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Abstract. This paper provides an algebraic, coordinate-free formula of caustic envelopes with multiple re-
flections under a two-dimensional convex curve. We define a closed-form envelope parameter A(6)
expressed in the support function invariants, h() and h"(0), derived by a Householder operator
and determinants. This simpler caustic calculation formula and algorithm is expected to accelerate
visual rendering time in visual design industry. Moreover, the optics industry may get advantage in
simulating light rays inside a convex curve optical cavity with any reflectivity.

1. Introduction. The envelope of the light rays creates a shape by becoming tangent to
a common curve after reflection from a curved interface, called the caustic. Understanding
caustic formed by nonuniform curves has been a task for visual designers who want to visualize
optical behavior meticulously. The study of caustics has also intrigued mathematicians and
physicists, who want to formulate its parametric equations to readily visualize behavior under
various geometric conditions [1, 2, 3, 4]. A conventional way to obtain a parametric equation
of the caustic is to solve a partial derivative %—g(:c,y, 0) with F(z,y,0) simultaneously, as
demonstrated in the Appendix A [5]. To advance from this general equation, significant
progress has been made in the building of a new caustic formula for general convex curves [6].
For instance, Oren and Nayar derive a generalized equation for convex curves in both 2D and
3D using the global integration method [7], and Pearson successfully algebraically derived a
general formula for caustic envelopes using a Householder operator defined in the Frenet frame
(7, T, N , k) [8]. However, the use of different frames or integrations as the previous researches
may require reparameterization, leading to a long calculation time to simply obtain the 2D
case. Therefore, an algebraic, coordinate-free calculation algorithm and formula for caustic
envelopes eliminate reparameterization and reduce the calculation time.

In this paper, we successfully derive a coordinate-free parametric caustic formula in a
linear algebraic formulation, minimizing the use of derivatives and reparametrization. The
paper eliminates X' (6) by taking a determinant of the stationarity equation with r(6) instead
of solving the two systems of equations, obtaining the newly defined closed-form envelope
parameter \(f) expressed in the invariants of the support function, h(6) and h”(6). This
research may give an advantage to the visual design industry by accelerating rendering time
compared to tracking all the light rays. Moreover, this research may give an advantage in
the optical physics industry, since the parametric equation enables visualizing and simulating
light rays inside an optical cavity in the shape of a convex curve with any reflectivity r by
generalizing in multi-bounce reflected rays.

We assume a C? strictly convex boundary so that each reflection point and normal are
well-defined and restrict the light source to locate the inside of the convex so that all rays will
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be reflected internally.

The paper is organized as follows. Our main one-bounce parametric equations are derived
in subsection 2.5, our multi-bounce equations are derived in subsection 3.2, two special case
examples are in section 4 and section 5, and the conclusions follow in section 6.

h(8)n(6)

e 1

support line

(a) (b)

Figure 1. (a) Full convex curve with its support function h(6) for an angle, 8, with O at the center. The
support line is tangent to the curve at x(0). n(0) and t(0) are normal and tangent unit vectors. (b) (n,t) awxis
are drawn with gray lines. d(0) is an incident vector d =x — S from S. dn,ds and Sn, St are the projection of
d and S onto (n,t) frame, respectively.

2. First Bound Algebraic Derivation of Parametric Equation for Caustic Envelopes.

2.1. Variable Definitions and Construction of a Reflected Ray. Let the mirror be a
smooth, strictly convex C? curve in the plane. The curve is parameterized by its normal angle
0. Define the outward unit normal and tangent vector.

(2.1) n(f) = (cosb,sinf), t(0) = (—sinb,cosh),

as shown in Fig. (1)(a), and the associated orthonormal frame matrix

(2.2) Q) = [n(6) | £(6) ] = (COS‘) _Sin9> .

sin 6 cos 6
Physically, it is the local coordinate frame attached to the mirror at the hit point. Multiplying
by Q(#) converts a vector written in (normal, tangent) coordinates to global (x, y) coordinates,
and multiplying by Q(6)" projects any world vector into its normal and tangential components
(dp, dy), as shown in Fig. (1)(b).
Let h(f) be the support function, the distance from the origin to the supporting line with
normal n(6). In the local (n,t)-coordinates, define

0= (1)
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Then the mirror point with the outward normal n(0) is
(2.4) x(0) = Q(0)~v(0) = (h(f)cosb — h'(6)sin6, h(6)sind + h'(6)cosb).

