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Abstract. Transition path theory is a widely used mathematical framework for quantifying rare
noise-driven transitions between two metastable states A and B in systems modeled by stochastic
differential equations. Central to this framework is the committor function, the solution to the
stationary backward Kolmogorov equation with certain boundary conditions. The committor at a
point « is the probability that the process starting at « will first reach metastable state B rather than
A. In this work, an operator learning approach proposed in Li et al. (2020) is investigated in the
context of the committor problem for overdamped Langevin dynamics. The parameters chosen for
the numerical tests are relevant to applications in chemical physics, including the temperature which
controls the noise amplitude and the parameters which regulate the potential energy landscape. The
solution operator to the committor problem with these parameters is represented as a Fourier Neural
Operator. This approach yields a family of solutions allowing the user to evaluate the committor
at a whole range of parameters values, in contrast to standard numerical methods. Accuracy and
efficacy of the approach are demonstrated on a number of benchmark test problems.
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1. Introduction. In recent years, the field of scientific computing has been
transformed by the introduction and rapid development of neural network-based
partial differential equation (PDE) solvers such as physics-informed neural networks
(PINNSs) [11] and variational neural networks [6, 9]. These formulations often are
more efficient than traditional methods. For instance, a PDE depends on parameters
that alter its solution, such as the viscosity of a fluid or the temperature of the state
space. Traditional methods for solving partial differential equations require reappli-
cation of numerical methods for each parameter value, which can be computationally
expensive [10].

However, a neural-network based framework known as operator learning resolves
this issue by solving PDEs for a family of parameter values [10]. First, the solution
operator is represented by means of a neural network which is trained to match the
solution of the PDE at a number of parameter values, using training data that is
generated by a high-accuracy method. Importantly, the neural network in [10] has
linear layers interlacing the nonlinear activation functions in a certain form motivated
by the Fourier transform. Second, as the solution operator is learned, it can then
be evaluated at a wide range of parameter value to yield the desired solution. This
approach was tested on 1-D Burgers equation, 2-D Darcy flow, and 2-D Navier-Stokes
equation in [10]. In both 2-D cases, the spatial domain was the unit square.

The committor problem, which arises from the study of quantifying rare transi-
tions in systems governed by stochastic differential equations, is both an interesting
and important test problem for operator learning. Solving the committor problem is
crucial for the application of the widely used transition path theory framework [4] to
quantify rare events in stochastic systems. Crucially, once the committor is found,
the transition channels and transition rate can be calculated. The committor prob-
lem is also challenging, as it is the solution to the boundary-value problem for the
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stationary backward Kolmogorov equation with a mix of Dirichlet inhomogeneous
and Neumann homogeneous boundary conditions. Put in the self-adjoint form, the
stationary backward Kolmogorov equation for the overdamped Langevin dynamics
takes the form V- (exp[—8V (x)]Vq) = 0 where § is the inverse temperature and V (z)
is the potential energy function that often varies widely throughout the phase space
of the system and tends to infinity as ||z|| — oo fast enough such that the invariant
probability density exists. Therefore, the natural computational domain is a sublevel
set {x | V(x) < C} for some large enough constant C' with removed disjoint regions A
and B between which the transitions need to be quantified. Hence, the computational
domain is nonconvex and not rectangular, introducing difficulty.

In this work, we adapt and test the operator learning to the committor problem for
the overdamped Langevin dynamics. We choose the inverse temperature 5 and terms
controlling the extent of ruggedness of the rugged Mueller potential (a popular test
problem [6, 9, 12]) as the parameters for the solution operator to the final test problem.
We demonstrate that the learned operator can learn highly accurate solutions for a
range of parameter values.

The rest of the paper is organized as follows. The necessary background on
transition path theory and neural networks is given in Section 2. The theoretical
foundations for operator learning are described in Section 3. The numerical tests are
presented in Section 4. The conclusions are summarized in Section 5.

2. Background.

2.1. Transition Path Theory. In this work, we will use the overdamped Langevin
dynamics as the basic model. The overdamped Langevin equation is a common model
for molecular motion:

(2.1) dr = —=VV(x)dt + /2~ dw,

where
e V(x) is a smooth function interpreted as the potential energy,
e 37! is the temperature in the units of Boltzmann’s constant,
e w is the standard Brownian motion.
The invariant probability measure for equation (2.1) is the Gibbs density:

(2.2) plx) = Z7 e V@) gz = Z e PV(2)

In transition path theory (TPT) [4, 5], two disjoint regions A and B are chosen, which
usually surround minima of the potential function V(x) between which transitions are
studied (see 1).

