SUPPLEMENTARY MATERIALS: Supplementary Materials: A Comparative Study
of Penalized Regression and Machine Learning Algorithms in High Dimensional
Scenarios

Gabriel Ackall* and Connor Shraderf

Project advisor: Seongtae Kimt

SM1. Introduction. This document contains all of the figures and tables of the results from
our simulation study. Our simulation study used a factorial using the following features as factors:

The choice of response function (linear or non-linear)

n, the number of observations (50, 200, and 1000),

p, the number of predictors (10, 100, and 2000),

o, the standard deviation of the random error (1, 3, and 6),

The correlation matrix structure (independent, symmetric compound, autoregressive, and
blockwise), and

e p, the correlation between predictors (0.2, 0.5, and 0.9).

The differences among the last three factors can be displayed in a single figure or table. However,
each figure only uses a particular value for n and p; furthermore, each figure only shows the results
for one metric for either the linear or non-linear response function.

The four metrics we computed were the training mean squared error, test mean squared
error, $-sensitivity and g-specificity. The training mean squared error measures how well each
model can make predictions using data that was used to train the model. The test mean squared
error assesses how well each model makes predictions on data that was not used to train the
model. [B-sensitivity measures the ability for a model that performs variable selection to recognize
predictors that are actually related to the response, while S-specificity measures how well models
can recognize predictors that are not related to the response.

We used two different response functions for our simulations. Model 1 used a linear response,
(SM1.1) y=1+2X; —-2X5+0.5X5+3X5 + e
where e is a random error with mean 0 and standard deviation o (recall that o is one of our factors).
Our non-linear response function (Model 2) used
(SM1.2) y =6 x 1x,50 + X3 + 0.5Xg + 3X7 +2 X Ix,50 X Ix,50 + €
where 1x,0 is the index function defined by

0, X;<0

(SM1.3) 1x,50 = { L X, >0

All of the figures appear in this document before any tables. Each section contains the figures or
tables for one type of response function, while each subsection contains the figures or tables from
one of the metrics we considered. The caption for each figure has a hyperlink to the corresponding
table, while each table has a link back to the figure it refers to.
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We note that some results shown in this document use subset selection models, which are
wrapper methods that iteratively perform ordinary least squares regression with different subsets
of the available predictors. These results are not shown or discussed in the main document due to
their inability to be used in high-dimensional settings.

Forward stepwise selection (F) starts by fitting a model with none of the predictors (by simply
estimating each observation to be the mean of the response). The algorithm then iteratively chooses
the predictor that best increases the model fit until a stopping condition is met. Backward stepwise
selection (B), on the other hand, starts with a model that uses all available predictors and iteratively
removes predictors. In addition, forward stepwise selection (SF) and backward stepwise selection
(SB) are hybrid techniques that can either add or remove predictors in each iteration. Forward
stepwise selection starts with a model that uses no predictors, while backward stepwise selection
starts by considering all available predictors. Note that backward selection and backward stepwise
selection can only be used when p < n, since they must start with a full OLS model.

Subset selection models using forward, backward, stepwise forward, and stepwise backward
selections were fitted using the MASS library. For each of these four algorithms, we fit models
using two criteria that determine when to stop adding and removing predictors: Akaike Information
Criterion (AIC) and Bayesian Information Criterion (BIC). In general, the AIC will lead to more
predictors getting non-zero coefficient estimates.

Backward subset selection algorithms were used only when p < n. The forward subset selection
algorithms were only used when p < n and p < 40. When p > 40, the runtimes for forward selection
and forward stepwise selection become infeasibly long due to the exponentially increasing number
of possible predictor combinations.
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SM2. Figures for the simulations Using Model 1.

SM2.1. Figures for the average training MSE for Model 1.
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Figure SM1: Average training MSE for Model 1 when n = 50 and p = 10. See
Table SM1 for the corresponding data.
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Figure SM2: Average training MSE for Model 1 when n = 50 and p = 100. See
Table SM2 for the corresponding data.
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Figure SM3: Average training MSE for Model 1 when n = 50 and p = 2000.
See Table SM3 for the corresponding data.
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Figure SM4: Average training MSE for Model 1 when n = 200 and p = 10. See
Table SM4 for the corresponding data.
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Figure SM5: Average training MSE for Model 1 when n = 200 and p = 100.

See Table SM5 for the corresponding data.
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Figure SM6: Average training MSE for Model 1 when n = 200 and p = 2000.

See Table SM6 for the corresponding data.