A fixed point source S € R? emits rays that strike the mirror at x(#). Define the incident
vector

(2.5) d(6) = x(0) — S.

Projecting to the local frame via the orthonormal Q(0) gives:

o o (5)- (7).

where s, () = n(0)-S and s,(6) = t(#)-S, which are projections of the fixed source point S onto
the normal and tangent at x(6). Specular reflection across the tangent line at x(6) flips the
normal component while leaving the tangent component unchanged. In global coordinates,
reflection is performed with the Householder operator.

(2.7) Ha(0) =1—2n(0)n0), r(6) = Ha(0)d(0).

The reflection of the incident vector d across the tangent line at the hit point can be written
as a Householder reflection in global coordinates, which is equivalent to a flip of the normal
component in the local (n,t) frame:

(2.8) r(6) = (1 2n(0)n(6)") d(6) = Q() (‘01 ﬁ’) QY d(o).

To see that the two operators in Eq. (2.8) are identical, expand the middle factor using
the definition Q:

(2.9) Q (01 (D Q" = [n(0) | t(0) ] <01 ?) [Itl;] = —nn’ +tt’.

Because {n,t} is an orthonormal basis of R?, the identity decomposes as
(2.10) I=nn’ +ttf — tt/! =1—nn’.
Substituting Eq. (2.10) into Eq. (2.9) yields

(2.11) —nn’ + ttf = —nn’ + (I- nnT) =1I—2nn’,

which establishes Eq. (2.8). Geometrically, Eq. (2.9) flips (dy, d;) to (—dp,d;). Thus,

n [’ n . n
b awran- [0 (X040 (40
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Multiplying by the flip matrix in the local (n,t) frame gives

ww () ewran- () (50) - ()
Substituting Eq. (2.13) into Eq. (2.8),

B —d,(0) R (6) Ry (0) = —(h(8) — s0(0)).
(2.14)  x(6) = Q) ( pts ) — Q) ( Rt(9)>, { R0 — 1(0) s 0).

2.2. Family of Reflected Rays. Thus, each reflected ray is parameterized in global coor-
dinates, 6, by

(2.15) lp(N) = x(0) +Ar(0), A>0.

where A measures the distance along the ray away from the mirror. We require A > 0 so that
the points lie in the forward direction of the ray. In local coordinates,

216) a0 = o) 0+ (F19).

2.3. Envelope Condition. The caustic envelope is the curve that is tangent to each re-
flected ray. If A = A\(#) is the envelope parameter along the ray £y, then the envelope point is

(2.17) E(0) = lg(A(0)) = x(0) + () r(6).

Geometrically, E(0) lies on the ray for each 6 and is chosen so that small variations in 6 do
not move E(0) to first order. Thus, the envelope, which is a tangency condition, is

(2.18) d% [x(6) + A(0)r(0)] = 0.

Applying the chain rule gives the following.
(2.19) x'(0) + XN(0)r(0) + \(0)r'(8) = 0.

This is a vector equation in R?; its two scalar components express the fact that the envelope
point E(#) does not move when 6 varies.

To compute x'(0), recall that x(0) = Q(6)y(0). Since Q() is the matrix [n(f) | t(¢)] and
Q'(6) = Q(A)A with

(2.20) A= ((1) _01> :
which rotate by a +90°, we can see
(2.21) x'(0) = Q'(0)v(0) + Q(0)Y'(0) = Q(O)(A¥(0) +~'(0))-
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Substituting

(2.22) 110+ 70 = () £ 10))

into Eq. (2.21)

(2.23) X(0) =0 (19, 1 ye))

In other words, in the local frame, the derivative of x(6) has only a tangential component of
magnitude h(0) + h”(0).
Write the ray in the moving frame as

(2.24) r(0) = QO u(f), u(f)= (i’;éji)

Differentiating Eq. (2.24) and using Q'(0) = Q(0) A gives
(2.25) r'(0) = Q) (A u(6) + u'(e)).