The key function of TPT is the committor g(z), defined as the probability that
the process starting at a will reach first B rather than A, or:

(2.3) q(z) =P(r8 <74 | 2y = 1)
where 74 and 77 are the first hitting times of A and B and zy denotes the initial
point of the process. The committor can be written as the solution to the boundary
value problem for the backward Kolmogorov equation:

~VV -Vq+ B~ tAq=0, x €N
(2.4) q=0, x € 04,
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Mueller's Potential and Attractor Regions
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Fig. 1: The regions A and B surround the two deepest minima of Mueller’s Potential.

The equivalent adjoint representation of the equation uses the invariant probability
density as follows:

BePVV - (e7PVVq) =0, z€Q
(2.5) g=0, ze€dA
qg=1 x€0B

Once the committor is computed, one can readily calculate the transition current
and the transition rate [4, 5].

2.2. Neural Networks. In general, a neural network is a composition of func-
tions in which affine mappings are interlaced with nonlinear activation functions ap-
plied entrywise. In this work, we will use neural networks of the form

(2.6) N(z)=Lpiy10---000Ly,

defining £; = A;¢g(x) + b;, where ¢ is an operator with parameters 6, A; is a weight
matrix, b; is a bias vector, and o is an nomnlinear activation function (e.g. ReLU,
tanh, etc.) applied entrywise. The size of a neural network refers to the number of
trainable parameters and the depth refers to the number of activation functions.
The trainable parameters of the model are the weights A;, bias terms b;, and the
parameters 6. A loss function is defined to evaluate the performance of the neural
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network. Training a neural network refers to solving the minimization problem in the
parameter space with respect to the loss function. Optimization algorithms such as
stochastic gradient descent or ADAM are typically used applied for this purpose [7].

3. Operator Learning and Fourier Neural Operator.

3.1. Operator Learning Framework. Throughout this paper, we define a
neural operator using the same framework as [8, 10].

Let D Cc RY, A = A(D;R%), U = U(D;R%), where D is the domain of A and
U, function spaces defining the coefficient function space and solution space for the
PDE respectively, d is the dimension of D, d, is the dimension of the codomain of
a € A, and d,, is the dimension of the codomain of u € U.

We consider a family of PDEs with functions of the form f(x, u, Du, D?u, {a; (x)}?;l)
where DJu, j = 1,2 denotes the sets of partial derivatives of order j of u and
{{q; (x)}f;l} denotes the set of coefficient functions of the PDE. Let U be the so-
lution space of the PDE and let G : A — U be the solution operator.

Frequently, only a finite sub-sample of a;,u; are available. Therefore, let D,, =
{z1,...,2,} be a discrete set of points (mesh) such that a;,u; are known for any
x; € D. This reflects the limitations of measurements and simulations when using
data.

3.2. Architecture. A neural operator is a specific architecture of a neural net-
work. We consider the neural operator defined on (A,U), where the neural operator
is trained to emulate the solution operator GG. Define the architecture of a neural
network A as follows:

(3.1) N(@)=QoLpo---0LjoP

where P is a projective layer from R% — R® d, > d,, and Q is a projective layer
from R% — R?. L is the kernel layer defined as o(Wvx + K(a; ¢)v4(x)), where
o is an activation function, W is a weight matrix, K is the parametrized operator
that maps A into the set of bounded linear operators on D to V, i.e. K : A X © —
L(D,V),V = V(D,R%), where V is a function space defined analogously to A, from
before, which can be thought of as an intermediate stage between A and U.

A neural operator maps the coefficient a; through L layers, where the output of
a; after being mapped through ¢ layers is denoted as v;. v; is recursively defined as
Vi1 = Li—1(vg).

The standard form of K is an integral operator of the form (K(a;0)v:)(z) =
fD ko(z,y;a(x),a(y))v(y)dy, where k is a kernel function parameterized by 6. For
brevity, we write K(a; ) as Kq(a).

