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Abstract. Acid mine drainage (AMD) is the outflow of acidic water

from metal mines or coal mines. When exposed to air and water, metal

sulfides from the deposits of the mines are oxidized and produce acid,

metal ions and sulfate, which lower the pH value of the water. An open

limestone channel (OLC) is a passive and low cost way to neutralize

AMD. A mathematical model has been created to numerically determine

the change in pH of the water and the concentrations of species from

the dissolution of calcium on the surface of the limestone into the acidic

water. The model is used to predict the conditions in which a OLC

would be an effective solution for AMD. Effective ranges are determined

for the concentrations of calcium and iron, as well as the temperature

and velocity of the water.

1. Introduction

Acid mine drainage (AMD) is the outflow of acidic water from metal

mines or coal mines. When exposed to air and water, metal sulfides, the
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majority of which is iron, from the deposits in the mines are oxidized, and

produce acidic water, metal ions and sulfate. This process will result in a

lower overall pH value of the water. The water is then unfit for consumption,

agricultural or industrial use. AMD has become one of the largest problems

in the mining industry.

There have been various methods used to treat AMD. Some of them

are expensive and hard to maintain. An open limestone channel (OLC) is a

passive and low cost way to treat AMD. Coarse limestone boulders are placed

into water downstream of the mine opening. The dissolution of calcium into

the water will increase the pH value of the water. This is achieved from

the reaction of calcium carbonate on the surface of the limestone with the

acid components of the water. Meanwhile with time passing, the oxidation

of metal causes the accumulation of iron and aluminum precipitates at the

surface of limestone which hinders the dissolution of calcium. Studies in the

1970s [1], [2], [3] showed that limestone armored with metal oxides releases

calcium at a 20% rate of the unarmored one. Experiments conducted by

Zimekiewicz et al. [4] investigated the factors that affect the performance of

the open limestone treatment.

We study the problem from a mathematical point of view. A mathe-

matical model has previously been created [5] to process data taken from

numerous experiments. The model will now be utilized to establish a prac-

tical application to the processed data. The purpose of this paper will be

to establish reasonable boundaries for which an OLC would be a solution

for AMD remediation. Section 2 explains the mechanism of an open lime-

stone channel. The underlying differential equation is presented in Section

3. Numerical results are given in Section 4. In addition, full tables of values

produced from the model will be presentedin the supplemental material.
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2. Chemical Reaction

The dissolution of calcium carbonate from limestone is the main chemical

reaction occurring in an open limestone channel. It can be described by the

following chemical formulas [6]

CaCO3(s) + 2 H+ ←−→ Ca2+ + H2CO3
∗, (2.1)

CaCO3(s) + H2CO3
∗ ←−→ Ca2+ + 2 HCO3

−, (2.2)

CaCO3(s) + H2O←−→ Ca2+ + HCO3
− + OH−, (2.3)

where [H2CO3
∗]−−[CO2(aq)] + [H2CO3

0]. Square brackets [ ] define concen-

trations in solution, and curly brackets { } will be used to denote activities,

both in mol/L.

The metal precipitate at the surface of limestone is considered to be

Fe(OH)3 produced by iron ions. The reaction is as follows

Fe3+ + 3 HCO3
− −−→ Fe(OH)3(s) + 3 CO2. (2.4)

Assuming the system is at chemical equilibrium, we can calculate the con-

centrations of all species in solution by applying mass balance and charge

balance equations in the system. In the following, we will set up a chem-

ical equilibrium model for the system. Readers are referred to [7] for a

more detailed explanation of the numerical method used to solve chemical

equilibrium problems.
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To compute the concentrations of species, we consider the following reac-

tions

H2CO3
∗ −−⇀↽−− H+ + HCO3

−, (2.5)

HCO3
− −−⇀↽−− H+ + CO3

2−, (2.6)

H2O −−⇀↽−− H+ + OH−, (2.7)

with the following equilibrium constants, respectively

K1 =
{H+}{HCO3

−}
{H2CO3

∗}
, (2.8)