Multiplying Eq. (2.19) to the left by Q(6)", and using Q' Q = I, Eq. (2.23), Eq. (2.24), and
Eq. (2.25), we obtain:

(2.26) QX' (6) + N(O) Q) 'r(h) + A6O) Q' () = 0.

substiuing Q'x(0) = () e ) @0) = (). ana @trrio) = & () +
(5

(2.27) <h(9)+0h,,(9)> + N(0) (ZZ((gD + A(0) [A (fz?((gb + (Z%((g))ﬂ N <8>.

The term A(6) accounts for the fact that the basis itself rotates differentiating with respect
to 6. By interpreting R}, (), R;(0) as the covariant derivatives of the local components so that

the frame-rotation term A <];n((g)) ) is absorbed into the definition, Eq. (2.27) becomes the
t

local envelope equation.

0 (Ra() R, (0)\ _ (0
(2.28) (h(9)+h,,(0)> + N(0) <Rt(0)> + A(0) <R£(0)> N (0),

Eq. (2.28) is the envelope condition expressed in the moving normal-tangent frame, with the
tangential metric factor h(6) + h”(6) appearing explicitly on the left-hand side.
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2.4. Solving for \(0) via a 2D Determinant. To eliminate the unknown derivative \'(6),
we take the two-dimensional determinant of Eq. (2.19) with r(#). Since det(r,r) = 0, the
term that entails A'(#) disappear. Using bilinearity of the determinant, we obtain

(2.29) det(x(8), r(0)) + \(8) det(r'(8),r(0)) = 0.

Inserting x'(#) from Eq. (2.23) and r(6) = Q(0) (g"), we note that rotation by Q(6) does
t

not change determinants. Therefore, working in the local frame, we have

(2.30) det ((h(e) fh,,(0)> , (%t‘)) +A(0) det ((%) , @Z)) 0.

Since in local coordinates the basis vectors are (n,t) = ((1,0), (0,1)), the vector (0, h+ h") is
a multiple of the tangent direction. Thus,

(2.31) det ( (h(e) fh,,(9)> : (%)) = (h(0) + h"(0)) det (t, (%))

= —(h(0) + h"(0)) R,.
Substituting into Eq. (2.29), we find
(2.32) —(h(0) + h"(8)) R (0) + A(0) det(r'(0),r(0)) = 0.
Solving for A(#) gives the envelope parameter in closed form:

(h(6) + 1"(6) Ra(6)

(2.33) MO = =3t (),x(0))

Recalling R, (6) = s,(0) — h(0), one can also write

(h(6) + h"(6)) (h(8) — sn(0))

(2.34) MO) =~ det(r'(6), r(0))

This formula is equivalent to the usual envelope condition Eq. (2.29), but written in terms
of the support function and its derivatives. Notice that det(r’(6),r(f)) measures how the
direction of the rays rotates with . When this determinant vanishes, the rays do to turn, and
a cusp can form, in which such angles will be excluded.

2.5. Parametric Caustic F(f). Having found A(6), we substitute into Eq. (2.17) to write
the envelope (caustic) in parametric form. In local coordinates, Eq. (2.17) reads

(2.35) B(6) = Q) (+(0) +20) (5))).
Define the local coordinate vector

B Rn(0)\ _ (h(0) + A(0)Rn(0)
(2.36) C(0) =~(0) + A(0) (Rt(ﬁ)) = <h/(9) i A(H)Rt(9)> '
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Then in global coordinates

(2.37) E(0) = Q(0) ¢(0) = ¢.(0) n(0) + ¢:(0) £(0),
where
(2.38) Ga(8) = (1= A(0))(6) + A(0)sn(6),

Ce(0) = (1 + A(0))R'(0) — A(0)s5:(0).
Eq. (2.37) and Eq. (2.38) give the caustic curve parametrically in 6.
3. Extension to a Multi-Bounce Parametric Equation.