3.3. Fourier Neural Operator. The Fourier Neural Operator (FNO) is a spe-
cific form of a neural operator, in which the kernel operator K is specified to be a
convolution operator evaluated in Fourier space [10]. K takes the Fourier Transform
of the data, performs the convolution (which in Fourier space is equivalent to multi-
plication), and then takes the inverse Fourier Transform of the result. K may also be
interpreted as a convolutional neural network in Fourier space.

Let ky(z,y;a(x),a(y)) = ko(x — y), meaning the kernel operator is parametrized
as Kov(z) = [ ko(z —y)v(y)dy. Let F denote the Fourier Transform and F~! denote
the inverse Fourier Transform. Then Ky(v(z)) = F~1((Py-(Fvt)). where Py = F(kg).
Each £ (layer) of the Fourier Neural Operator is written as o(Wvy+F 1 (Py-F(1y)))).
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3.4. Implementation. The kernel function k& admits a Fourier basis. We take
at most k., modes of this function, which gives a multi-dimensional representation
of Py. As discussed previously, values of the function a; € A typically are only known
for a mesh. The Fourier Transform of functions defined on this data may be evaluated
via the Fast Fourier Transform. Since Py has k. terms, we also take only the k0
modes of the Fourier Transform of v;.

3.5. Advantages of Fourier Neural Operator. The Fourier Neural Operator
has the following advantages for scientific computing [8, 10].

e Complexity:

The source of computational complexity of the Fourier Neural Operator is
largely dominated by the complexity of the Fourier Transform (O(nlogn)),
which is more efficient than directly evaluating the convolution operator.

e Data-driven:

Training does not require a parameterized model of the underlying differential
equation, but rather only a set of data generated according to the underlying
equations.

e Operator Learning:

The model is able to predict solutions for different parameters from the same
general family, in contrast to finite element methods which must generate
solutions for each set of parameter values.

e Mesh-invariant:

Via the Fourier projection, the neural network is able to approximate global
functions from projection along the Fourier basis. This property can be ob-
served empirically. Additionally, Fourier Neural Operators display high accu-
racy with coarse meshes (relatively few points in the mesh), and can also be
successfully trained for solutions with more detailed meshes than the training
data possesses.

e Approximation Theory: It was derived in [8] that the Fourier Neural Operator
can approximate continuous operators with € accuracy. That is, by expand-
ing the size or depth of the neural network, the maximum of the difference
between the FNO and the solution at any point is bounded by an arbitrary
€. In addition, it can be shown that the size (number of parameters) of a
Fourier neural network for the Darcy Flow PDE scales sub log-linearly with e
[8]. In particular, the similarity of the Darcy Flow PDE with the committor
problem suggests optimism for similar performance.

4. Computational Results. In this section, we detail the results of using the
Fourier Neural Operator on various test cases. The average test error is reported in
each table. We take the perspective of learning the solution to different parameters by
varying the input function along several parameters. The input functions are defined
to be functions that contain information about the relevant parameters of the test
problem, defined in the same general area as the mesh. The input functions can be
thought of as the coefficient functions a € A. Training data solutions are generated
using traditional numerical methods with high accuracy. The parameters of interest in
the committor problem for the overdamped Langevin SDE are the inverse temperature
[ and the parameters of the potential function V' (x) (if any exist).

All results are computed using PyTorch via the neural operator Python package
on an AMD Ryzen 5 4600U processor, with modifications to the neural network
architecture as appropriate [1] [3]. Data for test problems was generated via M.
Cameron’s transition path theory finite element mesh code [2]. My implementation
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Training Epochs l;/MAE RMSE
500 .0017 .0001

1000 .0010 3.9577e-05
2000 .0008 2.7614e-05

Table 1: Double Well test errors, 200 Samples

can be found at [3].

In general, the specifications used for the neural network are o = gelu = 2®(z),
where @ is the cumulative distribution function of N (0, 1), Cosine Annealing Scheduler
(varies learning rate in a periodic manner),ADAM optimizer [7], 4 Fourier Layers,
Tucker Factorization, 16 Fourier modes, h; Sobolev norm loss.

