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Abstract. We present a comprehensive and pedagogical study of two core quantum algorithms in quantum linear
algebra: the Hadamard test (HT) and quantum phase estimation (QPE). Building on the lecture
notes on Quantum Algorithms for Scientific Computing [1] by Lin, we detail their mathematical
formulations, circuit implementations, and convergence behavior. Both algorithms are benchmarked
on simulators and IBM’s 127-qubit Eagle processor (ibm rensselaer) using a simple eigenvalue
problem. While QPE performs well in simulation, its hardware performance degrades beyond t = 3
ancilla qubits due to circuit depth and two-qubit gate error. In contrast, HT shows stable sampling-
based convergence and greater resilience to hardware noise. These results provide a realistic baseline
for implementing phase estimation on noisy intermediate-scale quantum (NISQ) era devices.

1. Introduction. Quantum linear algebra lies at the heart of many quantum algorithms
that promise computational advantages over classical methods [2, 3, 4]. As linear algebra
underpins a wide range of scientific computing tasks—from solving systems of equations to
eigenvalue problems and signal processing—quantum linear algebra is expected to play a foun-
dational role in quantum-enhanced numerical simulation, machine learning, and optimization
(see, e.g., [5, 6, 7]).

While the theoretical development of quantum algorithms has seen rapid progress, their
practical realization is limited by the current state of quantum hardware. Today’s devices
are constrained by short coherence times, gate error, and limited qubit connectivity, which
significantly restrict the depth and complexity of executable circuits [8]. In addition, quantum
hardware is inherently noisy due to unavoidable disturbances in its internal quantum system.
As a result, many of the most promising quantum algorithms, while asymptotically efficient,
are not yet viable for deployment on existing quantum processors. Bridging this gap between
theoretical algorithm design and practical implementation is essential to realizing quantum
utility in the near term.

This manuscript pursues two primary objectives: First, we aim to provide a pedagogi-
cal introduction to quantum linear algebra, accessible at the advanced undergraduate level.
We focus on two fundamental algorithms, namely, the Hadamard test (HT) and quantum
phase estimation (QPE). These serve as the conceptual and technical foundations for many
advanced quantum algorithms, including those for Hamiltonian simulation, quantum singular
value transformation, and solving linear systems of equations. Second, we provide a realistic
comparison between the theoretical predictions and the performance of these algorithms on
actual quantum hardware.

Specifically, we benchmark both HT and QPE using (i) Qiskit’s AerSimulator [9]—a hypo-
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thetical fault-tolerant device—and (ii) experiments on an IBM’s 127-qubit Eagle-class quan-
tum processor (ibm rensselaer) [10]. This comparison exposes the strengths and limitations
of both methods in the current noisy intermediate-scale quantum (NISQ) era and highlights
the critical impact of circuit depth, gate error, and state preparation on algorithmic perfor-
mance.

This manuscript was inspired by and closely follows the structure of Lin’s lecture notes
on Quantum Algorithms for Scientific Computing [1]. We supplement his exposition with
additional clarifications and visual aids to support undergraduate students from STEM back-
grounds who are new to quantum computing. In addition, we provide detailed Jupyter note-
book implementations of all major concepts and circuits, which are available on our project
GitHub repository [11].

The manuscript is organized as follows. Section 2 introduces the foundational elements
of quantum computation, including qubits, single-qubit gates, and quantum phase. Section 3
presents the Hadamard test as a simple method for estimating expectation values. Section 4
discusses the discrete Fourier transform and its quantum implementation via the quantum
Fourier transform. Section 5 builds on this to construct the quantum phase estimation algo-
rithm. In section 6, we compare the performance of HT and QPE in terms of accuracy and
runtime on both simulated and real hardware. Conclusions are summarized in section 7.

We gratefully acknowledge the use of IBM Quantum services for this work. The views
expressed here are those of the authors and do not represent the official views of IBM or the
IBM Quantum team.

2. Computation on a Quantum Computer.

2.1. Qubits. Quantum bits, or qubits, are the fundamental units of quantum information.
Analogous to classical bits, which can be in one of two states (0 or 1), qubits can exist in two
computational basis states denoted as |0⟩ and |1⟩ in Dirac notation, often referred to as spin
up and spin down states respectively as in [3, 4].

Definition 2.1. The computational basis states of a single qubit are defined as

(2.1) |0⟩ :=
[
1
0

]
and |1⟩ :=

[
0
1

]
.

A general qubit state is a normalized linear combination (superposition) of these basis states:

(2.2) |ψ⟩ = c1|0⟩+ c2|1⟩, where c1, c2 ∈ C, |c1|2 + |c2|2 = 1.

Remark 2.2. Unlike classical bits, qubits may exist in superpositions. For instance,

(2.3) |+⟩ := 1√
2
(|0⟩+ |1⟩) = 1√

2

[
1
1

]
and |−⟩ := 1√

2
(|0⟩ − |1⟩) = 1√

2

[
1

−1

]
,

are both valid qubit states. See subsection SM1.1 for visualizations.

For systems involving multiple qubits, the full state is represented by a tensor product of
individual qubit states. This is commonly abbreviated using the following notation:

(2.4) |ψ1⟩ ⊗ |ψ2⟩ = |ψ1⟩|ψ2⟩ = |ψ1ψ2⟩.
50
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Example 2.3. A system with two qubits in states |0⟩ and |1⟩ is represented as

(2.5) |0⟩ ⊗ |1⟩ =
[
1
0

]
⊗
[
0
1

]
=

1
[
0
1

]
0

[
0
1

]
 =


0
1
0
0

 = |01⟩.

2.2. Measurement and Phase. Measuring a qubit collapses its superposition into one of
the computational basis states, with probabilities determined by the squared modulus of its
inner product (overlap) with the measured state.

Definition 2.4. The probability of measuring a state |ϕ⟩ and finding it in state |ψ⟩ is

(2.6) P(X ∈ {|ψ⟩}) = |⟨ψ|ϕ⟩|2 ,

where X is a random variable representing the measurement of |ϕ⟩.
Example 2.5. The probability of measuring |+⟩ and obtaining |0⟩ is

(2.7) |⟨0|+⟩|2 =
∣∣∣∣⟨0|( 1√

2
(|0⟩+ |1⟩)

)∣∣∣∣2 = ∣∣∣∣ 1√
2
(⟨0|0⟩+ ⟨0|1⟩)

∣∣∣∣2 = ∣∣∣∣ 1√
2

∣∣∣∣2 = 1

2
,

where we used the orthonormality of the computational basis, i.e., ⟨0|0⟩ = 1 and ⟨0|1⟩ = 0.
In vector notation this reads

(2.8) |⟨0|+⟩|2 =

∣∣∣∣∣
[
1
0

]†
1√
2

[
1
1

]∣∣∣∣∣
2

=

∣∣∣∣[1 0
] 1√

2

[
1
1

]∣∣∣∣2 = ∣∣∣∣ 1√
2

∣∣∣∣2 = 1

2
,

where “†” denotes the adjoint. This means that a qubit initially in the |+⟩ state will collapse
to the |0⟩ state upon measurement with a probability of 1/2.