3.1. From One-Bounce to Multi-Bounce. To generalize to multiple bounces, we let the
ray reflect sequentially. Suppose a ray from the source first hits the mirror at x(6;) that
reflects in the direction ry, then hits again at x(f2) with direction ry, and so on up to the n-th
hit x(6,,) with outgoing direction r,. Each reflection is calculated according to the mirror
reflection law in which the incoming vector is flipped across the surface normal. Equivalently,
we can use the Householder reflection matrix, given in Eq. (2.7). In practice, this means that
each bounce point acts like a virtual source for the next segment. Thus, we build a sequence
{0k, X, 1} with

(31) eyl = Hn(9k+1) (Xk—i-l — Xk), Xk—i—l = Xk + tk rgk.
In this way, the multi-bounce path is determined step by step.

3.2. General n-Bounce Envelope Condition. After n reflections, the family of outgoing
rays can be written as
(3.2) (57 (N) = x(6,(61)) + At (61).

The envelope of this family is found by the usual envelope condition: we solve the ray
equation together with its derivative with respect to the ray parameter, #;, simultaneously.
In other words, we set

.
dby

and eliminate the derivative )\’ by taking a cross product with r,. This yields the following
general formula for the envelope distance:

(h(6n) + h"(6n)) Rn(61)
det(r! (01),r(01))
Since R, is the normal component of the reflected direction, the envelope point is
(3.5) E,(01) =x(0,) + A\ (61) vy (61).
In local coordinates, this gives
Cr(zn) = (1 = A)h(0n) + Ansn(On),
) = (14 X)W (00) = Ansi(60),

(3.3) (x(6,) +Ar,) =0

(3.4) An(01) =

(3.6)

so that
(3.7) E,(61) = ¢ n(8,) + ¢™ 6(6,).
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3.3. Reflectivity and Intensity Attenuation. A real cavity has the reflectivity r < 1,
and the n-bounce envelope is dimmer by a factor of " compared to the first bounce. The
geometry of the envelope curve E(6) is unchanged by reflectivity, but its brightness is scaled by
r™. Thus, the observed caustic is the superposition of all envelope curves { E,, }, each weighted
by intensity:

4. Special Case I: Circular Mirror. For a circular mirror of radius a, the support function
is constant:

(4.1) hO)=a, K(O)=0, h'(0)=0

so, h(0) + h"(0) = a. Any point on the mirror has coordinates x(f) = an(f) with n(f) =
(cos@,sinf) and tangent t(f) = (—sinf,cosf). Let the source be at S = (d,0) with d > 0.
Then the projection of S onto the normal and the tangent at angle 6 are

(4.2) sn(0) =n(f)-S =dcost, s.(0)=t(0)-S=—dsin6.
By reflection, the normal component of the outgoing ray is

(4.3) R, (0) = s,(0) — h =dcosf — a.

Plugging into the one-bounce formula A\; = aR,,/det(r},r1) gives

a(dcosf — a)
4.4 ()= ~——— 7
(44) 1(6) det(r},ry)
One can compute det(r},r1) = adcos § — d?, yielding the closed-form result

a(dcosf — a)

(4.5) M) = adcosf —d?

This describes the classic one-bounce caustic of a circular mirror, which produces a cardioid
if d = a, discussed in Appendix B.

For multiple bounces inside the circle, we follow the iterative procedure. From an initial
hit X; = an(fy), we find the next intersection by solving

(46) X2 - Xl + tl,next ry,
on the circle. Then reflect to get
(4.7) ro = Hyp,) (X2 — X1),

and continue up to k = n. Each ¢ ext is chosen as the positive root of the intersection of
ray—circle. After n bounces, we reach the final point x(6,,) with direction r,. At this last hit,
the reflection law still gives

(4.8) R,(0) =n(f)-S—a=dcosb — a.
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Since h = a, substituting into the general envelope formula yields

a(n(0,)-S —a)

(4.9) An(0h) = det(r),(01),1,(61))

En((gl) = X(en) + /\n(al) I‘n<91).