K2 =
{H+}{CO3

2−}
{HCO3

−}
, (2.9)

Kw = {H+}{OH−}. (2.10)

The species in the solution are assumed to be: [H+], [OH−], [H2CO3
*],

[HCO3−], [CO3
2−], [Ca2+]. The controlling factor of the mechanisms oc-

curing in the channel is considered to be [Ca2+]. The concentration of a

metal species, [Fe3+], is found directly from the concentration of [H+] as

shown in equation (3.10), which is presented later in the next section. They

satisfy the mass balance equation with respect to the concentration of Ca2+

and the charge balance equation

[2 H+] + [Ca2+] = [OH−] + [HCO3
−] + [CO3

2−]. (2.11)

The chemical equilibrium equations for each species are written in loga-

rithimic form. From the following series of equations, the rate constants
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that require a numeric value are determined.

log[H+] = log[H+] + log κ1, (2.12)

log[OH−] = − log[H+] + log κ2, (2.13)

log[H2CO3] = log[H2CO3
∗] + log κ3, (2.14)

log[HCO3
−] = log[H2CO3

∗] + log[H+] + log κ4, (2.15)

log[CO3
2−] = log[H2CO3

∗]− 2 log[H+] + log κ5, (2.16)

log[Ca2+] = log[Ca2+] + log κ6, (2.17)

where κi, i = 1, ..., 6 are the equilibrium constants for the corresponding

reactions. It is obvious that log κ1 = log κ3 = log κ6 = 0, indicating that no

numeric value will be assigned. It can also be noted that κ2 is equivalent

to Kw, as defined in (2.10). This constant and the others are defined by

experiments as functions depending on temperature of the stream.[8] In the

following equations the temperature, designated T in units of Kelvin, gives

the equilibrium constant at a specified temperature.

log κ2 = logKw = 6.0875− 4470.99

T
− 0.01706T, (2.18)

log κ4 = 14.8435− 3404.71

T
− 0.03279T, (2.19)

log κ5 = 21.3415− 6307.1

T
− 0.05658T. (2.20)

These equation are used in combination with the mass balance and charge

balance equation (2.11) to obtain a system of 6 nonlinear equations with

the 6 species as variables. We then solve the nonlinear system of equations

by Newton-Raphson method. The initial value of calcium obtained exper-

imentally will be input into this system, as well as an initial guess for the

concentration of hydrogen in the system. For all calculations done in this

paper, the initial guess for the amount of hydrogen is set at 10−9 M. For
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the channel studied at the Swank 13 site, the initial calcium concentration

at the top of the channel was determined to be 3.68 ∗ 10−5 M by chemistry

students using flame atomic absorption spectroscopy under the supervision

of Dr. Edward Zovinka. This value is considered to be the concentration

of the calcium in the bulk water, and what is produced from the speciation

using Newton-Raphson is considered to be the concnetration at the surface

of the limestone.

3. Rate equation

The rate of dissolution of calcite r(mmol/cm2/s), determined by the chem-

ical reactions (2.1), (2.2), (2.3), is given by the following equation [9]

r = k1aH+ + k2aH2CO3
∗ + k3aH2O

− k4aCa2+aHCO3
− , (3.1)

where aH+ , aH2CO3
∗ , aH2O

, aCa2+ , aHCO3
− are the activities of H+, H2CO3

∗,

H2O, Ca2+ and HCO3
–, which are assumed in this work to be the same as

concentrations. The first order rate constants k1, k2, k3(cm/s) are defined

as

log k1 = 0.198− 444

T
, (3.2)

log k2 = 2.84− 2177

T
, (3.3)

log k3 =


−5.86− 317

T
5 ◦C <= T <= 25 ◦C,

−1.10− 1737

T
25 ◦C < T <= 48 ◦C.