Remark 2.6. Since the modulus square is invariant under rotation, there exist multiple
states that collapse to the same state with the same probability when they are measured in
the computational basis, i.e, when multiplying the expansion coefficients of a state by ei2πφ

with φ ∈ [0, 1). The quantity ei2πφ is called phase and 2πφ is called phase angle of the state.
Here, φ acts as the fraction of a full rotation of 2π around the complex unit circle. There
are two types of phase, global phase which is the phase between different state vectors and
relative phase which is the phase between bit strings in the same state vector. The idea of
relative and global phase is expanded upon in Example 2.9.

2.3. Single-Qubit Gates. Quantum gates manipulate the state of qubits. The most com-
mon single-qubit gates include the Pauli-X (bit flip), Pauli-Z (phase flip), Rz (phase rotation),
and the Hadamard gate (superposition).

Definition 2.7. The matrix representations of the Pauli-X, Pauli-Z, Rz, and Hadamard
gate in the computational basis are:

(2.9) X :=

[
0 1
1 0

]
, Z :=

[
1 0
0 −1

]
, Rz(θ) =

[
e−iθ/2 0

0 eiθ/2

]
and H :=

1√
2

[
1 1
1 −1

]
.
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The following table summarizes their action on the computational basis states:

Input X Z Rz(θ) H

|0⟩ |1⟩ |0⟩ e−iθ/2|0⟩ 1√
2
(|0⟩+ |1⟩)

|1⟩ |0⟩ −|1⟩ eiθ/2|1⟩ 1√
2
(|0⟩ − |1⟩)

Table 1
The result of the X-gate, Z-gate, Rz(θ)-gate, and H-gate acting on the |0⟩ and |1⟩ states.

Remark 2.8. The effect of applying a phase gate (e.g., Z-gate, Rz(θ)-gate) does not change
the outcome of a measurement in the computational basis, but changes the quantum state by
a complex phase. These phase factors can be interpreted as eigenvalues:

(2.10) U |ψ⟩ = λ|ψ⟩, with λ = ⟨ψ|U |ψ⟩.

Since quantum states are normalized, |λ| = 1, implying λ = ei2πφ (c.f. Remark 2.6).

Example 2.9. Expanding further on Remark 2.6, the action of Rz(θ) on |+⟩ yields:

(2.11) Rz(θ)|+⟩ = 1√
2

(
e−iθ/2|0⟩+ eiθ/2|1⟩

)
=
e−iθ/2√

2

(
|0⟩+ eiθ|1⟩

)
,

revealing a global phase of e−iθ/2 and a relative phase of eiθ between the basis components.

See section SM2 for more information about single-qubit gates.

2.4. Circuit Diagrams. A circuit diagram (e.g. Figure 1) is a graphical representation 
that describes the workflow o f a  quantum a lgorithm. Quantum c ircuits are read f rom l eft to 
right as operations or gates are applied over time on lines representing the qubits. In general, 
one line in a circuit diagram corresponds to a single qubit; however, if a line has a slash 
through it, e.g. the third line in Figure 1, it represents multiple qubits. Applying a gate to 
a qubit is represented as a box on the qubit’s line. Some gate operations depend on one or 
more control qubit states. These controls are denoted by a point drawn over the controlling 
qubit(s) with a line connected to the gate it is controlling; see |π2⟩ in Figure 1. To denote the 
swapping of two qubit states, a (×) is drawn over the swapping qubits with a line connecting 
them; see |π3⟩ in Figure 1. Applying a gate to multiple qubits is shown with a box over all the 
qubits such as at |π4⟩ in Figure 1. Measurement is depicted with a “meter-like” symbol in a 
box on the qubit being measured, as shown in the first l ine at the end of the c ircuit. Finally, 
a double line denotes classical information, such as after a measurement has been performed.

3. The Hadamard Test. Although quantum measurements discard global phase informa-
tion (see Remark 2.6), many quantum algorithms critically rely on its access. The Hadamard 
Test (HT) is a simple yet powerful circuit primitive to estimate the expectation value ⟨ψ|U |ψ⟩ 
of a unitary operator U with respect to a quantum state |ψ⟩. It is important to note that 
while our analysis of the HT utilizes the exact target state |ψ⟩, experimental implementations 
rely on an approximate ansatz. Consequently, the HT yields expectation value estimates with 
respect to this approximation, emphasizing the importance of an ansatz with sufficiently high
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|π0⟩ |π1⟩ |π2⟩ |π3⟩ |π4⟩

|0⟩ H • ×

U|0⟩ X ×

|ψ⟩ /

Figure 1. An example quantum circuit diagram depicting a multi-qubit slash on the third line in the state
|ψ⟩, a Hadamard (H) gate on the first qubit (line), a controlled X-gate controlled on the first qubit targeting the
second, a swap operation between the first and second qubits, an arbitrary multi-qubit U gate, and a measurement
operator on the first qubit.

overlap with the target state |ψ⟩ (see, e.g., [12, 13, 14]). Though elementary in structure, the
HT forms the conceptual backbone of numerous state-of-the-art quantum algorithms for lin-
ear algebra, including those for matrix functions, Hamiltonian simulation, and singular value
transformation. Because the expectation value is generally complex, its real and imaginary
parts must be estimated separately using two circuit variants: the real Hadamard test and the
imaginary Hadamard test as in [15,16].

3.1. The HT Circuit.

Definition 3.1. Let U ∈ Cn×n be unitary and define the phase gate S =
√
Z. The real and

imaginary Hadamard tests (HT) are defined as the circuits depicted below in Figure 2.

|π0⟩ |π1⟩ |π2⟩ |π3⟩

|0⟩ H • H

|ψ⟩ / U

|π0⟩ |π1⟩ |π2⟩ |π3⟩ |π4⟩

|0⟩ H S† • H

|ψ⟩ / U

Figure 2. (Left) The real Hadamard test circuit and (Right) the imaginary Hadamard test circuit. H
is the Hadamard gate, S is the phase gate, U is a unitary gate. The topmost qubit starting in the state |0⟩
is the control qubit, and the lower qubit(s) starting in the state |ψ⟩ are the computation bits representing the
eigenstate.

The measurement of the control qubit in the real HT is represented by a random variable
XRe which is permitted to be either |0⟩ or |1⟩. Instead of referencing this random variable
directly, we use the shorthand notation:

(3.1) PRe|0⟩ := P(XRe ∈ {|0⟩}) and PRe|1⟩ := P(XRe ∈ {|1⟩}).

Similarly, a random variable XIm being |0⟩ or |1⟩ describes the measurement of the control
qubit in the imaginary HT, where we use the shorthand notation:

(3.2) PIm|0⟩ := P(XIm ∈ {|0⟩}) and PIm|1⟩ := P(XIm ∈ {|1⟩}).
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Proposition 3.2. The measurement probabilities for the real Hadamard test are

(3.3) PRe|0⟩ =
1

2
(1 + Re⟨ψ|U |ψ⟩) and PRe|1⟩ =

1

2
(1− Re⟨ψ|U |ψ⟩).