For the committor function, we add a final sigmoid layer, to ensure that the
output is contained in [0,1]. Various loss functions are used to evaluate the model,
including

(4.1) MAE (mean absolute error) = Z lgrno(z;) — grEn(x;)]
all FEM points

(4.2)

RMSE (root mean absolute error = ( Z (grno(x;) — qrem(z;))?) '/
all FEM points

(4.3)

wMAE (weighted mean absolute error) = Z w(z;) * lgpNo(z;) — grem(x;)|
all FEM points

The wMAE is a special loss function adapted to the committor problem, with higher
weight placed on points where the transition is uncertain. The weights are given by
w(z;) = exp(—pV (x;))grem(z;) * (1 — grem(x;)), where w(x;) is then normalized
via > w; [14].

4.1. Test Problem: Double Well Potential. The first test problem is a 1-
dimensional committor problem, where the potential function is defined as

(4.4) V(z) = (2® — 1)

The potential function has local minima at x = +1 and a local maximum at = = 0.
The regions A and B are defined as A = {z < —1} and B = {z > 1}. 1000 values
of B are selected in the interval [0.10] in increments of .01. The input function is the
constant .

The committor for those values of [ are solved using the Chebyshev Spectral
Method [13], which obtains a machine-precision solution. The computed solution
represented as a Chebyshev sum can be evaluated at any point using Clenshaw’s
method. For more details, see [12] for a similar 1-dimensional committor test case.

We randomly select 20 samples from the above set and use the committor func-
tions for those input functions as the training set, and do the same for 200 samples
as the test set on which the performance of the model is evaluated. The deterministic
Adam optimizer is set to learning rate n = 8¢ — 5, and no batching is used.
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Double Well Potential
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Fig. 2: Graph of the Double Well Potential (4.4)

As seen in (1), the test errors are low after training, indicating that the FNO
model is able to solve differential equations with noises (i.e. stochastic differential
equations).

4.2. Test Problem: Parametric Double Well. The next test problem deals
with a two-parameter family of 1-dimensional committor problems on the interval
[—1,1]. The first parameter is the inverse temperature /3, while the second parameter
is the position of the maximum of the double-well potential (In the previous example,
the maximum was fixed at x = 0). The double-well potential in this parametric
family are twice continuously differentiable and are defined using cubic splines by
constructing piecewise functions pi, po which satisfy the conditions

e p2(a) = 1,ph(a) = 0, pa(1) = ph(1) = 0

e p1(a) = 1,p}(a) = 0,p1(~1) = p} (—1) = 0
where a is the point where the maximum is achieved. These conditions give a similar
shape to the double well potential, but with varying maxima. The functions pq, ps
satisfying these conditions are given by

(4.5). _ 2 3a+1 L 2 9 3a—1
pl(l‘,a)——m($+1) <x— 5 ),pg(x,a)——(a_l)g(:z:—l) (x— 5 >

(defined on the interval [—1, 1]).
100 values of 8 are selected from the interval [0,10] in increments of .01, and
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Committors
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Fig. 3: Committor functions of the Double Well Potential graphed against dotted
ground truth committors for equispaced values of 3 between 0 and 10 spaced by 1

Epochs 11/ MAE RMSE
500 .0082 .0005
1000 .0046 .0002
2000 .0040 .0004

Table 2: Parametric Double Well test errors, 384 Samples

18 values of a are selected from the interval [—.9,.9] in increments of .1. Taking a
too close to the endpoints —1,1 results in sharp transitions. Each combination of
values defines an input function e=#", which captures information about both 8 and
a. As before, we use the Chebyshev Spectral Method to solve the committor for these
values.

We randomly select 52 samples from the above set to train the model on, and
384 samples to test on. The deterministic Adam optimizer is set to learning rate
1n = 8¢ — 4, and no batching is used.