(3.4)

The rate constant of the precipitation reaction k4(cm/s) is defined as

k4 =
K2

Kc
[k′1 +

1

aH+

(k2aH2CO3
∗ + k3aH2O

)], (3.5)

where K2 is the equilibrium constant for dissociation of bicarbonate, KC

is the solubility product constant for calcite, k′1 is a modified forward rate
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constant for reaction (2.1), which is about (10 ∼ 20)k1. This equation can

be solved directly if operating under the assumption that no iron precipitate

has built up on the limestone surface and hence that the concentration of

calcium in the bulk solution is equivalent to the concentration at the surface.

These are the conditions found at the beginning of the channel before the

calcium carbonate reactions have occured and iron has precipitated.

When there is a layer of metal precipitate on the limestone surface, an-

other approach is warranted. An approximation of Ficks first law of diffu-

sion [7] gives the mass flux of Ca2+ from the surface of limestone through

the metal sediment layer, in our case, Fe(OH)3, into the bulk solution

Jd =
D

δ
([Ca2+(s)]− [Ca2+(b)]), (3.6)

where D(L2/s) is the diffusion rate of Ca2+ in Fe(OH)3 as porous media [10],

δ(L) is the thickness of the metal sediment, [Ca2+(s)] is the concentration

of Ca2+ at the surface of the limestone, and [Ca2+(b)] is the concentration

of Ca2+ in the bulk solution. For dissolution from a surface of area A(m2)

into a fluid of volume V (m3), the mass balance necessitates that the rate of

change of the concentration in the bulk solution is

d[Ca2+]

dt
=
A

V
Jd. (3.7)

The change in time referenced in the differential equation is representative

of the time a specific volume of water has spent in the channel. This time

scale is discussed in Section 4 when considering the figures produced by

the model. Then combining this differential equation with the rate law, we
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obtain

D

δ
([Ca2+(s)]− [Ca2+(b)])

=
1

10
[k1[H

+
(s)] + k2[H2CO3

∗] + k3[H2O]− k4[Ca2+(s)][HCO3−(s)]].

(3.8)

This is overall a nonlinear equation dependent on the concentrations of

calcium ions on the surface of the limestone, as well as in the water. The

concentration of calcium at the surface is obtained by solving the differential

equation (3.7). This new calcium concentration is then used to recalculate

the equilbrium contrations of the other species using the process described

in Section 2.

Because of the low solubility of Fe3+, it tends to precipitate when the pH

value raises to some certain threshold. To calculate the iron precipitation, we

consider the following reaction and its corresponding equilibrium equation

[7]

Fe(OH)3 + 3 H+ −−⇀↽−− Fe3+ + 3H2O, (3.9)

log[Fe3+] = 3.2− 3pH. (3.10)

The effect is added to the numerical solver to reflect the diffusion of

calcium ions through the precipitation layer on the surface of limestone.

The rate of dissolution is used to calculate the concentration of species in

the next step.

4. Numerical results

Both samples and numeric data were collected by engineering students

at Saint Francis University under the “Limestone Channel at Swank 13

Mine” project. The Swank 13 mine is an abandoned underground coal
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mine in Reade Township, northern Cambria County, Pennsylvania. An acid

flow emerges out of the abandoned mine and is directed down a 1000 foot

channel lined with limestone boulders approximately one foot thick, in order

to neutralize the acidity of the water and precipitate iron and aluminum.

Data was collected from the field and numerical computation was conducted

in Matlab to fit the real data. Optimization toolbox was used to solve

the nonlinear equation (3.8). A program based on Euler’s Method is used

to numerically compute the change of concentration of calcium ions along

the channel as determined by the nonlinear rate equation. The parameters

used by a differential equation solver built into the Matlab program are

not compatible with the model for the OLC. Euler’s Method allows for

close observation of the change of parameters and hence to make subsequent

adjustments. There are potential problems with each method of numerical

computation. The ode45 differential equation solver built into Matlab was

used first. This gave expected trends in the data, showing a gradual decline

in pH and species change as the water progressed through the channel.