G. Ackall and C. Shrader

See Table SM7 for the corresponding data.
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Figure SM7: Average training MSE for Model 1 when n = 1000 and p = 10.
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Figure SM8&: Average training MSE for Model 1 when n = 1000 and p = 100.
See Table SM8 for the corresponding data.
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Figure SM9: Average training MSE for Model 1 when n = 1000 and p = 2000.
See Table SM9 for the corresponding data.
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SM2.2. Figures for the average testing MSE for Model 1.
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Figure SM10: Average testing MSE for Model 1 when n = 50 and p = 10. See
Table SM10 for the corresponding data.
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Figure SM11: Average testing MSE for Model 1 when n

Table SM11 for the corresponding data.
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Figure SM12: Average testing MSE for Model 1 when n = 50 and p = 2000.
See Table SM12 for the corresponding data.
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Figure SM13: Average testing MSE for Model 1 when n = 200 and p = 10. See
Table SM13 for the corresponding data.
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Figure SM14: Average testing MSE for Model 1 when n = 200 and p = 100.
See Table SM14 for the corresponding data.
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Figure SM15: Average testing MSE for Model 1 when n = 200 and p = 2000.
See Table SM15 for the corresponding data.
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Figure SM16: Average testing MSE for Model 1 when n = 1000 and p = 10.
See Table SM16 for the corresponding data.
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Figure SM17: Average testing MSE for Model 1 when n = 1000 and p = 100.
See Table SM17 for the corresponding data.
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Figure SM18: Average testing MSE for Model 1 when n = 1000 and p = 2000.
See Table SM18 for the corresponding data.
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SM2.3. Figures for the average (-sensitivity for Model 1.
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Figure SM19: Average B-sensitivity for Model 1 when n = 50 and p = 10. See
Table SM19 for the corresponding data.
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Figure SM20: Average [-sensitivity for Model 1 when n = 50 and p = 100. See
Table SM20 for the corresponding data.
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Figure SM21: Average f[-sensitivity for Model 1 when n = 50 and p = 2000.

See Table SM21 for the corresponding data.
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Figure SM22: Average [-sensitivity for Model 1 when n = 200 and p = 10. See

Table SM22 for the corresponding data.
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Figure SM23: Average (-sensitivity for Model 1 when n = 200 and p = 100.
See Table SM23 for the corresponding data.
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Figure SM24: Average B-sensitivity for Model 1 when n = 200 and p = 2000.
See Table SM24 for the corresponding data.
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Figure SM25: Average f(-sensitivity for Model 1 when n = 1000 and p = 10.
See Table SM25 for the corresponding data.
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Figure SM26: Average (-sensitivity for Model 1 when n = 1000 and p = 100.
See Table SM26 for the corresponding data.
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Figure SM27: Average (-sensitivity for Model 1 when n = 1000 and p = 2000.
See Table SM27 for the corresponding data.
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SM2.4. Figures for the average (-specificity for Model 1.
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Figure SM28: Average (-specificity for Model 1 when n = 50 and p = 10. See
Table SM28 for the corresponding data.
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Figure SM29: Average S-specificity for Model 1 when n = 50 and p = 100. See
Table SM29 for the corresponding data.
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Figure SM30: Average (-specificity for Model 1 when n = 50 and p = 2000.
See Table SM30 for the corresponding data.
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Figure SM31: Average S-specificity for Model 1 when n = 200 and p = 10. See
Table SM31 for the corresponding data.
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Figure SM32: Average (-specificity for Model 1 when n = 200 and p = 100.
See Table SM32 for the corresponding data.
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Figure SM33: Average (-specificity for Model 1 when n = 200 and p = 2000.
See Table SM33 for the corresponding data.
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Figure SM34: Average (-specificity for Model 1 when n = 1000 and p = 10.
See Table SM34 for the corresponding data.
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Figure SM35: Average (-specificity for Model 1 when n = 1000 and p = 100.
See Table SM35 for the corresponding data.
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Figure SM36: Average B-specificity for Model 1 when n = 1000 and p = 2000.
See Table SM36 for the corresponding data.
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SM3. Figures for the simulations Using Model 2.

SM3.1. Figures for the average training MSE for Model 2.
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Figure SM37: Average training MSE for Model 2 when n = 50 and p = 10. See
Table SM37 for the corresponding data.
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Figure SM38: Average training MSE for Model 2 when n = 50 and p = 100.
See Table SM38 for the corresponding data.
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See Table SM39 for the corresponding data.
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Figure SM40: Average training MSE for Model 2 when n = 200 and p = 10.
See Table SM40 for the corresponding data.
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Figure SM41: Average training MSE for Model 2 when n = 200 and p = 100.
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See Table SM41 for the corresponding data.
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Figure SM42: Average training MSE for Model 2 when
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See Table SM42 for the corresponding data.
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Figure SM43: Average training MSE for Model 2 when n = 1000 and p = 10.
See Table SM43 for the corresponding data.
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Figure SM44: Average training MSE for Model 2 when n = 1000 and p = 100.
See Table SM44 for the corresponding data.
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Figure SM45: Average training MSE for Model 2 when n = 1000 and p = 2000.
See Table SM45 for the corresponding data.
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SM3.2. Figures for the average testing MSE for Model 2.