In table (2), the test errors are low after training, indicating that the FNO model
is able to solve stochastic differential equations of increased complexity.
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FNO Committor Error
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Fig. 4: The absolute error plot for equispaced values of S (Double Well)

4.3. Test Problem: Mueller’s Potential. The next test problem is the com-
mittor problem with the 2-D Mueller’s potential shown in (1) and listed in (4.6),
which is often used as a test problem in the chemical physics literature, e.g. [12]. The
regions A and B are the balls of radius .1 surrounding the two deepest local minima

near (—.57,1.43) and (.56,.044)

(46) !171,.’22 Z.D exp (J,Z T, — )(1)2 -+ bl(fL’l — XZ)(.TQ — K) + Ci({172 — }/;)2)

[a1,a2,a3,a4] = [-1,—1,—6.5,0.7]
[b1,ba, b3, bs] = [0,0,11,0.6]
[c1, €2, ¢3,¢4] = [~10, —10,—6.5,0.7]
[D1, Dy, D3, D] = [—200, —100, —170, 15

(X1, Xo, X3, X4] = [1,0,—.5, 1]
Y1, Y2,Y3,Ya] = [0,.5,1.5,1]

80 values of 3 selected in the interval [.05,.2] in increments of .0015. The input
function is the constant function S. The committor solutions are generated using the
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Double Well Potential with Varying Maximums
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Fig. 5: Parametric Double Well Potentials, where a ranges over .2, .4, .6. The differing
colors denote the component piecewise functions.

Epochs 11/ MAE wMAE
500 .0096 .0204
1000 .0048 .0089
1500 .0040 .0087
2000 .0035 .0071

Table 3: Mueller’s Potential test errors, 20 Samples

finite element method (FEM) method [2] as the training data with a mesh has 6776
points and 13268 triangles.

The training set uses 80 samples and the test set uses 20 samples. The maximum
error of the model solutions was approximately 7 = le — 4. The deterministic Adam
optimizer is set to learning rate n = 8e — 5, and a batch size of 4 is used.

Again, from table (3), the test errors are low after training, indicating that the
FNO model is able to solve stochastic differential equations in two-dimensional po-
tential spaces, compared to one. One additional observation is that the wMAE is
higher than the MAE, which indicates that the model has more difficulty learning the
committor near transition points (i.e. ¢ is near .5).
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exp(-Bv)

FNO vs Ground Truth
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Fig. 6: A plot of the input function exp(—gV) with V from (4.5) and a plot of the
FNO committor with dotted-line Ground Truth committors (Parametric Double Well)

(a) Committor via FNO (b) Committor via FEM (¢) Absolute Error.

Fig. 7: Comparison of committors generated for § = .18 (Mueller’s Potential)

4.4. Test Problem: A Parametric Rugged Mueller’s Potential. A even
more challenging test problem is the Rugged Mueller’s potential (4.7), which is the
sum of Mueller’s potential and a periodic oscillatory function. The attractor regions
similarly to the Mueller’s Potential Test Problem. This test problem was also used in
a number of recent works featuring the numerical solution to the committor problem
via various machine learning techniques [12, 9]

(4.7 V(z1,x2;7, k) = Vo(z1, x2) + vysin(2kmz, ) sin(2kmzs)

where Vp(x1, x2) is Mueller’s potential (4.6) The parameters v, k control the amplitude
and the frequency of the ruggedness, respectively. The mesh consists of 4611 points,
with 8924 triangles. Input functions are defined as e~?V, with the corresponding
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Epochs 11/ MAE wMAE
5628 3.9173e-05 .0078
6000 4.3385e-0 .0087
6020 3.2658e-05 .0065

Table 4: Rugged Mueller’s Potential test errors, 200 Samples

committors solved using FEM once again [2]. For the data, we take the (FEM)
solutions from random samples with 10 values of § in the interval [.05, .2] in increments
of .015, 25 values of v in the interval [0, 10] in increments of .4, and 2 values of k in
the interval [4, 6] in increments of .5. 200 samples from the set above are used as a
training dataset, and 800 are used as a test dataset.

5 FNO committor 10

3 FEM committor 1.0

0.8
.
o
0.68
€
04§
8
0.2
0.0

(a) Committor via FNO (b) Committor via FEM (c¢) Absolute Error.

Fig. 8: Comparison of committors generated for 8 = .13, v = 5.8, k = 3.6 (Rugged
Mueller’s Potential)

In table (3), the error of the committor is higher compared to Mueller’s potential,
especially when 8 and v are relatively large. Nevertheless, it is still comparable to
the errors obtained in [6]. [6] obtains MAE of .02 to .05, depending on the sampling
method and data size. Overall, the low test errors indicate that the FNO is able to
solve stochastic differential equations with complex two-dimensional potentials.