Proof. Consider the real HT (left panel in Figure 2 in Definition 3.1) with initial state

(3.4) |π0⟩ = |0⟩ ⊗ |ψ⟩ = |0⟩|ψ⟩.

A Hadamard gate is then applied to the control qubit, which yields the |+⟩ state, i.e.,

(3.5) |π1⟩ = H|0⟩I|ψ⟩ = 1√
2
(|0⟩+ |1⟩) |ψ⟩ = |+⟩|ψ⟩.

Next, a controlled unitary gate applies the U operation to |ψ⟩ if the control qubit is |1⟩, i.e.,

(3.6) |π2⟩ = (|0⟩⟨0| ⊗ I + |1⟩⟨1| ⊗ U) |π1⟩ =
1√
2
|0⟩I|ψ⟩+ 1√

2
|1⟩U |ψ⟩.

The last operation is a Hadamard gate, yielding the final state

(3.7) |π3⟩ = |0⟩I + U

2
|ψ⟩+ |1⟩I − U

2
|ψ⟩,

where the probability of measuring the control qubit in |0⟩ is

PRe|0⟩ = |⟨0|π3⟩|2 =
∣∣∣∣I + U

2
|ψ⟩

∣∣∣∣2 = 2 + ⟨ψ|(U + U †)|ψ⟩
4

=
1

2
(1 + Re⟨ψ|U |ψ⟩).(3.8)

Similarly, the probability of measuring the control qubit in |1⟩ is

PRe|1⟩ = |⟨1|π3⟩|2 =
∣∣∣∣I − U

2
|ψ⟩

∣∣∣∣2 = 2− ⟨ψ|(U + U †)|ψ⟩
4

=
1

2
(1− Re⟨ψ|U |ψ⟩).(3.9)

Having established the measurement probabilities for the real HT, we can characterize the
real part of the expectation value.

Corollary 3.3. The real part of the expectation value is given by

(3.10) Re⟨ψ|U |ψ⟩ = PRe|0⟩ − PRe|1⟩ = 2PRe|0⟩ − 1 = 1− 2PRe|1⟩.

Proof. Note that Proposition 3.2 yields

(3.11) 2PRe|0⟩ − 1 = (1 + Re⟨ψ|U |ψ⟩)− 1 = Re⟨ψ|U |ψ⟩,

and

(3.12) Re⟨ψ|U |ψ⟩ = 1− (1− Re⟨ψ|U |ψ⟩) = 1− 2PRe|1⟩.

Combining equations (3.11) and (3.12) yields,

(3.13) Re⟨ψ|U |ψ⟩ = 1

2
(1 + Re⟨ψ|U |ψ⟩)− 1

2
(1− Re⟨ψ|U |ψ⟩) = PRe|0⟩ − PRe|1⟩.
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For a more detailed step-by-step proof, we refer the reader to subsection SM3.2.

The analysis for the imaginary HT follows analogously. We here report the measurement
probabilities together with the resulting expectation value, and refer the reader to subsec-
tion SM3.3 for the detailed proofs.

Proposition 3.4. The measurement probabilities for the imaginary Hadamard test are

(3.14) PIm|0⟩ =
1

2
(1 + Im⟨ψ|U |ψ⟩) and PIm|1⟩ =

1

2
(1− Im⟨ψ|U |ψ⟩).

Corollary 3.5. The imaginary part of the expectation value is given by

(3.15) Im⟨ψ|U |ψ⟩ = PIm|0⟩ − PIm|1⟩ = 2PIm|0⟩ − 1 = 1− 2PIm|1⟩.

3.2. Estimating Eigenphases. Returning to the task of phase estimation, recall that the
eigenvalues of U are of the form

(3.16) λ = eiθ = cos θ + i sin θ,

and thus Re⟨ψ|U |ψ⟩ = cos θ. So the real probabilities can be written as

(3.17) PRe|0⟩ =
1

2
(1 + cos θ) and PRe|1⟩ =

1

2
(1− cos θ),

hence,

(3.18) θ = arccos(2PRe|0⟩ − 1) = arccos(1− 2PRe|1⟩).

Similarly, Im⟨ψ|U |ψ⟩ = sin θ. Thus, θ can also be estimated by

(3.19) θ = arcsin(2PIm|0⟩ − 1) = arcsin(1− 2PIm|1⟩).

Finally, θ can be estimated using both the real and imaginary parts of the expectation
value. Each part can be thought of as a vector on the complex unit circle with the real
part on the x-axis and the imaginary part on the y-axis. Taking the arcsin of the imaginary
part or the arccos of the real part is effectively calculating the vector of the entire complex
expectation value. This means that the arctan of the imaginary part over the real part also
gives θ. Therefore, the angle θ can be estimated with the following three methods:

(3.20) θ = arccos(Re⟨ψ|U |ψ⟩) = arcsin(Im⟨ψ|U |ψ⟩) = arctan

(
Im⟨ψ|U |ψ⟩
Re⟨ψ|U |ψ⟩

)
.

Remark 3.6. Note that using both the real and imaginary parts of the expectation value 
to estimate θ with arctan increases the error of the estimation, since it uses data from two 
random variables rather than just one.
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3.3. HT Phase Estimation Example. To demonstrate the HT in practice, consider the
unitary matrix

(3.21) U =

[
1 0
0 eiθ

]
, with θ =

1

2
+

1

24
= 0.5625.

We will use this simple matrix as a running example throughout this article. Our numerical
tests are performed using Qiskit 1.3.1 alongside AerSimulator [9] for the simulated quantum
data. We estimate θ by applying both the real and imaginary HTs and measuring 100 shots,
see Figure 3.

Figure 3. Counts for the real (left) and imaginary (right) Hadamard tests for 100 shots with a phase angle
θ = 0.5625.

Theoretical expectation values (c.f. (3.17)) follow from:

(3.22) PRe|0⟩ =
1

2
(1 + cos(0.5625)) ≈ 0.9230 and PRe|1⟩ =

1

2
(1− cos(0.5625)) ≈ 0.0770,

whereas the measured values from a simulation with 100 shots yield

(3.23) PRe|0⟩ = 0.90 and PRe|1⟩ = 0.10.

Similarly, for the imaginary circuit, the computed probabilities are

(3.24) PIm|0⟩ =
1

2
(1 + sin(0.5625)) ≈ 0.7667 and PIm|1⟩ =

1

2
(1− sin(0.5625)) ≈ 0.2333,

whereas the measured values from a simulation with 100 shots yield

(3.25) PIm|0⟩ = 0.75 and PIm|1⟩ = 0.25.

This illustrates the discrepancy between the theoretical and experimental values using 100 
shots for both HTs. As expected, both probabilities always sum to 1 (c.f. subsection SM3.4).
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Provided these probabilities, the real and imaginary expectation values can be found using
(3.10) and (3.15), respectively. This yields

(3.26) Re⟨ψ|U |ψ⟩ = 0.80 and Im⟨ψ|U |ψ⟩ = 0.50,

whereas the theoretical expectation values obtained from (3.22) and (3.24) are

(3.27) Re⟨ψ|U |ψ⟩ = 0.8460 and Im⟨ψ|U |ψ⟩ = 0.5334.