Independent Symmetric Autoregressive Blockwise
. A :“ = * .
104 3 LRV YVIVIN aahs o 2“ i“ *
o *
8-......... ., tatgageg s | ‘G.‘.““ o o ‘!’!*}2}& t: ., c|?
A -
61 ¢ 7y .‘
44 ! !A 2 A
i 4 L]
0 250 . fffff‘ N T JURRRN 1 IO 40 Correlation
(1) F L IEY 7Y 2
é - -o 0,%,9,%, id ‘ “f‘f 111 ReRosese FYY . 0
(] " Il = 0.2
= 150 ° . "
< . ”» ** se . 05
1004 As A N
2 { gt s . 09
40001 'y
E TS 7YY TIYN
{3t gt AA
2000] *9%0%e%00cnse 7Y sttt b i 1120 JUOPNN
e}
* Il
2000 ° b + 30
[ ] 9 L d x
i A A4 A
1000 o .‘ 4 [
CI0=m0z SlE3E © “wmowmorUiFRE ¢ <moowmOordia®s @ CmoowmorliEsg @
x x x x

Figure SM46: Average testing MSE for Model 2 when n = 50 and p = 10. See
Table SM46 for the corresponding data.
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Figure SM47: Average testing MSE for Model 2 when n = 50 and p = 100. See
Table SM47 for the corresponding data.

SM28



Supplementary Materials: A Comparative Study of Penalized Regression

Algorithms in High Dimensional Scenarios

and Machine Learning

Independent Symmetric Autoregressive Blockwise
40 4 A
30
3 3 ! i
] ° -
204 [ ] X
P ) L] * R 2 P 3 :
10 oo ® IR S FX ¥R Adgayg? L e
At A A
L A A
2 $
4 A
-— %00 ® o0 ® o * L4 | & [ ] T ‘ b $ L4 i i 2 S ‘ f
8 ® o i P ‘ " (2R 4 *
= 2004 L 4 A A
3
o) ] A
2 o A A A 4
4441212 £ ¢ s F3
o §4833 § i1
30007 * ¢ ¢ Lot ettt + ' s %A
[ ] A
L I 3 * A
20001 .
AA
1000 AA‘
$282b8%cs 538288k 53828362 5382882
zSLB=2a 2?2 2S8SdB=2a ? zSLB2a L2 zSLB=a @
(O] O] (O] O]
x x x x
Model

Figure SM48: Average testing MSE for Model 2 when

See Table SM48 for the corresponding data.
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Figure SM49: Average testing MSE for Model 2 when n = 200 and p = 10.

Table SM49 for the corresponding data.
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Figure SM50: Average testing MSE for Model 2 when n = 200 and p = 100.

See Table SM50 for the corresponding data.
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Figure SM51: Average testing MSE for Model 2 when n = 200 and p = 2000.

See Table SM51 for the corresponding data.
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Figure SM52: Average testing MSE for Model 2 when n = 1000 and p = 10.
See Table SM52 for the corresponding data.
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Figure SM53: Average testing MSE for Model 2 when n = 1000 and p = 100.
See Table SM53 for the corresponding data.
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Figure SMb4: Average testing MSE for Model 2 when n = 1000 and p = 2000.
See Table SM54 for the corresponding data.
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SM3.3. Figures for the average (-sensitivity for Model 2.

Independent Symmetric Autoregressive Blockwise
0.5 A a 1
e o o o -
0.41 o (3.3 45 5 278 B R 4 5 AL ;&8 SN BN 2
® 4 A = ¢ *_® A A Suenm
[] A [ ]
03/ ® ® o eqe s Bagaq les iA‘. A2 | o o L ‘ﬁ
A A A
021 AL4lsa L Al -
0.1
2 00
> 051 .
B oale o Lt Correlation
0.44 L L] L ]
2 o |4 e vttt .., 1 tt.. Wt o o0
i A A
o R B W] AR A S PSR SE TV EREDY HIB 85 S T BPES W = 02
| A A P2 A A A @ i
o 0.24 A A A s 05
»-o [ ] " i
< 514 L t e
g . A 09
S oo-
0.5
0440 o
Tt 11 L 3 | t s, [ 3 1 2, a
%1 * o ol & a4 4 ': t A_A e
A
021 o o L T e Aa $ TA04e A! | I : : .
A A, A A (]
0.1 :. AA
0.04 e =m ss (3]
[T TEy T ol W D [T Ty T D [TE Ty T 5
hegBshh sl SiaRiithancd Soanilihased Soaaliihises
IDPOZmQO IDPOZmQO IDPOZmQO TDPOTmQO
(m::a(m:(EJLLIm <m<T:E<m<_(EJLum <cn<_(5<(m<_(54u.lm <m25<m254m(j’

Figure SM55: Average B-sensitivity for Model 2 when n = 50 and p = 10. See
Table SM55 for the corresponding data.
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Figure SM56: Average [-sensitivity for Model 2 when n = 50 and p = 100. See
Table SM56 for the corresponding data.
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Figure SM57: Average f(-sensitivity for Model 2 when n = 50 and p = 2000.
See Table SM57 for the corresponding data.