In other words,

a(dcos b, — a)
41 o
(4.10) A det(r],, ry)

To reflect real-life visuals, we must apply physical constraints. We require A > 0 so that
the envelope point lies along the ray in the forward direction. Any solution with A < 0 would
correspond to a backward intersection behind the mirror and is discarded. We also exclude
parameter angles where det(r],r,) = 0, since at those angles the reflected rays locally focus
to a cusp and there is no smooth envelope. Finally, we only keep envelope points that lie
inside the convex mirror. Mathematically, the envelope curve can extend outside the circle
if the rays are restricted to a finite reflection. However, physically only intersections on or
inside the mirror boundary are meaningful. Thus, these constraints ensure that it is the locus
of actual ray tangents within the convex mirror.

As predicted, these formulas produce the well-known catacaustics of the circle under spe-
cial source locations. For example, a cardioid arises when the source lies on the circumference,
as shown in Fig (4)(a). As shown in Fig. (2) and Fig. (3), notice that Fig (4) follows real-life
experiments and conventional caustic envelopes. Moreover, Eq. (B.11) agrees with the stan-
dard calculus-based derivation, Eq. (A.19), proven in Appendix B, which demonstrates the
validity of Eq. (4.9).

2

5. Special Case II: Elliptical Mirror. Let the mirror be the ellipse 75 + %—; = 1 with
a > b > 0. We parameterize by the normal angle € so that n(f) = (cos#,sinf) and t(f) =
(—sind,cos ). The support function and its first two derivatives with respect to 6 are:

ab
(5.1) h(o) = |
v a2sin? 0 + b2 cos? f
(5.2) B0 = — ab(a® —b?) cos(26) 3ab(a® —b?)? sin? 0 cos? 0
(a? sin® 0 + b2 cos? 9) 3/2 (a? sin? 6 + b2 cos? 0) 5/2

Let S € R? be the source. At the k-th hit with normal angle 6y, define the local projections
of the previous point Yj_1, where the source if k = 1, otherwise Y,_1 = X;_1 by

(5.3) $n(0) = n(0) Vi1, se(04) = t(0%) Yir_1.

The Householder reflection gives the normal component or the outgoing direction at the k-th
hit:
(5.4) R = s,(0) — h(6y).

In particular, at the final hit:

(5.5) Rn((gk) = Sn(ek) — h(&k) = n(&k) Yn—l — h(&k)
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Figure 2. Ezperimental demonstration with a cylindrical cup of radius R = 4cm. Panels (a)-(e) show the
caustic formed by a point source at S = (0,z) with z = 4.0, 3.2, 2.4, 1.6, and 0.8 cm, respectively; in (a) the
source lies on the rim.

For the n-bounce envelope, generate {Xj,r}}_; by the standard line-ellipse intersec-

tion by solving the quadratic for the positive root téf}(t and the Householder update ry11 =
Hy 0, +1)(Xk+1 — X}). Differentiate the resulting r,, with respect to the initial parameter, 61,
to obtain r},. Substituting Eq. (5.1), Eq. (5.2), and Eq. (5.5) into Eq. (3.4):

(R(67) + 1" (6)) (sn(0n) — h(6r))
det (rﬁl(ﬁl), rn(el)) ’

where X (6,,) is the boundary point at the final hit, obtained from the recursion.

As illustrated in Fig. 6, the caustic exhibits a cardioid-like behavior. The progression from
Fig. 6(a) to Fig. 6(b) closely mirrors the behavior observed in Figs. 4(a)-4(b). Moreover, the
parametric trajectories cluster near the second focus, ¢; = (—6,0), as highlighted in Fig. 6(c).
Note that a ribbon shape appears repeatedly at different scales when the light source is placed
at the focus, as shown in Fig. 10. The ribbon becomes smaller as the ratio of the major to
minor axis of the ellipse decreases.

(5.6) A (01) = En(01) = X(0n) + An(01) mn(61) ,

6. Conclusions. To conclude, this paper successfully derives coordinate-free, algebraic
multi-bounce parametric equations for caustic envelopes on planar convex curves, demonstrat-
ing a circle and an ellipse case. This equation does not require either reparameterization or
integration, constructing a new calculation algorithm with a newly introduced closed-form en-
velope parameter A(f) expressed in the support function invariants, h(#) and h”(#). Through
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Figure 3. Various envelope of a family of caustics with reflected rays as moving the light source toward
center, (a) S = (10,0), (b) S = (8,0), (¢) S = (6,0), (d) S = (4,0), (¢) S =(2,0), (f) S =(0,0) inside the
circle R = 10. The equation is derived in Appendiz A.