Thus, the experimental and theoretical expectation values are approximately what we expect.
Finally, either or both of these values can be used to estimate the phase angle θ using any
equation in (3.20).

Remark 3.7. Since trigonometric functions are cyclic, inverse trigonometric functions have
multiple possible values of θ that they can return. The standard for these types of functions
is to return the value closest to zero, which is not necessarily the true phase. Therefore,
the outputs of both arccos and arcsin are used to determine which quadrant the phase is in.
The function arccos ranges from 0 to π, and arcsin from −π/2 to π/2. Arccos is used to
determine whether the angle is in the positive x or negative x part of the graph, and arcsin
is used to determine if it is in the positive y or negative y part of the graph. Using the angle
returned from arccos, if arcsin gives a negative value, then the angle must be found in the
negative y part of the graph. To do this, the estimated angle can be set to 2π − θ. Using
the angle returned from arcsin, if arccos gives a value greater than π/2, then the angle must
be determined in the negative x part of the graph. To do this, the estimated angle is set to
π − θ. For a graphical explanation we refer the reader to subsection SM3.5.

We emphasize that the above experiment simulated 100 shots, leading to an estimated
phase angle θest = 0.6435 (c.f. θ = 0.5625) when using cos to determine the angle and sin to
determine the sign. Note that the accuracy of the estimation depends directly on the number
of shots. In the following section, we will connect the convergence behavior to Monte-Carlo
type estimators, providing a rate of convergence for the HTs.

3.4. Error Analysis. In quantum computing, repeated executions of a circuit—known
as shots—are used to estimate the probability of a quantum system collapsing into a given
state. This is inherently a statistical process: each measurement samples from an underlying
probability distribution that is not directly accessible. To infer this distribution, we employ
tools from statistical estimation, most notably the empirical distribution function (EDF),
which approximates the true distribution based on a finite number of observations. This
forms the foundation for quantifying the accuracy and convergence of algorithms like the
HTs.

Each single-qubit measurement of the control qubit yields a Bernoulli random variable
X ∈ {0, 1}, with success probability p = P (X = 0). For Ns independent shots, the EDF is
defined as

(3.28) F̂ (x) =
1

Ns

Ns∑
i=1

1{Xi≤x},
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where Xi ∼ X are i.i.d. and are corresponding to each measurement result. Here, 1{Xi≤x} is
the indicator function which returns 1 when Xi ≤ x and 0 otherwise.

It is often necessary to estimate the probability of a specific outcome. This is a special
case of the EDF where it simplifies to the empirical probability estimator which focuses on
the proportion of trials yielding a specific outcome. For example, the probability of measuring
0 on a quantum computer with Ns shots is estimated by

(3.29) p̂0 =
1

Ns

Ns∑
i=1

1{0}(Xi).

This is also called a Monte Carlo estimator which uses repeated sampling to predict the
probability of a variety of outcomes. Recall that for the HTs, only a single qubit is measured,
and thus the Xi’s are Bernoulli distributed. Tying single-qubit measurement to common
probability theory, the weak law of large numbers (see, e.g., [17, Section 10.2]) yields that p̂0
in (3.29) converges to p0 = E(X) in probability.

Proposition 3.8. The average of Ns single-qubit measurements converges in probability.
Moreover, the convergence rate of the empirical estimator p̂0 can be calculated from the vari-
ance

(3.30) V(p̂0) =
p0(1− p0)

Ns
,

which yields the standard deviation

(3.31) σ =

√
p0(1− p0)

Ns
.

This translates to taking Ns single-qubit measurements as follows.

Proposition 3.9. Let ϵ > 0. The number of shots required to recover p0 with precision ϵ via
p̂0 scales as

(3.32) ϵ ≥ σ =

√
p0(1− p0)

Ns
⇒ ϵ2 ≥ p0(1− p0)

Ns
⇒ Ns ≥

p0(1− p0)

ϵ2
∈ Ω

(
1

ϵ2

)
.

The variance of the control qubit’s output is dependent on p0 and thus σ in (3.31). Plotting 
σ against Ns in Figure 4 for 103−105 shots reveals that the error approaches zero as the number 
of shots increases when experimentally tested. Moreover, the estimated angle approaches 
θ = 0.5625 as the number of shots increases, see the table in Figure 4.

4. Quantum Fourier Transform. Fourier analysis plays a central role in scientific com-
puting, offering a way to transform problems from the time or spatial domain to the frequency 
domain, where many tasks—such as filtering, compression, or solving differential equations—
become more tractable [18]. In quantum computing, a related transformation known as the 
quantum Fourier transform (QFT) serves as a key subroutine in algorithms including Shor’s 
algorithm, quantum phase estimation, and quantum signal processing (see, e.g., [15, 19, 20]). 
This section introduces both the classical Discrete Fourier Transform (DFT) and its quantum 
counterpart, the QFT, and outlines their mathematical foundations and circuit implementa-

tions.
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Shot Count Estim. Angle θ Error

100 0.4027 0.1598
500 0.4864 0.0761

1000 0.5394 0.0231
5000 0.5830 0.0205
10000 0.5698 0.0073
50000 0.5569 0.0056

100000 0.5620 0.0005

Figure 4. (Left) A log-log scaled plot of the standard deviation σ of the Hadamard test against the number

of shots Ns converging like N
−1/2
s . (Right) A table showing the estimated angle θ converging to the expected

value θ = 0.5625 and its error approaching 0 as the number of shots increases.

4.1. Discrete Fourier Transform. We begin by recalling the classical discrete Fourier
transform, which maps a complex-valued vector in the time domain into the frequency domain.

Definition 4.1. The (forward) discrete Fourier transform (DFT) is defined as the map,

(4.1) F : CN → CN ; x =

 x0
...

xN−1

 7→ x̃ =

 x̃0
...

x̃N−1

 ,
where

(4.2) x̃k =
1√
N

N−1∑
j=0

xje
2πi jk

N .

Example 4.2. Consider the continuous signal

(4.3) x(t) = sin(2πt) + sin(2π(11.2)t) + sin(2π(18.4)t),

sampled such that xj = x(tj) with tj = j/100, j ∈ N0, i.e., 100 samples per second. Taking 1
second of equally spaced samples yields the plot in the left panel of Figure 5. Applying the
DFT in (4.2) where xj are the samples, reveals the frequency amplitudes x̃k in the right panel
of Figure 5.

Conversely, given a set of frequencies, the inverse discrete Fourier transform reconstructs
the corresponding time-domain signal from its frequency-domain representation.

Definition 4.3. The inverse discrete Fourier transform (IDFT) is defined as the map,

(4.4) F−1 : CN → CN ; x̃ =

 x̃0
...

x̃N−1

 7→ x =

 x0
...

xN−1

 ,
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Figure 5. (Left) A sample of x(t) in (4.3), and (Right) its Fourier transform showing pronounced peaks at
1 Hz, 11.2 Hz and 18.4 Hz.

where

(4.5) xj =
1√
N

N−1∑
k=0

x̃ke
−2πi jk

N .