However, when experimental data was inputed into the model, the ode45

was unable to produce an accurate result at any point in the channel. Euler’s

Method was used as a basic numeric solver to calculate final conditions using

an easily understood method. The Euler’s program was able to match the

end conditions of the channel, but due to the linear nature, unable to obtain

the curvature required to predict values in the center of the channel with

accuracy. Other numeric methods may be able to predict conditions other

than the end condition of the channel and should be studied further. For

this paper, the information provided by the Euler’s model will be used to

make predictions based on the end conditions of the channel only.
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Several tables and figures are shown as examples of data collected and

model outputs. Table 1 shows data collected pertaining to depth and veloc-

ity measurements used as parameters in the model. Table 2 compares the

values of concentration of calcium and pH values predicted by the model to

experimentally measured values.

Table 1. Averaged Measurements Applied to Model

Weir 2 Site 1 Site 2 Site 3 Weir 1 Average

V (m/s) 0.253 0.152 0.199 0.294 0.175 0.213

V Max (m/s2) 0.523 0.479 0.491 0.562 0.431 0.497

Width (m) 1.400 1.450 1.060 1.100 1.283 1.239

A (m2) 0.079 0.141 0.103 0.095 0.165 0.117

D (m) 0.081 0.104 0.099 0.092 0.127 0.101

FR (m/s3) 0.032 0.022 0.019 0.037 0.023 0.027

Table 2. Comparison of pH data and model values

Model pH Measured pH Model [Ca]* Measured [Ca]*

Top Weir 3.48 3.48 14.75 14.75

Site 1 3.53 3.56 15.58 16.12

Site 2 3.60 3.69 16.38 17.11

Site 3 3.67 3.77 17.14 17.52

Bottom Weir 3.72 3.73 17.60 17.17

*Values report in part per million (ppm)

The values presented in Table 2 as model data were obtained by following

the processes outlined in Section 2 and Section 3. Values from Table 1 were

first used to specify the surface area and velocity inputs required by the

model. Here the surface area parameter is the area of limestone exposed

to the bulk water. This area is estimated as an open rectangular prism of

uniform height and width. The average depth, D, and width measurements

shown in Table 1 were used the height and width measurements of the
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Figure 1. Comparison of Model and Experimental Calcium Data

channel to achieve the surface area estimate.The velocity, V , of the channel

at all five measurement sites was averaged and this value used as the uniform

velocity of the channel. The initial iron, calcium, and pH inputs were all

as measured experimentally at the top of the channel. The flow rate of the

channel, FR, is not used directly in the model but is contained in Table 1

so all data collected with the velocity measurements can be compared.

The calcium measurement from the top of the channel is used as an input

to the speciation step detailed in Section 2. The speciation step is a sub-

program made in Matlab that uses arrays of the coeffcients of the equilbrium

conditions to create conditions nessecary to perform Newton-Raphson. From

this step, the equilbrium concentrations of [H+], [Ca2+], and [HCO3
−] are

calculated for the time that the volume of water enters the channel. Follow-

ing this step the program checks if the iron precipitate layer has passed a

threshold value for thickness. This is done by finding the difference between
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Figure 2. Comparison of Model and Experimental pH Data

the total amount of iron measured experimentally and the amount of iron

predicted by the [H+] from the speciation step and equation (3.10). The

difference between these values will be considered to be the amount of iron

precipitated, from which a thickness of a precipitation layer is determined

from the surface area available. If the thickness is under the threshold value

the precipitate layer is insignificant, and the rate of dissolution can be found

directly from equation (3.1). After the precipitate layer has overcome the

threshold, a value of calcium in the bulk water must be obtained by solving

the nonlinear differential equation (3.8). This value for calcium is used to

recalculate the equilbrium concentrations using the speciation step. These

corrected concentrations can then be applied to equation (3.1) to find the

rate. The rate of dissolution is then used to find the calcium concentration

in the next time step, and the process is repeated.
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Figure 1 shows the change in the calcium concentration over the length of