‘Overlay of 1-Bounce Caustics with Weighted Reflctivity ‘Overlay of 1-Bounce Caustics with Weighted Reflctivity ‘Overlay of 1-Bounce Caustics with Weighted Reflctivity

(a) (b) (c)

‘Overlay of 1-Bounce Caustics with Weighted Reflctivity ‘Overlay of 1-Bounce Caustics with Weighted Reflctivity ‘Overlay of 1-Bounce Caustics with Weighted Reflctivity

(d) (e) (f)
Figure 4. Visualization of one-bounce parametric equation inside a perfect circle. A circle convex with

R = 10 and the reflectivity r = 1 as moving the light source toward centrer, (a) S = (10,0) (b) S = (8,0) (c)
S =1(6,0) (d) S=(4,0) (e¢) S=1(2,0) (f) S=1(0,0) on the z-axis, marked with blue 'z’ .
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‘Overlay of 1-Bounce Caustics with Weighted Reflctivity ‘Overlay of 2.Bounce Caustics with Weighted Reflectivity

Figure 5. Visualization of multi-bounce parametric equation. A circle with R = 10 and the reflectivity
r = 0.7, and the light source located on the rim, S = (10,0), marked with z’. (a) one-bounce (b) two-bounce
(c) three-bounce (d) four-bounce (e) five-bounce (f) siz-bounce cases

1-8ounce Caustics for Ellptical Mirror 1-80unce Caustics for Ellptical Mirror 1-80unce Caustics for Ellptical Mirror

(a) (b) (c)

1-8ounce Caustics for Ellptical Mirror 1-80unce Caustics for Ellptical Mirror 1-80unce Caustics for Ellptical Mirror

G 2 se 75w oo s e s o 25 se 75 10 [T P P PR

Figure 6. Visualization of one-bounce parametric equation for ellipse. A ellipse has a = 10 and b = 8
and focus are at ¢1 = (4+6,0) and c2 = (—6,0), and the light source moves toward center, (a) S = (10,0) (b)
S =(8,0) (c) S=(6,0), on the focus (d) S = (4,0) (e) S =(2,0) (f) S=(0,0), marked with ’z’.

156



ALGEBRAIC DERIVATION OF PARAMETRIC EQUATIONS FOR CAUSTIC ENVELOPES ON PLANAR
CONVEX CURVES

Figure 7. Visualization of multi-bounce parametric equation for ellipse. A ellipse with a = 10 and b = 8
and focus are at ¢c; = (+6,0) and c2 = (—6,0) with the reflectivity r = 0.7, and the light source is on c1, marked
with ’z’. (a) one-bounce (b) two-bounce (c) three-bounce (d) four-bounce (e) five-bounce (f) siz-bounce cases.

6-Bounce Caustics for Ellptical Mirror

Figure 8. Visualization of multi-bounce parametric equation for ellipse. A ellipse with a = 10 and b = 8
has the reflectivity r = 0.7, and the light source is on (a) S = (0,8) (b) S = (0,6) (¢)S = (0,4) (d) S = (0,2)
(e) S =(0,0), marked with 'z’.
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Figure 9. Visualization of multi-bounce parametric equation for ellipse with random source location. A
ellipse with a = 10 and b = 8 and the reflectivity r = 0.7, and the light source is on (a) S = (6,6) (b) S = (4,4)
(c)S = (2,2), marked with z’.

(a) (b) (c) (d)
. .
%@ *=
.
(e) (f) (8) (h)

Figure 10. Visualization of multi-bounce parametric equation for ellipse. All ellipse has the reflectivity
r = 0.7 and the light source is located on ils focus, ¢, with following major and minor azis (a) a =13, b =5,
and ¢ =12, (b)) a =17, b=8, and c =15, (¢)a=5,b=3, and ¢ =3, (d) a = 29, b = 20, and ¢ = 21, (e)
a=29,b=21,andc=20, (f)a=5,b=4,andc=3, (g)a=17,b=15, andc =38, (h) a =13, b =12, and
c =5, marked with ’z’.

the simplified calculation algorithm, the calculation time decreases, giving additional benefit
to visual design and the optical industry to visualize and predict the shape of the envelope
with less computing power.