In addition, the FNO model experiences additional difficulty when learning points
near the transition area of the committor, as shown by the relatively high wMAE in
comparison. Another note is that the training process on the laptop (AMD Ryzen
5 4600U processor) took a rather long time, around 8 hours. Nonetheless, once the
training is completed, one can resample the committor function at any set of param-
eters (8,7, k) in the range and expect an accurate result.

4.5. Mesh Invariance. As noted earlier, the FNO model is mesh-invariant.
Practically, this means that the FNO can be trained on coarse meshes, and then be
applied to find solutions with more detailed meshes. One potential concern is that
when spectral methods are applied to complex domains, spurious oscillations may
arise (for example, due to the Gibbs phenomenon). Although such oscillations are
not observed in the testing/training resolution of (8), for instance, it is interesting to
see if such oscillations or instabilities are still suppressed in higher resolution, and in
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(a) Mesh with 4611 Points (b) Mesh with 9240 Points

Fig. 9: Comparison of resolutions

general to observe the performance of the FNO when utilizing mesh invariance.

To investigate this, a case-study on this property is presented with the Rugged
Mueller’s potential. The size of the mesh used to generate the committor to the
Rugged Mueller’s potential is governed by a scaling parameter h. By adjusting it
from h = .05 to h = .035, the size of the mesh increases from 4611 points to 9240
points, approximately doubling the resolution, as seen in (9). Parameter values that
were not trained on, along with data generated using this higher resolution mesh, are
used to evaluate the model. Note that an abridged version of the committor diagrams
are presented, since we are mainly concerned about the qualitative behavior of the
committor. We observe that in (10), little to no instability are present, but in (11),
some instability can be detected. Although instability /higher errors in unseen data
for the Rugged Mueller’s potential is not unexpected (due to the complexity of the
underlying potential), the instability appears to be more severe than seen in (8), for
instance. Further investigation of these phenomenon to ascertain the source of this
instability may yield more concrete insight here.

5. Conclusions. In conclusion, we have demonstrated Fourier Neural Operator
is able to approximate committors with high accuracy, even when solving for the
solution operator for more than one parameter and in two dimensions.

There are several optimizations and theoretical results that remain to be explored.
Adequate results were observed on nonuniform meshes, but further research and im-
plementation of a nonuniform fast Fourier transform and its inverse, although not
well documented, may increase speed and error on nonuniform applications such as
the committor.

A natural extension of the Fourier method would be to represent functions as
wavelets, and evaluate them through some type of convolutional neural network anal-
ogous to an FNO. An advantage of this process would be that wavelets can represent
irregular/sharp functions with fewer terms than Fourier terms (such as in the Gibbs
phenomenon).

Another worthwhile area of research would be deriving a bound on the scaling of
the size or depth of the neural operator for the specific case of the neural operator,
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FNO Committor _ Absolute Error _
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o
- -2 0
(a) Committor via FNO (b) Absolute error

Fig. 10: High resolution FNO output and error for 5 = .075,y = 10.5, k = 4.9 (Rugged
Mueller’s)

FNO Committor Absolute Error _

0.909 70.088
0.808 r0.066
0.707 o r0.044
0.606 £ 10.022
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0.404 § t—0.022
0.303% L—0.044'
0.202 L —0.066
0.101 1—0.088
L0.000 L
(a) Committor via FNO (b) Absolute error

Fig. 11: High resolution FNO output and error for 8 = .15,y = 10.5,k = 6.1 (Rugged
Mueller’s)

akin to [8] for the similar Darcy Flow equation. [8].

Additionally, exploring the theoretical guarantees and practical performance of
the FNO’s mesh invariance property may also yield insights that enhance the compu-
tational efficiency of the FNO, as briefly explored in (4.5).

Appendix A. Approximation Theory. One major component of this project
was attempting to develop an approximation theory for the Fourier Neural Operator.
No formal result was proven because of the mathematical sophistication required, but
some intuition for a general outline of a proof was achieved via [8].

e Design a spectral method for the committor. One such method could poten-
tially be via diffusion maps

e Prove that a Fourier Neural Operator can approximate each step of the
method with some bound on size/depth of the neural network

e Compose these results to have an emulation of FNOs for a spectral method,
which gives an efficient approximation theory result.
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