4.2. QFT Algorithm. The quantum Fourier transform performs an operation similar to
the DFT, but acts on the amplitudes of a quantum state. It is defined over computational
basis states, which represent integers in binary format.

Definition 4.4. Let j ∈ N and n ∈ N be the number of qubits. The (forward) quantum
Fourier transform (QFT) is defined as the map

(4.6) |j⟩ 7→ 1√
2n

2n−1∑
k=0

e2πi
jk
2n |k⟩.

Here we express j and k as binary numbers to represent the computational basis state
vectors. See subsection SM1.2 for more details.

Remark 4.5. The QFT can be expressed using the unitary matrix

(4.7) QFTn =
1√
2n

2n−1∑
j=0

2n−1∑
k=0

e2πi
jk
2n |k⟩⟨j| = 1√

2n


1 1 1 . . . 1
1 ω ω2 . . . ω2n−1

1 ω2 ω4 . . . ω2(2n−1)

...
...

...
. . .

...

1 ω2n−1 ω2(2n−1) . . . ω(2n−1)2

 ,

where ω = e2πi
1
2n .
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Example 4.6. Taking n = 1 in (4.7), the matrix form of QFT1 is

(4.8) QFT1 =
1√
2

[
1 1

1 e
2πi
2

]
=

1√
2

[
1 1
1 cos(π) + i sin(π)

]
=

1√
2

[
1 1
1 −1

]
= H.

Therefore, the QFT for a single qubit is simply the Hadamard gate, i.e., this gate transforms
the computational basis states |0⟩ and |1⟩ into the Fourier basis states |+⟩ and |−⟩, respectively.

Proposition 4.7. QFTn acting on a quantum state |j⟩ yields the following state vector in
the computational basis:

(4.9) QFTn|j⟩ =
1√
2n

n⊗
l=1

(
|0⟩+ e

2πi j

2l |1⟩
)
.

Proof. The map in Definition 4.4 can be rewritten using fractional binary notation where
k and j are binary numbers, i.e.,

(4.10) k = k1k2 . . . kn.0 , j = j1j2 . . . jn.0 .

Therefore, QFTn in (4.6) acting on a state |j⟩ can be written as

(4.11) QFTn|j⟩ =
1√
2n

2n−1∑
k=0

e2πi
jk
2n |k⟩ = 1√

2n

2n−1∑
k=0

n∏
l=1

e
2πikl

j

2l |k⟩,

where

(4.12)
jk

2n
= k1

j

21
+ k2

j

22
+ · · ·+ kn

j

2n
=

n∑
l=1

kl
j

2l
.

Since k is a binary number, each kl can only be 0 or 1. Thus the sum over k becomes the
direct product of the sum of each individual kl from 0 to 1, i.e.,

(4.13) QFTn|j⟩ =
1√
2n

1∑
k1=0

e2πik1
j

21 |k1⟩ ⊗
1∑

k2=0

e2πik2
j

22 |k2⟩ ⊗ · · · ⊗
1∑

kn=0

e2πikn
j
2n |kn⟩.

This can be rewritten as multiple tensor products

(4.14) QFTn|j⟩ =
1√
2n

n⊗
l=1

(
|0⟩+ e

2πi j

2l |1⟩
)
.

4.3. QFT Circuit Implementation. The QFT algorithm has an efficient implementation
as a quantum circuit consisting of Hadamard gates and controlled phase rotations.

Proposition 4.8. Let Rn = Rz

(
π

2n−1

)
. The QFT circuit is depicted in Figure 6.

61



A. WEISS AND P. BRUZZI

|j0⟩ R1 R2 Rn−1 Rn ×

|j1⟩ • R1 Rn−2 Rn−1 ×
...

. . .
. . .

...

|jn−2⟩ • • R1 R2 ×

|jn−1⟩ • • • R1 ×

Figure 6. The QFT circuit where Rn = Rz

(
π

2n−1

)
(Definition 2.7). Note that R1 = H.

Proof. If the circuit in Figure 6 performs a Fourier transform, then the final state of the
circuit is the expression in (4.14). Therefore, a circuit without the swap gates—which we will

call the swap-less QFT circuit (
←−
QFT)—will swap the qubit order of the output. This implies

that the final state of the swap-less QFT circuit would be

(4.15)
←−
QFTn|j⟩ =

1√
2n

1⊗
l=n

(
|0⟩+ e

2πi j

2l |1⟩
)
.

Using the swap-less QFT circuit and (4.15), we construct an inductive proof verifying the
circuit in Figure 6 does indeed perform a Fourier transform. Consider the swap-less QFT
circuit with a single qubit. Here, the circuit becomes a single R1 gate which is equivalent to
a Hadamard gate. According to (4.15), the initial state of the qubit transforms to,

(4.16)
←−
QFT1|j⟩ =

1√
21

1⊗
l=1

(
|0⟩+ e

2πi j

2l |1⟩
)
=

1√
2

(
|0⟩+ e2πi0.j1 |1⟩

)
=

{
|+⟩, if j = 0,

|−⟩, if j = 1.

Since this is exactly the effect of a Hadamard gate, when n = 1, the swap-less QFT circuit
correctly performs the map in (4.15), showing the induction base.

Since
←−
QFTn represents the swap-less QFT circuit for n qubits, it then follows from (4.15)

that
←−
QFTn+1 can be written as

(4.17)
←−
QFTn+1|j⟩ =

1√
2

(
|0⟩+ e2πi0.j1...jn+1 |1⟩

)
⊗
←−
QFTn|j2 . . . jn+1⟩.

From the inductive hypothesis, the
←−
QFTn|j2 . . . jn+1⟩ part of

←−
QFTn+1 is correctly performing

the map in (4.15). Thus, if the first bit is being transformed correctly, the entire mapping is
correct.

The phase on the |1⟩ state in (4.17) can be rewritten as a combination of rotations specific
to each binary digit of j, i.e.,

(4.18) e2πi0.j1...jn+1 = e2πi
j1
21 e2πi

j2
22 · · · e2πi

jn+1

2n+1 = ej1(πi)ej2(
πi
2 ) · · · ejn+1( πi

2n ).
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Since the phase rotation can be rewritten as a product of rotations that are dependent only
on a single qubit, each rotation can be directly converted to a single controlled rotation gate.
The rotation for each of these gates is defined as

(4.19) rn =
π

2n−1
,

where n represents the qubit’s number/label. Upon inspecting
←−
QFTn+1, the gates defined

here and in Proposition 4.8 are equivalent. This means that if the swap-less QFT circuit with

n qubits performs the map
←−
QFTn, the swap-less QFT circuit with n+ 1 qubits performs the

map
←−
QFTn+1. Therefore, by induction the swap-less QFT circuit performs the map

←−
QFTn

for all n ≥ 1. Since the swap-less QFT performs the mapping
←−
QFTn, the circuit in Figure 6

must perform the QFT mapping in Definition 4.4.

We refer the interested reader to section SM4 for a more detailed explanation on this
circuit’s construction.