Independent Symmetric Autoregressive Blockwise
A [ A
&&o e o o e . Aom :
[ [ [ ] [ ] 8" n L] [ ] [ ]
R AR AR F AR SRS AP AP UNR 3 SR K IR SR
0.4 A A » a
e o o oo0° A‘A‘A‘A‘ J = zAzAz:IAA A‘A.A‘A.l O
0.24 A A A 4 Al21414 A A A 4 -
._E;-0.0-
> B .
= 0 Correlation
7
% 0476 o o o Y (2 I B | A:. t % =8 3 = a3 a 0
al’ IS S S A: ¥ AA:X il A t = 02
Q. g, o e e L ! 22 % 322 £ & a ... $ 8 ‘.: ¢ 05
c
© A 09
g 0.0
0.6
0.44 R § s & [ ] a
o e o o ° 3 L 3 9 + 2 2 3 i 2=
o A A A A A A A Af & o
o2 © © e e LER L St S 2 2 23 3 3 8 B
A A A AAA i
0.04 e hhd i '} ]
<@22<m2BIun <@22<m2BIun <@22<m23Iun <@22<m2RIun
Model

Figure SM58: Average (-sensitivity for Model 2 when n = 200 and p = 10. See
Table SM58 for the corresponding data.
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Figure SM59: Average f[-sensitivity for Model 2 when n = 200 and p = 100.
See Table SM59 for the corresponding data.
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Figure SM60: Average (-sensitivity for Model 2 when n = 200 and p = 2000.
See Table SM60 for the corresponding data.
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Figure SM61: Average f(-sensitivity for Model 2 when n = 1000 and p = 10.
See Table SM61 for the corresponding data.
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Figure SM62: Average B-sensitivity for Model 2 when n = 1000 and p = 100.
See Table SM62 for the corresponding data.
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Figure SM63: Average S-sensitivity for Model 2 when n = 1000 and p = 2000.
See Table SM63 for the corresponding data.
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SM3.4. Figures for the average [-specificity for Model 2.
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Figure SM64: Average (-specificity for Model 2 when n = 50 and p = 10. See
Table SM64 for the corresponding data.
Independent Symmetric Autoregressive Blockwise
0.994
s )
0961 o o . 1 ¢ & -, A 3
[ * 4 4 PS a
0.931 4 1 _ * . n
0.904
b 0.99
o U] e [) .
= S S S B S I S G Correlation
O .96 DE 4 . A A
0] * °
o 7 — . a 0
9 0.934 L . 1w 02
@ + 05
% 0.904 A 09
2
0.994 2
T b ° 2 : A % X X % 4 t " L )
0.96 L t s 4
I
0.934 [
0.904
2 T 2 8 3 2 2 & 32 2 2 8 2 2 2 &
£ 1 g= 8§71 ¢g¢2 £1g8g¢%= §1¢g:
Model
Figure SM65: Average (-specificity for Model 2 when n = 50 and p = 100. See

Table SM65 for the corresponding data.
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Figure SM66: Average (-specificity for Model 2 when n = 50 and p = 2000.
See Table SM66 for the corresponding data.
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Figure SM67: Average S-specificity for Model 2 when n = 200 and p = 10. See
Table SM67 for the corresponding data.
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Figure SM68: Average (-specificity for Model 2 when n = 200 and p = 100.
See Table SM68 for the corresponding data.
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Figure SM69: Average (-specificity for Model 2 when n = 200 and p = 2000.
See Table SM69 for the corresponding data.
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Figure SM70: Average (-specificity for Model 2 when n = 1000 and p = 10.
See Table SM70 for the corresponding data.
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Figure SM71: Average (-specificity for Model 2 when n = 1000 and p = 100.
See Table SMT71 for the corresponding data.
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Figure SMT72: Average (-specificity for Model 2 when n = 1000 and p = 2000.
See Table SM72 for the corresponding data.
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Supplementary Materials: A Comparative Study of Penalized Regression and Machine Learning
Algorithms in High Dimensional Scenarios

f the B-sensitivity for Model 1 when n = 1000
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