Appendix A. Conventional Derivation of Parametric Equation of Caustics via Differ-
ential Calculus.

A.1. Envelope of a Family of Caustics: Generation of Cardioid . To obtain a generalized
formula, suppose that the radius is R with the formula of 2 4+ y? = R? and the light source is
located at a point S(R,0), whose light spreads in all directions. At this time, let the trace of a
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B(10cos(r-26),408in(7-20))

Figure 11. Diagram of a trace of an incident ray f(x) and a reflected ray r(x) when a light source is
located at point A, on a circular mirror with R = 10. The incident ray f(xz) comes out from the light source at
A, coincide with the mirror at the reflection point B, and create the reflected ray r(x). The reflection point is
B = (10cos(m — 26), 10sin(w — 20)) in this specific case of R = 10.

photon incident at an angle 6 relative to the x-axis be f(x) and the reflection ray once reflected
from one side of the cup be r(z). According to the reflection properties, the angle of incidence
and the angle of reflection are always the same with respect to the normal line, causing £S5 BO
and ZOBC' to have the same angle. According to the triangle exterior angle theorem ZBOC
can obtain the value of 26. If the same method is applied to ABOC, ZBCD obtains the
value of 3. Thus, we find that the slope of r(x) is tan(36) and the parameterization of the
reflection point is B = (R cos(m — 26), Rsin(m — 26)). Using the point-slope general formula,
you can obtain the expression expressed as x and y.

(A1) r(@): y—y=m(x— 1),

where m is a gradient and the graph passes through the point (x1,y;).

(A.2) r(z) : y— Rsin(m — 20) = tan(30) (z — Rcos(m — 20)).
Rearranging the function into an equation to suit the format of F'(z,y,t) = 0, and the equation
. sin(x)
using the property of tangent, tan (z) = ,
cos(x)
(A.3) Fo(z,y,0) : cos(30)(y — Rsin(m — 26)) = sin(30) (x — R cos(m — 26)).

(A4)  Fi(z,y,0): ycos(30) — Rsin(m — 26) cos(30) = xsin(30) — Rsin(30) cos(m — 20).
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(A.5) Fo(z,y,0): ycos(30) — xsin(36) + Rsin(36) cos(m — 20) — Rsin(m — 26) cos(36) = 0.
Using trigonometric identities,

(A.6) F.(x,y,0) : ycos(30) — xzsin(30) — Rsin(30) cos(26) — Rsin(26) cos(36) = 0.
Using the compound angle formula sin(A + B) = sin(A)cos(B) + sin(B)cos(A),

(A7) Fo(x,y,0) : ycos(30) — zsin(30) — R{ sin(30) cos(260) — sin(26) cos(36) } = 0.

(A.8) F(z,y,0) : ycos(30) — xsin(30) — Rsin (30 — 20) = 0.
Therefore, the parametric equation of the reflected ray is expressed:

(A.9) Fo(z,y,0) : ycos(30) — xsin(30) — Rsin(f) = 0.

* N\

Figure 12. The formation of a family of caustics, reflected ray (blue lines), for 6 =[0,0.1,...,30] and R=S.

In Fig. 12, we observe that the family of optical caustics F.(x,y,0) creates the envelope
of a caustic similar to that of a cardioid when the light source is located at S.

A.2. Deriving a Parametric Equation for the Envelope of a Family of Caustics. To
obtain an equation of the cardioid, we make a partial derivative of Fiq(z,y, ) with respect to
0 and solve simultaneously with Fiq(z,v,6).

0F,

(A.10) W(m, y,0) = %{ ycos(30) — xsin(36) — rsin(f)} = 0.
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aFcl
00

(A.11) (x,y,0) = —3ysin(30) — 3z cos(30) — rcos(f) = 0.