Definition 4.9. Let j ∈ N. The inverse quantum Fourier transform (IQFT) is defined as
the map

(4.20) |k⟩ 7→ 1√
2n

2n−1∑
j=0

e−2πi
kj
2n |j⟩.

Proposition 4.10. Let R†n = Rz

( −π
2n−1

)
. The IQFT circuit is given in Figure 7.

|j0⟩ × R†n R†n−1 R†2 R†1

|j1⟩ × R†n−1 R†n−2 R†1 •
... . .

.

. .
.

|jn−2⟩ × R†2 R†1 • •

|jn−1⟩ × R†1 • • •

Figure 7. The IQFT circuit where R†
n = Rz

( −π
2n−1

)
. Note that R†

1 = H.

Proof. Since QFT can be represented as a unitary matrix, its inverse is the conjugate
transpose of QFT. Therefore, the IQFT circuit is constructed by applying the dagger operation
to the QFT circuit in Figure 7.

5. Quantum Phase Estimation. The quantum phase estimation (QPE) algorithm is one
of the most fundamental procedures in quantum computing. Like the HT, it estimates the
phase φ in an eigenvalue of a unitary operator U , i.e., when

(5.1) U |ψ⟩ = e2πiφ|ψ⟩,
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where |ψ⟩ is a known eigenstate. Similar to that of the HT, our analysis of QPE utilizes
the exact target state |ψ⟩, though in practical applications, an approximate ansatz is used.
Provided this approximation has its dominant overlap with the target state |ψ⟩, QPE yields the
correct phase with probability proportional to the squared overlap of the ansatz on the target
state (see, e.g., [3, 14, 21]). QPE generalizes the HT by using a register of ancilla qubits to
extract multiple bits of φ, thereby increasing the resolution of the estimate θ = 2πφ. It forms
the foundation of many quantum algorithms, including those for factoring, linear systems,
and using Hamiltonian simulation to extract energy spectra (see, e.g., [1, 3, 14,21,22]).

5.1. The QPE Algorithm.

Definition 5.1. Let U ∈ Cn×n be unitary. The quantum phase estimation algorithm is
defined via the circuit in Figure 8.

|ψ0⟩ |ψ1⟩ |ψ2⟩ |ψ3⟩

H •

QFT †H •
...

. . .
...

H •


|0⟩⊗n

|ψ⟩ / U2n−1
U2n−2

U20

Figure 8. Quantum phase estimation circuit where H is the Hadamard gate, U ∈ Cn×n is unitary, and
QFT † is the inverse QFT. The top qubits initialized to the |0⟩ state are the ancilla qubits and the bottom qubits
represent the state |ψ⟩.

Proposition 5.2. The final state of the circuit in Figure 8 is

(5.2) |ψ3⟩ =
1

2n

2n−1∑
x=0

2n−1∑
k=0

e2πik(φ−
x
2n

)|x⟩|ψ⟩.

Proof. The initial state of the circuit in Figure 8 can be represented as

(5.3) |ψ0⟩ = |0⟩⊗n|ψ⟩.

A Hadamard gate is then applied to all n ancillas generating a uniform superposition, i.e.,

(5.4) |ψ1⟩ =
1√
2n

(|0⟩+ |1⟩)⊗n|ψ⟩ = |+⟩⊗n|ψ⟩.

Next, the controlled U gates are applied. Since U |ψ⟩ = e2πiφ|ψ⟩, this yields

(5.5) U2j |ψ⟩ = (e2πiφ)2
j |ψ⟩ = e2πi2

jφ|ψ⟩.
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Therefore, by controlling this gate and applying it to all n qubits, it only affects the state for
the case where the ancilla is |1⟩. Applying the controlled U2j , with 0 ≤ j ≤ n− 1, yields

(5.6) |ψ2⟩ =
1√
2n

(
|0⟩+ e2πiφ2

n−1 |1⟩
)
⊗· · ·⊗

(
|0⟩+ e2πiφ2

0 |1⟩
)
⊗|ψ⟩ = 1√

2n

2n−1∑
k=0

e2πiφk|k⟩|ψ⟩,

where k is the integer representation of an n-bit binary number. The IQFT is then applied
resulting in the state

(5.7)
1√
2n

2n−1∑
k=0

e2πiφk|k⟩|ψ⟩
QFT†

N−−−−→ 1

2n

2n−1∑
x=0

2n−1∑
k=0

e2πik(φ−
x
2n

)|x⟩|ψ⟩ = |ψ3⟩.

Remark 5.3. QPE with one ancilla qubit yields the same circuit as the real HT.

Example 5.4. To test QPE, 4 ancilla qubits with 103 shots were used on the noiseless
Qiskit AerSimulator [9], estimating the phase angles φ = 1/4 and φ = 2/3 for the unitary
matrix

(5.8) U =

[
1 0
0 ei2πφ

]
.

After a sampling, the probability of measuring each specific state was calculated by dividing
the number of times each state was counted by the total number of shots.

Figure 9. QPE probability distribution obtained from the Qiskit AerSimulator applied to a state with a
phase angle of φ = 1/4 (left) and φ = 2/3 (right).

Since the phase angle φ = 1
4 can be exactly represented with 2 binary digits, using 4

ancilla qubits in QPE returns the phase angle deterministically, see left panel in Figure 9.
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However, since the phase angle φ = 2
3 cannot be exactly represented with any number of

binary digits, the outcome is probabilistic, and thus multiple measurements are required, see
right panel in Figure 9. In such cases where there are multiple bit-strings with non-zero
probability, one can use the maximum-likelihood estimate. If greater precision is desired, one
can take the expectation value of the output bit-strings. For phases without an exact binary
bit expansion, the variance of both the maximum-likelihood and expectation value estimation
methods decrease as the number of shots increase. For the sake of simplicity, in the following
sections we use the maximum-likelihood estimate.

5.2. Error Analysis. QPE yields a distribution over estimates centered around the true
phase. However, when the targeted phase has no exact binary bit expansion, QPE returns
the nearest binary approximation with high probability. Quantifying this error is the subject
of this section. Throughout this section, we make the assumption that

(5.9) U |ψj⟩ = ei2πφj |ψj⟩,

where 0 ≤ φ0 ≤ φ1 · · · ≤ φN−1 ≤ 1, and that φ0 does not have an exact d-bit representation.
QPE is moreover applied to the initial state |0t⟩|ψ0⟩ where t > d.

Proposition 5.5. In order to obtain the phase φ0 with an accuracy of ϵ = 2−d and a success
probability of at least 1 − δ, a total of t = d + log2 (δ

−1) ancilla qubits are necessary to store
the phase value. Furthermore, because Tϵ = δ−1, the simulation run time must be T = (ϵδ)−1.

Proof. Performing QPE on the initial state |0⟩⊗t|ψ0⟩ gives

(5.10)

|0⟩⊗t|ψ0⟩
H⊗t⊗I−−−−→ 1√

2t

∑
j∈[2t]

|j⟩|ψ0⟩

U−→ 1√
2t

∑
j∈[2t]

|j⟩ei2πjφ0 |ψ0⟩

QFT†
−−−→

∑
k′∈[2t]

 1

2t

∑
j∈[2t]

e
i2πj

(
φ0− k′

2t

) |k′⟩|ψ0⟩.

