = (B2, 053%), Qs = (815, 853) on the yellow curve T, as well as the traces of error-
minimizing contour curves (bottom,).

coefficient D, in contrast to the purely diffusive mod el where transport mechanisms wer e not rep-
resented. Furthermore, while both studies reveal compensatory relationships between 8 and [,
the spatial analysis across oocyte regions in this work shows that identifiable combinations of these

rates are context-dependent, being resolvable near the nucleus but not near the vegetal cortex.

This spatial heterogeneity in identifiability carries direct implications for t he biological interpreta-
tion of RNA dynamics within the Xenopus laevis oocyte. Near the nucleus, where RNA trafficking
activity is more pronounced, combinations of binding and unbinding rates become identifiable, sug-
gesting stronger coupling between RNAs and the transport machinery. In contrast, farther from

the nucleus and near the vegetal cortex, RNA dynamics are dominated by transport and diffusion,
94



Q. XU

making binding-related parameters more difficult to resolve from FRAP data alone.

In the context of FRAP experiments and PDE-based transport models, identifying which param-
eters can be uniquely estimated is crucial for linking quantitative model outputs to molecular
mechanisms such as diffusion, active transport, and binding interactions. Being able to uniquely
estimate parameters such as diffusion coefficient D and transport velocity ¢ means that these values
can be reliably connected to underlying RNA mobility and localization mechanisms. In contrast,
the non-identifiability of binding and unbinding rates (31, f2) indicates limitations of FRAP-based
inference in estimating these parameters and suggests that additional experimental strategies may
be needed. While our three-region framework offers an initial spatial mapping of identifiability,
future work could adopt a finer discretization with more regions to further clarify whether observed
identifiability transitions reflect biological variation. Overall, our analysis provides a rigorous foun-
dation for using PDE models not only to fit experimental data but also to generate mechanistic

insight into how RNAs are localized and regulated within cells.
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