We need to solve two equations simultaneously to obtain a caustic formula:

Fo(z,y,0) = ycos(30) — zsin(30) — Rsin(f) = 0,
(A.12) OF.
00

(z,y,0) = —3ysin(30) — 3z cos(30) — Rcos(#) = 0.

Since both equations include a trigonal metric function, matrices are used to solve these
equations. Using Eq. A.13, we obtain Eq. A.14.

—sin(30)  cos(36) - B 1 —3sin(30) —cos(36)
(A.13) [ —3cos(30) —3sin(36) ] o 35in2(30) + 3 cos?(36) [3cos(39) — sin(30)
x| 1 [-—3sin(30) —cos(30)| [Rsind
(A.14) [?j K] { 3 cos(30) —sin(BG)] [Rcos 9] '

Rearrange this equation using compound angle identities:

(A.15) sin(A+ B)=sinA cos BtcosAsinB, cos(A+ B)=cosA cosB FsinA sinB.

—%R{COS(SH) cosf + sin(30) sin 0} + %R{cos(?ﬁ) cos ) — sin(30) sin 6}

(A.16) 5 i
—gR{sin(?)H) cos ) — cos(30) sinf} + gR{cos 0 sin(36) + cos 0 sin(30)}
(A.17) —2Rcos(20) + %R cos(40)
' —2Rsin(20) + 3 Rsin(46) '
(A.18) x —2Rcos(26) + %R cos(49)
' y| | -2Rsin(20) + 1Rsin(40) |

A parametric equation of a cardioid tangent inside the circle of radius 10 and the graph are
like following:

(A.19) z(0) = —;RCOS(ZG) + %R cos(40), y(0) = —gR sin(20) + %Rsin(49).

Appendix B. Verification of the Formula: From the Matrix Formula to the Cardioid.
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Figure 13. A parametric graph with a cardioid shape, for 6 =[0,0.1, ... ,50].

B.1. Circle specialization and envelope parameter. For a circle of radius R, suppose it

has

(B.1) h(@) =R, K@) =0, RB"(0)=0, s,(0)=dcos, s;()=—dsinb,
and

(B.2) (R, Rt) = (sp — h, h' —s;) = (dcos — R, dsin).

Substituting the above equations into Eq. (4.9), we obtain:

(h+h")R, R (dcosf — R)

(B-3) ) = det(r'(0),r(6)) " Rdcosf — &2
and
(B.4) Co=(1— MR+ Adcost, ¢ =Adsind, E(0) = Cun(0) + Gt(0).

B.2. Rim-source limit d — R". Introduce ;4 = d/R and take p — 1. A short algebraic
simplification of Eq. (B.4) yields the finite limit for any fixed R:

R(l—3cos€+200539) 2R sin® 6

3 (1 —cos?) - Byl) = 3(1—cosh)’

(B5) Ex(e) -
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B.3. Half-angle reduction to harmonic form. Set § = 2¢. Using

(B.6) 1 —cos(2¢) = 2sin® ¢, sin(2¢) = 2sincos¢, cos(4g) = 2cos?(2¢) — 1.

Eq. (B.5) reduces to the pure harmonic parameterization

(B.7) E(p) = (?(2 cos 2¢ + cos 4¢), 2(2 sin 2¢ + sin4¢)> .

A one-line identity verifies the x—component: with ¢ = cos2¢,

1-— 2¢3
(B.8) —# = 2c+ cos4¢, since cosdp = 2¢% — 1.
—c
2sin3(2¢) 2(2singcosp)® R, . .
B. = = —(2sin2 49).
(B.9) S(—cos2)) ~  3-2smie 3 \lon2otsindg)

The cardioid in Appendix A appears with a 90° parameter shift. Replacing ¢ — ¢ + 5 in
Eq. (B.7) gives:
R R . .
(B.10) E(¢) = 3 (—2cos2¢ + cos 49), 3 (—2sin2¢ + sin49) | ,
which matches the Eq. (A.19):
2 1 2 . 1.
(B.11) z(0) = —§R cos(26) + §R cos(40), y(9) = —gRsm(Zﬁ) + §R5m(40).

Thus, we showed the equivalency between the parametric equations by conventional deriva-
tions and by algebraic derivation proposed in this paper.
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