For simplicity, it can be said that

(5.11) |0⟩⊗t|ψ0⟩
QPE−−−→

∑
k′

γ0,k′ |k′⟩|ψ0⟩, with γ0,k′ =
1

2t

∑
j∈[2t]

e
i2πj

(
φ0− k′

2t

)
.

Recognizing that γ0,k′ is a geometric series with the common ratio r = e
i2π

(
φ0− k′

2t

)
and the

coefficient a = 1
2t , we find that

(5.12) γ0,k′ =
1

2t
1− r2

t

1− r
=

1

2t
1− eiπ2

t+1(φ0−φ̃k′ )

1− ei2π(φ0−φ̃k′ )
, with φ̃k′ =

k′

2t
,

Since ei2πx is a 1-periodic function, x mod 1 is the only measurable value. Therefore, when
estimating the phase k′0, we seek the precision ϵ = 1

2d
= 2t−d

2t such that

(5.13)
∣∣∣φ0 − φ̃k′0

∣∣∣
1
< ϵ.

66



A PRACTICAL GUIDE TO MODEL PROBLEMS IN QUANTUM LINEAR ALGEBRA

Since for any θ ∈ [−π, π]

(5.14)
∣∣∣1− eiθ

∣∣∣ = √
(1− cos θ)2 + sin2 θ =

√
2(1− cos θ) = 2

∣∣∣∣sin θ2
∣∣∣∣ ≥ 2

π
|θ| ,

and

(5.15)
∣∣∣1− eiθ

∣∣∣ ≤ |1|+
∣∣∣eiθ∣∣∣ = √

12 +
√

cos2 θ − (i sin θ)2 = 1+
√
cos2 θ + sin2 θ = 1+ 1 = 2,

we find that

(5.16)
∣∣γ0,k′∣∣ ≤ 2

2t2π 2
π |φ0 − φ̃k′ |1

=
1

2t+1 |φ0 − φ̃k′ |1
.

The binary measurement outcome k′0 can be viewed as a random variable where the probability
of obtaining φ̃k′0

at least a distance ϵ away from the expected value φ0 is

(5.17) P
(∣∣∣φ0 − φ̃k′0

∣∣∣
1
≥ ϵ

)
=

∑
|φ0−φ̃k′ |≥ϵ

∣∣γ0,k′∣∣2 ≤ (
1

2t+1 |φ0 − φ̃k′ |1

)2

=
1

4T 2 |φ0 − φ̃k′ |21
,

where T = 2t. In other words, this expression represents the probability that the estimated
phase is not within the desired error. Setting x = |φ0 − φ̃k′ |1, this yields

(5.18) P (|x| ≥ ϵ) =
∑
|x|≥ϵ

1

4T 2x2
=:

∑
|x|≥ϵ

f(x).

Since f is a symmetric function,

(5.19)
∑
|x|≥ϵ

1

4T 2x2
=

∑
x≥ϵ

2

4T 2x2
=

∑
x≥ϵ

1

2T 2x2
.

The sum in (5.19) is upper bounded by the integral from ϵ onwards, we visualize this in
Example 5.7. Noting that

(5.20)
∑
x≥ϵ

1

x2
≤

∫ ∞
ϵ

1

x2
dx =

1

ϵ
,

the expression in (5.19) can be bounded, i.e., T ≥ 1 yields

(5.21)
∑
|x|≥ϵ

1

4T 2x2
≤ 1

2T 2

1

ϵ
≤ 1

2Tϵ
.

Since Tϵ = 2t−d, we set t− d = log2 (δ
−1) so that Tϵ = δ−1. For 0 < δ < 1, we then find

(5.22) P
(∣∣∣φ0 − φ̃k′0

∣∣∣
1
≥ ϵ

)
≤ 1

2Tϵ
=
δ

2
≤ δ.

Therefore, in order to obtain the phase φ0 to an accuracy of ϵ = 2−d with a success probability
of at least 1 − δ, a total of t = d + log2 (δ

−1) ancilla qubits are necessary to store the phase 
value. Furthermore, since T ϵ = δ−1, the simulation run time must be T = (ϵδ)−1.
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Example 5.6. Set φ0 = 0.35 (not exactly representable in binary). For t = 6 and t = 10,
the QPE distribution |γ0,k′ | in (5.16) becomes increasingly peaked around the closest binary
approximation to φ0, see Figure 10. As t → ∞, this distribution converges to a Dirac delta.
In fact, for the case where φ0 has an exact d-bit representation (meaning that φ0 = φ̃k′0

for
some k′0), then γ0,k′ = δk′,k′0 (the Dirac delta function). Inspecting the function in (5.7), we
see that it peaks at x = 2nφ, which is the input state.

Figure 10. |γ0,k′ | plotted against φ̃k′
0
for φ0 = 0.35. (Left) With t = 6, and (Right) with t = 10 ancilla qubits.

Example 5.7. Let ϵ = 2−5, in Figure 11 we visualize f(x) defined in (5.18).

Figure 11.
∑

|x|≥ϵ f(x) plotted against x for ϵ = 2−5.

6. Hadamard Test vs. Quantum Phase Estimation. The Hadamard Test (HT) and
Quantum Phase Estimation (QPE) both serve to estimate the phase φ in an eigenvalue of 
the form ei2πφ of a unitary operator U . In this section, we compare the two algorithms with
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respect to accuracy and runtime, using both classical simulations and real quantum hardware
(IBM Eagle One system at RPI, known as ibm rensselaer).

To ensure a fair comparison, both algorithms are used to estimate the same eigenphase
φ = 1/3 of the unitary matrix

(6.1) U =

[
1 0
0 ei2πφ

]
,

to precision ϵ.

6.1. Accuracy Comparison. A direct comparison of the error between the Hadamard Test 
(HT) and Quantum Phase Estimation (QPE) is nontrivial due to the fundamentally different 
nature of their errors: HT exhibits sampling error, while QPE exhibits approximation error 
based on binary resolution. If the desired phase has an exact d bit binary expansion, QPE 
with t = d ancilla qubits will return the phase deterministically. To compare the conver-
gence of these algorithms, we choose the phase φ = 1/3 as it does not have an exact binary 
bit expansion. Therefore, the output of QPE will asymptotically approach the true phase, 
similar to the sampling based convergence of HT. To visualize the convergence behavior of 
each algorithm as a function of its quantum resources, we plot their respective errors on a 
shared graph. For this comparison, we run each algorithm over 20 independent trials. The 
HT is tested with shot counts ranging from 103 to 105, while QPE is tested using 1 to 20 
ancilla qubits, each run with 1000 shots. All experiments were conducted both on Qiskit’s 
AerSimulator [9] and on ibm rensselaer, an IBM Quantum System One Eagle processor [9]
(see Figure 12). These parameters were selected to span a realistic range of quantum resources 
given current simulation and hardware constraints.

Up to this point, the reported data has been gathered by classical simulation corresponding 
to a hypothetical fault-tolerant quantum computer, but does this still hold on a real quantum 
device?