the channel compared to measured values. The time indicated on the axis

of this figure is indicative of the time that the volume of water studied has

been in the channel. This is done on the assumption that water flows with a

velocity equal to the average velocity of the channel at all times. The time

in the channel as indicated on the axis is obtained from the total length

of the channel and the average velocity. For example, a sample of water

would be approximately half-way through the channel at 600 seconds on

the axis. The same sample would be in the channel for 1200 seconds total

before exiting. Figure 2 shows the comparison of the pH value predicted

by the model compared to measured values. The measured values of pH

are indicated at the spot where each was measured along the length of the

channel. When the pH value achieves a threshold value, iron precipitates

start to appear, at this point the rate of change of pH values should slowly

start to decrease. This expected behavior is not shown in the pH values

predicted by the model. A possible explanation is the numeric method used

to obtain these values over the time period. Euler’s Method is usually used

to predict the conditions of systems of linear equations, and so any values

from this method will increase in a linear manner. In this case, the end

conditions of the channel are the only significantly useful values produced

by the model other than the known initial condition.

Following the collection of data and verification that the model can accu-

rately predict the end conditions of a OLC, ranges were established for the

parameters of the model. An operational range was found for the following

values: iron concentration, calcium concentration, pH value, water velocity,

and the temperature of the water. Here only the ranges will be stated. The

full charts containing the data collected from running the program for each
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parameter can be found in supplemental material. Each parameter’s range

was established based on whether results are practically or logically viable.

The OLC should be operational at all temperatures according to the

model. In other words, any temperature input into the program will allow

a reasonable pH change. So the kinetics of the chemical reactions are not

affected by the change in temperature to a great degree and no range need

be established. The pH range of the OLC was cut off when the pH ended

at 7, or when the water was in neutral, livable state. The full range of

initial pH values for a working, armored OLC was determined to be between

2.30 and 4.00. For a given input value, the model was run an the output

of final pH and calcium concentration was recorded. The input was then

increased by 0.01 ppm if the parameter was a concentration or 0.01 m/s in

the case of water velocity and output values were recored. The step size was

chosen based of the number of significant digits that could experimentally

be measured using spectroscopy or in the field with a pH meter and a flow

tracker. When the difference between two consectutive outputs ceased to

change with the input parameter, it was considered to be the extreme end

of the range and the OLC would not treat water to a significant effect.

Using this techinque, ranges were determined for intial calcium and iron

concentrations, and average velocity of the water flow. An armored OLC

of similar length should treat water with between 0.001 and 10.70 ppm of

initial iron centration. Similarily the range of initial calcium concentration

ranges from 2.81 and 20.0 ppm. The effective average water velocity ranges

between 0.05 and 2.60 m/s.

Now further explaination of what the ranges mean is needed. Not every

value within these ranges will allow an OLC to treat acidic water back

to ideal conditions. Only at extreme ends of the ranges is the pH of the

water raised close to pH 7. Based on the model, an OLC will lose much of
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its effectiveness once becoming armored. A stream available for treatment

would naturally fall towards the optimal end of the range, so that when

armoring begins the OLC is still effective to a degree. The ranges were also

computed while varying only one input parameter at a time. A real stream

would require an individual input for each parameter. Still these ranges

would be useful in determining quickly whether a stream should be studied

further to determine treatment.

5. conclusion and future discussion

In this project we have utilized a mathematical model of open limestone

channel using Fick’s first law and the rate law of calcite dissolution. The

diffusion process is approximated by linear decrease, which is the steady

state equation. The model can be shown to reflect experimental data taken

from an existing OLC, but only the final conditions of the channel. The

final conditions taken of the model were used to establish a range of values

for pH, iron and calcium concentration, and water velocity that would allow

for effective treatment by an OLC.

However, both numerical and experimental data show that the effect of

open limestone channel treatment is greatly reduced by the iron sediments,

which is consistent with the conclusion made in [4].

There are several factors that need to be considered before proceeding

further with this project. The pH increase predicted from the model is

linear in nature while experiment data shows a curved fit. The reaction

rates used to output the final pH could be altered to better reflect the

actual system or a different numerical method could be used in the model.

The ranges established would be most useful in study of an existing armored

channel. Experimental data from a newly created OLC, could better reflect

the effectiveness of an OLC on an unremediated stream.
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