As shown in the left panel of Figure 12, the Hadamard test (HT) exhibits excellent agree-
ment between the observed and theoretically predicted error across all tested configurations, 
even when executed on real quantum hardware. In contrast, quantum phase estimation (QPE) 
deviates significantly f rom theoretical predictions when the number o f ancilla qubits exceeds 
t = 3. For t ≤ 3, QPE performs as expected, with error decreasing according to the predicted 
O(2−t) scaling. However, for t > 3, the error no longer decreases and may even worsen with 
additional ancilla qubits.
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Figure 12. (Left) A comparison of the approximation error, and (Right) a comparison of the runtime. We 
present data for the HT and QPE algorithms obtained from a quantum emulator and an IBM Eagle 127-qubit 
quantum processor.

This degradation is attributed to the growing circuit depth and gate count: Each added 
ancilla qubit introduces a new layer of controlled U2j 

operations, many of which are decom-
posed into multiple two-qubit gates. On current noisy intermediate-scale quantum (NISQ) 
hardware, this increased gate complexity significantly amplifies no ise an d de coherence, un-
dermining QPE’s theoretical advantages. To enable execution of our circuit on a real quan-
tum processing unit (QPU), we employ Qiskit’s transpiler. A transpiler is a program that 
transforms an abstract quantum circuit into a physically executable one by mapping logical 
gates to the target hardware’s basis gates and connectivity graph while optimizing the cir-
cuit to minimize gate depth and error rates. To reduce the impact of noise, we used various 
optimization level settings (0-3) of the transpiler, which aim to simplify the circuit and 
reduce the total gate count to varying degrees. Although higher optimization levels (e.g., 
optimization level = 3) are effective at minimizing noise in many applications, in this ex-
periment they were insufficient to recover QPE performance beyond t = 3.  This suggests that 
current hardware remains too noisy to realize the full potential of QPE in regimes that require 
deeper circuits.

To better understand the performance degradation of QPE on hardware, it is useful to 
analyze the circuit depth, which serves as a proxy for accumulated gate error and decoherence 
effects. While circuit depth captures the overall number of sequential operations, the primary 
contributors to hardware error are two-qubit gates, which are more error-prone than single-
qubit gates and dominate the noise profile in most NISQ devices [ 9]. As illustrated in Figure 13, 
the number of two-qubit gates in QPE circuits grows rapidly with each additional ancilla qubit. 
Although Qiskit’s higher transpiler optimization levels (2 and 3) significantly reduce this gate 
count compared to lower levels, the improvement is not sufficient beyond t = 3.  In  particular, 
circuits for t ≥ 4 remain too deep—despite aggressive optimization—to yield reliable output
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on current quantum hardware, underscoring the practical limitations of QPE in its standard
form on today’s machines.

Figure 13. 2-qubit gate circuit depth plotted against the number of ancilla qubits for QPE. The “noise
threshold” represents the shortest 2-qubit circuit depth where the qubit operations create too much noise to
correctly perform their operations.

6.2. Runtime Comparison. Runtime is measured as the total execution time for a fixed
accuracy target. Although HT and QPE have different resource requirements (shots vs. ancilla
qubits), they share a dependence on the physical capabilities of the backend.

The right panel in Figure 12 shows a runtime comparison of HT and QPE on a quantum
emulator and an IBM Eagle 127-qubit quantum processor. For HT, the simulated experiment
requires less runtime per shot compared to its quantum counterpart. Since the total runtime
of HT scales directly with the runtime per shot, we observe that the runtime of HT on the
quantum computer exhibits an offset, resulting in a runtime consistently higher than that of
the quantum emulator. For QPE, the classical simulation runtime is initially lower than the
runtime on the quantum computer but increases exponentially. On the quantum computer,
the QPE runtime remains close to constant.

Note that for t = 1 ancilla qubits, the QPE circuit is structurally equivalent to the real
HT circuit. However, in practice, the total runtime of HT is observed to be approximately
twice that of QPE at this setting. This discrepancy arises because HT requires two sepa-
rate circuits—one to estimate the real part and another to estimate the imaginary part of
the expectation value—in order to reconstruct the full complex phase. In contrast, QPE en-
codes the phase directly into a binary register, requiring only one circuit to extract the phase
information.

We emphasize that to increase the precision of the estimated phase on the quantum
emulator, the runtime of both the HT and QPE will increase. However, on the quantum
computer, regardless of the value of t, QPE’s runtime remains nearly constant with respect
to the number of qubits, while HT’s runtime linearly increases with the number of shots.

Remark 6.1. Even with QPE’s inaccuracy, its runtime is always very low on a quantum
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machine. Therefore, if the noise can somehow be mitigated better as the ancillary qubits
increase to d > 3, the QPE algorithm will become extremely effective in estimating phases
with high binary bit precision. Since QPE is unreliable for binary representations of d > 3
bits, unless the phase can be exactly represented with d ≤ 3 bits, the HT will give higher
precision. Since HT is always slower than QPE, if the phase can be exactly represented with
d ≤ 3 bits, QPE will give higher precision and lower runtime.

7. Conclusion. This work was guided by the lecture notes of Lin on Quantum Algorithms
for Scientific Computing [1], which provided a conceptual foundation for our exploration of
quantum phase estimation and its practical implementation. Building on this framework, we
presented a pedagogical yet rigorous initial study of two essential quantum algorithms: the
Hadamard Test (HT) and Quantum Phase Estimation (QPE). After introducing the mathe-
matical structure and circuit implementations of both algorithms, we evaluated their perfor-
mance in realistic computational settings.

A key contribution of this work is a detailed comparison of HT and QPE on both sim-
ulated and real quantum hardware, in our case, the IBM Quantum System One at RPI
(ibm rensselaer) [9], a 127-qubit Eagle-class quantum processor. Our main findings are:

• On ideal fault-tolerant simulators, HT and QPE perform in accordance with theoretical
expectations: QPE shows exponential accuracy scaling in the number of ancilla qubits,
while HT exhibits convergence consistent with Monte Carlo sampling error.

• On real hardware, HT remains robust across a wide range of shot counts, closely
matching simulated behavior. QPE, however, deviates significantly from its ideal
performance once the number of ancilla qubits exceeds t = 3, due to increased circuit
depth and accumulation of two-qubit gate errors.

• Analysis of gate depth and transpiler optimization revealed a steep rise in the num-
ber of two-qubit gates with increasing QPE register size. Despite leveraging Qiskit’s
highest transpilation optimization level, QPE circuits with t ≥ 4 proved too deep to
maintain fidelity on Eagle-class hardware.

Together, these results provide a realistic benchmark for basic quantum linear algebra methods 
on near-term quantum devices. While QPE remains a cornerstone of long-term algorithmic 
development, our experiments suggest that sampling-based methods like HT currently offer 
greater resilience to hardware noise, making them more suitable for early applications of 
quantum computing in scientific c omputing. As hardware matures and deeper circuits become 
feasible, these findings will serve as a  reference point f or re-evaluating a lgorithmic choices in 
the quantum simulation of physical systems.
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